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Preface

This volume is intended to carry on the program initiated in Topology,
Geometry and Gauge Fields: Foundations (henceforth, [N4]). It is writ-
ten in much the same spirit and with precisely the same philosophical mo-
tivation: Mathematics and physics have gone their separate ways for nearly
a century now and it is time for this to end. Neither can any longer afford
to ignore the problems and insights of the other. Why are Dirac magnetic
monopoles in one-to-one correspondence with the principal U(1)-bundles over
S2? Why do Higgs fields fall into topological types? What led Donaldson, in
1980, to seek in the Yang-Mills equations of physics for the key that unlocks
the mysteries of smooth 4-manifolds and what physical insights into quantum
field theory led Witten, fourteen years later, to propose the vastly simpler, but
equivalent Seiberg-Witten equations as an alternative? We do not presume to
answer these questions here, but only to promote an atmosphere in which
both mathematicians and physicists recognize the need for answers. More
succinctly, we shall endeavor to provide an exposition of elementary topology
and geometry that keeps one eye on the physics in which our concepts either
arose independently or have been found to lead to a deeper understanding of
the phenomena.

Chapter 1 provides a synopsis of the geometrical background we assume of
our readers (manifolds, Lie groups, bundles, connections, etc.). While all of
this material is discussed in detail in [N4], most of it is standard and it will
not matter where the background has been acquired. There follows a rather
long chapter on physics. The discussion here is informal and heuristic and
often anticipates topological and geometrical concepts that will be introduced
precisely only much later. We begin by describing a general mathematical
framework for the classical gauge theories of physics and then discuss in some
detail a number of specific examples. These include classical electromagnetic
theory and Dirac monopoles, the Klein-Gordon and Dirac equations and SU(2)
Yang-Mills-Higgs theory. The real purpose here is to witness such concepts as
de Rham cohomology, Chern classes and spinor structures arise of their own
accord in meaningful physics.

The mathematical development resumes in Chapter 3 where we collect some
basic technical tools and then study various types of frame bundles. Minkowski
spacetime, and then more general spacetime manifolds are introduced and
some concrete examples are discussed (the Einstein-de Sitter spacetime, de
Sitter spacetime and the Einstein cylinder). With this machinery we can define
precisely the notion of a spinor structure, seen in Chapter 2 to be the device
required to model spin % particles in the presence of gravity. Finding the
topological obstruction to the existence of such a structure (the 2°¢ Stiefel-
Whitney class) will have to wait until Chapter 6.

Chapter 4 contains a more or less standard exposition of multilinear algebra,
differential forms, integration and Stokes’ Theorem, but with rather more
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viii Preface

attention paid to vector-valued forms than is customary. In particular, there is
a detailed discussion of tensorial forms on principal bundles and their covariant
exterior derivatives in the presence of a connection. It is these derivatives that
appear in the field equations of physics.

de Rham cohomology is the subject of Chapter 5. Explicit calculations are
based on the Mayer-Vietoris sequence and we introduce the Brouwer degree
of a map between two compact, connected, orientable n-manifolds by showing
that such a manifold has 1-dimensional n'* cohomology. We prove that the
degree is an integer by showing how to calculate it from a critical value of the
map. It is such a degree that gives rise to the topological quantum number of
the Higgs field in SU(2) Yang-Mills-Higgs theory. The chapter concludes with
a discussion of the Hopf invariant and its explicit calculation for the complex
Hopf map.

The notion of a characteristic class arises on several occasions in the phys-
ical considerations of Chapter 2 (the magnetic charge of a Dirac monopole,
topological charge of an instanton, and the obstruction to the existence of a
spinor structure on a spacetime manifold) and Chapter 6 takes up the sub-
ject in earnest. We construct the Chern-Weil homomorphism and from it the
Chern classes of a principal bundle. We prove that U(1)-bundles over S? are
characterized (up to equivalence) by their 1% Chern class and that SU(2)-
bundles over S* are similarly characterized by the 2"d Chern class. These
results complete the identification of magnetic charge and instanton number
with purely topological objects. The chapter concludes with the construction
of the Zs-Cech cohomology of a smooth manifold from a simple cover. We
build the 1% and 29 Stiefel-Whitney classes for a semi-Riemannian manifold
and prove that the former is the obstruction to orientability, while the latter,
for a spacetime, is the obstruction to the existence of a spinor structure.

Seiberg-Witten gauge theory is in some sense analogous to the spin
%—electrodynamics discussed in Chapter 2, but sprang from quite differ-
ent soil and its significance is of a very different sort. Although much of
this story lies in greater depths than we have reached in the main body
of the text, the profound significance of the subject for both mathemat-
ics and physics would seem to make some attempt to tell at least part of
it a moral imperative. The Appendix, which is a much expanded version
of the Appendix that appeared in the first edition of this work, is a mod-
est attempt to relate as much of the story as we can with the machinery
we have available and should be considered a continuation of Appendix B
in [IN4].

There are 228 Exercises in the book. Each is an integral part of the devel-
opment and has been included (rather than the equivalent term “clearly”) to
encourage active participation on the part of the reader.

Gregory L. Naber
2010
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1

Geometrical Background

In this preliminary chapter we have gathered together a brief synopsis of
those items from differential geometry upon which the main development of
the text will be built. Most of the material is standard so that more detailed
expositions are readily available, although, when references seem called for,
we will tend to favor [N4|.

1.1 Smooth Manifolds and Maps

A topological manifold of dimension n is a second countable, Haus-dorff
topological space X with the property that, for each p € X, there exists
an open set U in X containing p and a homeomorphism ¢ of U onto an
open subset p(U) in R"™. The pair (U, ¢) is called a chart at p. If (U1, 1)
and (Us, p2) are two charts with U; N Uy # 0, then the overlap functions
p1 © (p2_1 : (pg(Ul N UQ) — @1(U1 N Uz) and g © (pl_l : ‘Pl(Ul n Ug) —
w2 (U NUs) are inverse homeomorphisms. Two charts (Uy, 1) and (Us, p2)
are C-related if either Uy N Uy = (0, or Uy N Uy # () and the overlap
functions are C*° (i.e., have continuous partial derivatives of all orders and
types). An atlas for X is a collection {(U,,¥q)}aca of charts, any two of
which are C*°-related and with UaeA U, = X. A chart is admissible to an
atlas if it is C°°-related to every chart in the atlas and the atlas is said to
be maximal if it contains every chart that is admissible to it. Every atlas is
contained in a unique maximal atlas (Theorem 5.3.1, [N4]). A maximal atlas
is called a differentiable structure for X. A topological manifold together
with some differentiable structure is called a differentiable (or smooth,
or C°°) manifold (examples are forthcoming). The integer n is called the
dimension of X and is denoted dim X.

Remark: Some topological manifolds admit no differentiable structures at
all, while others admit many (see Appendix B of [N4]).

Let X and Y be smooth manifolds of dimension n and m, respectively,
and let f : X — Y be a continuous map. Let (U,¢) be a chart on
X and (V,9) a chart on Y with U N f~1(V) # 0. Then o fo ! :
o(UNFYV)) — v (UNfF~L(V)) is called the coordinate expression for f
relative to these two charts. f is said to be smooth (or C) if its coordinate
expressions are C*° for all such charts in some atlases for X and Y. A smooth
bijection with a smooth inverse is a diffeomorphism and, if a diffeomorphism
of X onto Y exists, we say that X and Y are diffeomorphic. Providing the
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2 1. Geometrical Background

real line R with its standard differentiable structure (determined by the at-
las consisting of the single chart (R,id)) we denote by C'°°(X) the set of all
smooth, real-valued functions on X and provide it with the obvious (point-
wise) structure of a commutative algebra with identity.

A tangent vector at p € X is a real-valued function v : C>*(X) — R
that is linear and satisfies the Leibnitz Product Rule v(fg) = f(p)v(g) +
v(f)g(p) for all f,g € C°°(X). The collection of all such is denoted T},(X),
called the tangent space to X at p and provided with the natural point-
wise structure of a real vector space. The dimension of T,(X) as a vector
space over IR is the same as the dimension of X as a manifold. Indeed, if
(U, ) is a chart at p in X with coordinate functions z*,i = 1,...,n (¢(p) =
(z(p),...,2"(p))), then the linear maps 9|, = %h,: C*(X) — R defined
by 52 |p(f) = Di(f oo~ )(¢(p)) are in T,(X) and {32 [p, . .., 52 |p} is a ba-
sis for T,,(X) (Theorem 5.5.3, [N4]). Any v € T,,(X) can be uniquely written
as v = v(xi)% » (summation convention). If (a,b) is an open interval in IR
provided with its standard differentiable structure (determined by the atlas
consisting of the single chart ((a,b),¢), where ¢ : (a,b) <= R is the inclusion
map), then a smooth map « : (a,b) — X is a smooth curve in X. Fix
to € (a,b) and let p = «a(tp). The velocity vector of « at ty is the map
o/ (tg) : C°(X) — R defined by (a/(to))(f) = D1(f o «)(to) for each f in
C*°(X). Then «/(ty) is in T,(X) and, indeed, every element of T},(X) is the
velocity vector of some smooth curve in X through p (Corollary 5.5.6, [N4]).

If f:X — Y is a smooth map and p € X, then the derivative of
[ at p is the linear map f., : T,(X) — T5(,)(Y) defined as follows: For
each v € Ty(X), fip(v): C°(Y) — R is given by (fip(v))(g9) = v(go f)
for all g € C(Y). If v = a/(ty) for some smooth curve o, then f.,(v) =
fap(a/(to)) = (foar) (to). f is said to be an immersion at p if f,, is one-to-one
and an immersion if this is true at each p € X. f is a submersion at p if
f+p is onto and a submersion if this is true at each p € X. An immersion
that is also a homeomorphism onto its image is an imbedding. A point ¢ € Y
is a regular value of f if, for every p € f~1(q), f is a submersion at p (this
is the case, in particular, if f~1(q) = (0); otherwise, ¢ is a critical value of f.

If X’ is an open subspace of X and {(U,, ¢n)}aca is an atlas for X, then
{Ua N X" 0alUsNX'):av € AUy, N X" # 0} is an atlas for X’ and, with
the differentiable structure determined by this atlas, X’ is called an open
submanifold of X. Note that dim X’ = dim X. More generally, if dim X =
n and 1 < k < n is an integer, then a topological subspace X’ of X is
called a k-dimensional submanifold of X if, for each p € X', there exists
a chart (U, ) in the differentiable structure for X such that (U N X') =
{(zb, ... 2k 2+ am) € p(U) : oFtt = ... = 2" = 0}. For each such
(U, ¢) one obtains a chart (U N X', ¢’) for X', where ¢’ is p|U N X’ followed
by the projection of R® = R¥ x R"~* onto R*. The collection of all such (U N
X', ¢') is an atlas for X’ and so determines a differentiable structure for X’. A
0-dimensional submanifold of X is a discrete subspace of X. Restrictions
of C'°° maps on X to submanifolds are C'*° with respect to this submanifold




1.1. Smooth Manifolds and Maps 3

differentiable structure. According to the Inverse Function Theorem, if X and
Y have the same dimension and f : X — Y is smooth, then f., : T,(X) —
Ty (Y) is an isomorphism if and only if f is a local diffeomorphism at p, i.e.,
if and only if there exist open neighborhoods V of p and W of f(p) such that
fIV is a diffeomorphism of V' onto W (Corollary 5.5.8, [N4]).

If f: X — Y is an imbedding, then its image f(X) is a submanifold of YV’
and, regarded as a map of X onto f(X), f is a diffeomorphism (Corollary 5.6.6,
[N4]). On the other hand, if f: X — Y is any smooth map and ¢ € YV is a
regular value of f (so that, in particular, dim X > dimY), then f~1(q) is either
empty or a submanifold of X of dimension dim X — dimY" (Corollary 5.6.7,
IN4]).

We now pause to describe a collection of examples of smooth manifolds that
will play a central role in all that follows. Several methods of constructing
examples are available. One can, of course, explicitly specify a second count-
able, Hausdorff space X and an atlas {(Uy, ¥a)}aca for it. Alternatively, one
can produce smooth manifolds as submanifolds of known examples, images of
imbeddings, or inverse images of regular values of smooth maps. One other
technique (forming products) will be discussed after we have some manifolds
available with which to form them.

1. (Standard differentiable structure on R™) X = R"™ with the atlas
consisting of a single global chart (R",id). A chart (U, ) is in the differ-
entiable structure determined by this atlas if and only if ¢ : U — ¢(U) is a
diffeomorphism.

2. (A nonstandard differentiable structure on R) X = R with the atlas
consisting of a single global chart (IR, ), where ¢ : R — R is given by
¢(z) = 23. The resulting differentiable structure on R is not the same as the
standard structure because p~! : R — R is given by ¢ (y) = &y and this
is not C* on R (in the standard sense). These two manifolds (standard and
nonstandard R) have different differentiable structures, but are, nevertheless,
diffeomorphic (Exercise, or see page 243 of [N4]).

3. (Natural differentiable structures on real vector spaces) Let X =V be
a real vector space of dimension n. Select a basis {e1,...,e,} for V and let
{e!,...,e"} be the dual basis for V*. Define ¢ : V¥ — R" as follows: For each
v=1%, €V, p(v) = (e'(v),...,e"(v)) = (vi,...,v™). Then ¢ is an isomor-
phism. Provide V with the topology for which ¢ is a homeomorphism (this
is independent of the choice of basis). Now provide V with the differentiable
structure determined by the single global chart (V,¢) (also independent of
the choice of basis). Note that when V = IR™ this reduces to the standard dif-
ferentiable structure. Also note that, for each p € V, the tangent space T,(V)
can be canonically identified with V: For each v € V, define v, € T,,(V) by
v, = &/(0), where o : R — V is given by a(t) = p + tv. Then v — v, is
the canonical isomorphism of V onto T,,(V).
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4. (Standard differentiable structure on the n-sphere S™) X = " =
{(xt,. . 2™ 2an ) e R (282 +- 4 (2)% + (2"F1)? = 1} with its topol-
ogy as a subspace of R"*!. We define two stereographic projection charts
on S™. Let N = (0,...,0,1), S = (0,...,0,-1), Us = S™ — {N} and
Uy = S™ — {S}. Now define ¢s : Us — R"™ and pn : Uy — R"™ by

ps(xt, . . ™ et = (11—t~ L(2l, .. 2") and pn (2!, ... 2", a"tl) =
(1+ 2™ =Yzt ... 2"). Then pg' : R* — Us and ¢y : R — Uy are
given by o5t (y) = 05! (', -, y") = (L+[ly|*) "2y, -, 29", ly[> = 1) and

en' () =N (") = (4 lyl») 72", - 20", —lyl* + 1). Thus, on
on (UnNUs) = ps(UnNUs) = R"—{0}, psooy' () = enops (y) = lyll 2y
and these are C*°. Thus, {(Us, ¢s), (Un,en)} is an atlas for S™ and so de-
termines a differentiable structure for S™.

Remarks: The structures of S? and S* are substantially elucidated through

the use of quaternions. One identifies R* with the real vector space of 2 x 2
B

complex matrices of the form (7% &> with the squared norm of such a

matrix taken to be its determinant (page 36, [N4]). Matrix multiplication
then corresponds to quaternion multiplication on R*. S® is thus the group
of unit quaternions and can be identified with the special unitary group
SU(2) (Theorem 1.1.4, [N4]). Moreover, the overlap functions for the stere-
ographic projection charts (Us,¢s) and (Uy,en) on S* can be written
psopN' (y) =¢pnops'(y) =y ! forally € R* — {0} = H - {0}.

5. (Projective Spaces) Let IF = R, C, or H. Regard [F" as a right mod-
ule over F (a vector space if F = R or C). Let 0 = (0,...,0) € TF”
and define the standard bilinear form < ,>: IF” x F* — IF on "
by < &7 > = &t 4o 4 &7 for all £,7 € F™. Let S = {¢ € " :
<& E>= 1h

IF" has the topology of R", R?", or R*" depending on whether IF = R, C,
or H, so S is homeomorphic to S?~ 1, §2"~1 or §47~! Define an equivalence
relation ~ on S as follows: 7 ~ £ if and only if there exists an a € IF with |a| = 1
such that 7 = £a. The equivalence class containing ¢ is [£] = [¢1,...,&"] =
{(¢'a,...,&%a) : a € TF,|a| = 1}. Each [£] is homeomorphic to S° S, or
S3 (pages 50-51, [N4]). The quotient space S/~ is the (real, complex, or
quaternionic) projective space FP"~!. All of these are Hausdorff (page 51,
[N4]), second countable (Exercise 1.3.2, [N4]) and, being continuous images
of spheres, compact and connected.

Let P : § — TFP" ! be the quotient map (P(¢) = [¢£]). For each
k= 1,....n, let Uy = {[¢(] € FP" ! : ¢& # 0}. Then P~H(U;) =
{€ € 8 :¢&F 0} Define ¢y : U, — F*7L (= IRf_l,IRQ"_2,or RA=%) by
@k([f]) = @k([glﬁ e 7§k7 s 7£n]) = (gl(gk)—l, R S ’fn(gk’)—l) (Where a
means “deleted”). Then @,:1 : B! — U, is given by <p,;1(y) =
oty = [yl L,y (with the 1in the &' slot). These
are inverse homeomorphisms (pages 51-52, [N4]) and the overlap functions
Y © s0;1 iU NU;) — (U N U;j) are C*°. For example,
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w20 o1 (WA Y0 y") = ea([LyA Pyt = (W) LA
y™(y?)~1). Thus {(Uk, ¢x)}e=1.....n is an atlas for FP™"' and so determines a
differentiable structure.

Remark: When n = 2 we have RP! =~ §! CP! = 52 and HP! >~ §*
(pages 53-54, [N4]).

6. (Classical Groups) Let F = R, C, or H and let GL(n,IF) be the set of
all n x n matrices with entries in IF (the reason for the peculiar notation will
emerge in Section 1.2). Topologically we identify GL(n,R) = R" , GL(n,C) =
R2" and GL(n,H) = R4 . Let GL(n,TF) denote the set of all invertible ele-
ments of GL(n,F). Then GL(n,TF) is an open submanifold of GL(n,F) (pages
41-43, [N4]). Let U(n,F) = {A € GL(n,F) : A=t = AT}

F=R:U(n,R)=0(n) = orthogonal group of order n
F=C:U(n,C)=U(n)
F=MH:U(n,H) = Sp(n)= symplectic group of order n

unitary group of order n

U(n,TF) is a submanifold of GL(n,TF), but this is not obvious. For exam-
ple, O(n) is a submanifold of GL(n,R) because it is the inverse image of a
regular value under a smooth map of GL(n,R) into a Euclidean space (iden-
tify the set S(n,R) of symmetric n x n real matrices with R™"+1)/2 define
f: GL(n,R) — S(n,R) by f(A) = AAT and note that O(n) = f~1(id)).
For details, see [N4] (pages 256-257 for O(n), and Exercise 5.8.12 for U(n)
and Sp(n)). Next let

SO
SU

(n) ={A € O(n):det A =1} = special orthogonal group of order n
(

n)={A € U(n):det A= 1} = special unitary group of order n

SO(n) and SU(n) are submanifolds of O(n) and U(n), respectively.

Remarks: SO(2) = U(1),S0(3) = RIP? (pages 395 and 399, [N4]), and
SU(2) = Sp(1) = S3.

7. (Products) Let X and Y be smooth manifolds of dimension n and m,
respectively. If (U,¢) is a chart on X and (V,) is a chart on Y, then
(U x V,p x 1) is a chart on the topological space X x Y (the product map
ex1:UxV — R"xR™ = R""™ is given by (¢ x 9)(p,q) = (¢(p),
1¥(q))). The set of all such charts is an atlas for X x Y determining the prod-
uct manifold structure on X x Y. The process obviously extends to larger
(finite) products. Important examples are the tori St x S!, St x St x St ...
and certain products of classical groups, e.g., SU(2) xU(1) (electroweak gauge
group), SU(3) x SU(2) x U(1) (standard model of elementary particles), etc.

A vector field on a smooth manifold X is a map V that assigns to each
p € X a tangent vector V(p) = V, in T,(X). If (U,¢) is a chart on X

with coordinate functions z!,...,z", then p — W|p is a vector field on
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U for each ¢ = 1,...,n. For any V and any p € U, V(p) = V,(z )aw
and the functions V* : U — R defined by Vi(p) = V ,(a!) are called the
components of V relative to (U, ¢). V is continuous, smooth, etc. if its
components are continuous, smooth, etc. for all charts in some atlas for X.
The set of all smooth vector fields on X is denoted X' (X) and has the obvious
structure of a module over C*°(X). Any Ve X(X) acts on any f € C*(X)
togivea Vf = V(f) in C*(X) defined by (V f)(p) = V,(f) for all p € X.
This operator on C*°(X) is a derivation (i.e., V(af +bg) = aVf + bVyg
and V(fg) = fVg+ (Vf)gforall a,b € R and f,g € C>*(X)). Conversely,
any derivation D : C*°(X) — C°°(X) gives rise to a smooth vector field V'
on X defined by V(p)(f) = D(f)(p). Thus, vector fields may be identified
with derivations. As an application we define the Lie bracket [V, W] of two
smooth vector fields V and W on X to be the derivation/vector field defined
by [V, W](f) = V(W f)— W(V f). We record some useful properties of the
Lie bracket (proofs on pages 263-264, [N4]):

(W, V]=-[V, W]
[a1V1+a2V2, ]—al[VhW]—%-az[VQ,W]
=
]

[fV,gW]=fglV. W]+ (VoW —g(W[)V
[V],[VQ, Vg] + [‘/3,[‘717 VQH + [VQ,[V?,, Vlﬂ =0

VW] = (VJ8W Y ) 9

oxJ OxJ ) Oxt

forall V. W, V4, Vy Vi€ X(X),a1,a2 € R, f,g € C°(X) and, for the
last, any chart on X. An integral curve for V € X (X) is a smooth curve « :
(a,b) — X whose velocity vector o/(tg) at each tg in (a, b) coincides with the
vector assigned to a(tg) by V, ie., o/(tg) = V(a(tp)). These always exist, at
least locally (Theorem 5.7.2, [N4]).

Let V be an n-dimensional real vector space and {ej,...,e,} and
{€1,...,6n} two ordered bases for V. Then there exists a unique nonsingu-
lar n x n real matrix (A*;); j=1,. , such that é; = A’je; for j = 1,....n

Since det(A’;) # 0 we can define an equivalence relation ~ on the set of all
ordered bases for V by {é1,...,6,} ~ {e1,...,e,} if and only if det(A%;) >0
and conclude that there are precisely two equivalence classes, each of which
is called an orientation for V. The equivalence class containing {e,...,e,}
is denoted [eq, ..., ep].

Now let X be an n-dimensional smooth manifold and U an open subset
of X. An orientation on U is a function p that assigns to each p € U an
orientation u, for T,(X) and satisfies the following smoothness condition: For
each pg € U there is an open neighborhood W of py in X with W C U
and smooth vector fields V1,..., V, on W with {V1(p),..., V,.(p)} € pp
for each p € W. For example, if (U, ) is a chart with coordinate functions

z', ..., 2", then p — [%\p, ce %M is an orientation on U. A manifold



1.1. Smooth Manifolds and Maps 7

for which an orientation exists on all of X is said to be orientable and such
an X is said to be oriented by any specific choice of an orientation p on
X. A connected, orientable manifold admits precisely two orientations (The-
orem 5.10.2, [N4]). If one of the orientations is y, then the other is denoted
—u and called the opposite orientation. If X is orientable with orientation
w, then a chart (U, ) with coordinate functions z!, ..., z" is said to be con-

sistent with p if {a%lh?v cee &%‘P} € pp for each p € U. If (U, ¢) and (V, )

are charts with coordinate functions z',...,2" and y!,...,y", respectively,
both consistent with p, and for which U NV # (), then the Jacobian of the
coordinate transformation (y!,...,y") =1 o t(x!,..., 2™) must have pos-

itive determinant on (U N V). It follows that an orientable manifold has an
oriented atlas, i.e., an atlas whose overlap functions all have Jacobians with
positive determinant. The converse is also true, i.e., a manifold is orientable
if and only if it admits an oriented atlas (Exercise 5.10.9, [N4]). With the ex-
ception of RIP"~! for n odd, all of the manifolds introduced in Examples 1-6
above are orientable (pages 307-309, [N4]). Suppose X and Y are manifolds
with orientations p and v, respectively, and that f : X — Y is a diffeomor-
phism of X onto Y. Then, for each p € X, f.p : Tp(X) — Ty (Y) is an
isomorphism and so carries every basis for 7),(X) onto a basis for T,y (Y). f
is said to be orientation preserving if, for each p € X, f,, carries every
basis in f1;, onto a basis in vy,. If X is connected, then a diffeomorphism
[+ X — Y is either orientation preserving or orientation reversing in the
sense that, for each p € X, it carries every basis in p, onto a basis in —vy(,).

The dual T;;(X) of T,,(X) is called the cotangent space to X at p and its
elements are called covectors at p. A (real-valued) 1-form on X is a map
© that assigns to each p € X a covector @(p) = @,, in T (X). For example, if
f € C=(X) we define its exterior derivative (or differential) df as follows:
For each p € X, df (p) = df), is the element of Ty (X') whose value at v € T),(X)
is df(p)(v) = dfp,(v) = v(f). Then df is a l-form on X. In particular, if
(U, ) is a chart on X with coordinate functions z', ... 2", then each da’ is
a 1-form on U and, at each p € U,{dz",,... ,da",} is the basis for T;7(X)

dual to {8%1|p, i \p}. If @ is any 1-form, then, at each p € U,O(p) =

)’ Oxn

O, = 0;(p)dz’,, where ©;(p) = @(p)(% ») (Exercise 5.5.14, [N4]). The
functions ©; are the components of @ relative to (U, ) and O is said to be
continuous, smooth, etc. if its components are continuous, smooth, etc. for all
charts in some atlas for X. The set X*(X) of all smooth 1-forms on X has
the structure of a module over C°°(X). Moreover, any @ € X*(X) gives rise
to a C*°(X)-module homomorphism of X(X) to C°°(X) defined as follows:
For every V € X(X), ©(V) = OV is given by O(V)(p) = (OV)(p) =
©,(V,). Thus, relative to any chart, @(V)(p) = ©;(p)V*(p). Conversely,
every C°°(X)-module homomorphism A : X(X) — C>(X) determines a
unique 1-form @ with @(V) = A(V) for every V € X(X) (pages 265-266),
[N4]). If the set of such homomorphisms is given its natural C'*°(X)-module
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structure, then this correspondence is an isomorphism (Exercise 5.7.11, [N4])
so we will not distinguish between the 1-form and the homomorphism.

If F: X — Y is smooth and @ is a 1-form on Y, then the pullback
F*@ € X*(X) is defined by (F*@),(v) = Opq,)(Fip(v)) for each p € X
and each v € T,,(X). In coordinates, if (U, ¢) is a chart on X with coordinate
functions z!,... 2™ and (V%) is a chart on Y with coordinate functions
yt, ..., y™ and if p(U) C V, then @ = 0,dy’ —

or" -
9 (©; o F)da’
=0; (F'(2',...,z™), ..., F™(z', ... 2"))d(Fi(z!,...,z")),

e =

where 1o Foo tzl, ... a") = (F* (2',...,2"),..., F™ (2%, ..., 2")).

As a special case, if g € C>(Y'), then F*(dg) = d(go F'). Smooth real- valued
functions are often called 0-forms and, if one defines the pullback of a 0-form
geC®Y )by F: X — Y tobe F*g =goF € C*(X), then this last result
reads F*(dg) = d(F*g), i.e., pullback commutes with the exterior derivative
on O-forms. Note that the exterior derivative operator d carries O-forms to
1-forms. For future reference we record its basic properties as follows:

d(afi +bf2) = adfy +bdfs  (a,b € R and fi, fo € C™(X))
d(fif2) = fidfa + fadfr (f1, f2 € C*(X))

F*(dg) = d(F*g) (F: X — Y smooth and g € C*(Y))
and, if (U, ) is a chart on X with coordinate functions z?, ..., 2",
of .
df = ——dx' *(X)).
f= gl (feC(x)

If X’ is a submanifold of X and ¢ : X’ «— X is the inclusion map, then the
restriction of @ € X*(X) to X' is defined to be .*©. Finally, if F: X — Y
and G : Y — Z are smooth, then

(GoF) =F*oG"

(Exercise 5.7.15, [N4]).

If V is a finite dimensional real vector space, then its dual V* (real-valued
linear maps on V) is often denoted J1(V) and called the space of covariant
tensors of rank one on V. We denote by J2(V) the set of all real-valued
bilinear maps on V x V) and refer to its elements as covariant tensors of rank
two on V. If a, B3 € J*(V) we define their tensor product a ® 8 € J%(V)
by (a® B)(v,w) = a(v)B(w). If {e1,...,e,} is a basis for V and {e!,... e"}
is its dual basis for J1(V), then {e! ®e/: 4,5 =1,...,n} is a basis for J2()
and every A € J%(V) can be written uniquely as

A=Ayl @el = A (e, ej) et e
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(Lemma 5.11.1, [N4]). An A € J%(V) is said to symmetric if A(w,v) =
A(v,w) for all v, w € V, skew-symmetric if A(w,v) = —A(v,w) for all v, w €
V, nondegenerate if A(v,w) =0 for all v € V implies w = 0 and positive
(respectively, negative) definite if A(v,v) > 0 (respectively, A(v,v) < 0)
for all v € V with A(v,v) = 0 only for v = 0. A nondegenerate, symmetric
element of J2(V) is called an inner product on V (some sources reserve
this terminology for a nondegenerate, symmetric bilinear form that is also
positive definite, but the more general notion we have introduced will be
important in the context of relativity). The set of all skew-symmetric elements
of J%(V) is denoted A?(V). For all a, B € J*(V) we define the wedge product
aNBeENV)byarB=a®B - B®a If {e,...,e,} is a basis for V and
{el,...,e"} is its dual basis, then {e‘Ae’ : 1 <i < j < n} is a basis for A%(V)
and each Q in A?(V) can be uniquely written as

Q= ZQijez Nel = §Qijez Ne,

i<j
where Q;; = Q(e’,¢’) (Lemma 5.11.2, [N4]).

If X is a smooth manifold, then a covariant tensor field of rank two
on X is a map A that assigns to each p € X an element A(p) = A, €
JA(T,(X)). If (U,¢) is a chart on X with coordinate functions z!,... 2",
then A(p) = A, = Ay (52 p, 227 |p) da’p @ da?y,. The functions 4;; : U — R
defined by A;;(p) = Ay (32 |ps 525|p) are the components of A relative to
(U,p) and A is said to be continuous, smooth, etc. if its components are
continuous, smooth, etc. for all charts in some atlas for X. The set of all
smooth A is denoted J2(X) and has the structure of a C°°(X)-module. A
g € J*(X) which, at each p € X, is an inner product on 7T},(X) is called a
metric tensor on X. If each g(p) is a positive definite inner product, then g is
a Riemannian metric; otherwise, g is semi-Riemannian. An 2 € J72%(X)
which, at each p € X, is skew-symmetric is called a 2-form on X and the set
of all such is denoted A?(X). If @1,0, € X*(X), then @1 @ O3 € J?*(X)
and @1 A @y € A?(X) are defined pointwise. If F: X — Y is smooth and
A € J?(Y), then the pullback F*A € J2(X) is defined, at each p € X, by
(F*A)p(v,w) = App(Fip(v), Fip(w)) for all v, w € T,(X). The pullback
of a metric (Riemannian or semi-Riemannian) is a metric of the same type
and the pullback, of a 2-form is another 2-form. Restrictions are, as for 1-
forms, pullbacks by the inclusion map. An element A of J2(X) gives rise to a
C°(X)-bilinear map A : X(X) x X(X) — C°°(X) defined as follows: For all
V,W e X(X) define A(V, W) e C®(X) by A(V,W)(p) = A,(V,, W,)
for all p € X. Conversely, any C'°°(X)-bilinear map A4 : X(X) x X(X) —
C*°(X) gives rise to an A € J?(X) whose value at each p € X is the bilinear
map A, : Tp(X) x T,(X) — R defined as follows: For v, w € T,,(X) select
V, W e X(X) with V(p) = vand W (p) = w (Exercise 5.7.10, [N4]) and set
A,(vy, wy) = A(V, W)(p). This correspondence is one-to-one and preserves
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the natural algebraic structures (Exercise 5.11.19, [N4]), so we may identify
the two notions (covariant tensor field of rank two and C°°(X)-bilinear map
of X(X) x X(X) to C*°(X)). In particular, if © is a 1-form (thought of as a
map from X (X) to C*°(X)), we define its exterior derivative d®@ € A%(X)
(thought of as a bilinear map from X'(X) x X(X) to C>*(X)) by

OV, W)= V(@OW)- W(@OV)-e(V, W).

We record some properties of the exterior derivative operator d : A'(X) —
A%(X) (proved on pages 320-322, [N4]).

d(a(-)l +b@2) = ad@, + bdO, (a,b € R and @1,@2 S X*(X))
d(fO) = [ dO +df A O (f € C*(X) and @ € X*(X))

d(df) =0 (f € C=(X))
(

F*(dO) = d(F*O) F: X — Y smooth and © € X*(Y))

and, if (U, ¢) is a chart on X with coordinate functions z!,... 2",

d(©;dx") = dO; A dz' = % da? Ndxt (@ € X*(X)).

Let X be a smooth manifold, V a finite dimensional real vector space and
{e1,...,eq4} a basis for V. A V-valued 0-form on X is a map of X into V.
Thus, we may write ¢ = ¢’e;, where the real-valued functions ¢' are called
the components of ¢ relative to {e1,...,eq}. ¢ is said to be continuous,
smooth, etc. if its components are continuous, smooth, etc. relative to some
(and therefore any) basis for V. A V-valued 1-form on X is a map w which
assigns to every p € X a linear transformation w(p) = w,, from T,,(X) to V.
Writing w = w'e;, where each w' is an ordinary (R-valued) 1-form, we say that
w is continuous, smooth, etc. if its components w', ..., w? are continuous,
smooth, etc. A V-valued 2-form on X is a map §2 which assigns to each
p € X a bilinear map £2(p) = 2, : T,(X) x T,,(X) — V and may be written
2 = 2, where each £2' is an ordinary 2-form. Again, .Ql,...,ﬂd are
the components of §2 relative to {e1,...,eqs} and §2 is continuous, smooth,
etc. if and only if its components are continuous, smooth, etc. Pullbacks of
V-valued forms are defined componentwise as are exterior derivatives of V-
valued O-forms and 1-forms. All of this is independent of the choice of basis.
Wedge products of vector-valued 1-forms are not defined unless there is given
some sort of “multiplication” in the vector space in which the 1-forms take
their values. Suppose, somewhat more generally, that &/, V and WV are finite
dimensional real vector spaces and that one is given a bilinear map p : U x
Y — W (when U =V = W this is a bilinear pairing, or “multiplication” on
V). Now, if w is a U-valued 1-form on X and n is a V-valued 1-form on X,
then we define the p-wedge product w A, 1 of w and n by

(W Apm)p(v, w) = p (wp(v),m,(w)) = p (1, (v), wp(w))
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for all p € X and all v, w € T,(X). This then is a W-valued 2-form on X. If
{u1,...,uc} is a basis for U and {v,...,vq} is a basis for V and if we write
w = w'y;, and n = nlv;, then

c d
wApn = ZZ (W' A1) p(uis v;)
i=1 j=1
(Lemma 5.11.5, [N4]). For example, if Y =V = W = C (regarded as a 2-
dimensional real vector space) and p : € x C — C is complex multiplication,
then, writing w = w! + w?i and n = n' + 24, one finds that

WAy = (W + W) A, (0" + %)
= (w'An' —w? An?) + (W' An® + w? Anh)i.

Thus, w A, 1 is obtained by multiplying the forms exactly as one multiplies
complex numbers, but with real and imaginary parts “multiplied” by the ordi-
nary wedge. A similar result holds when &/ =V = W = H and p is quaternion
multiplication. In cases such as these one generally drops the “p” and writes
simply w A 1. Most of the important examples of vector- valued forms arise
in the context of Lie groups and principal bundles, to which we now turn.

1.2 Matrix Lie Groups

A Lie group is a differentiable manifold G' on which is defined a group structure
for which the group multiplication (x,y) — xy is a C* map of G X G to G
(it follows that group inversion x — 2~ is a diffeomorphism of G onto itself;
see Lemma 5.8.1, [N4]). The left and right translation maps Ly, Ry : G — G
defined by L,(z) = gz and Ry(x) = xg are diffeomorphisms for each g € G.
The Lie groups of most interest to us are the following:

1. The nonzero real numbers, complex numbers, or quaternions with their
respective multiplications.

2. The circle S' (thought of as the complex numbers of modulus 1 in € =
R?) with complex multiplication.

3. The 3-sphere S® (thought of as the unit quaternions in H = R*) with
quaternion multiplication.

4. The general linear groups GL(n,R),GL(n,C) and GL(n, H) with
matrix multiplication.

5. Any subgroup H of a Lie group G that is also a submanifold of G is a Lie
group so, in particular, all of the classical groups are Lie groups:

O(n), SO(n), U(n), SU(n), Sp(n).
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6. Any (finite) product of Lie groups (with the product manifold structure
and the direct product group structure) is a Lie group, e.g., SU(2) x U(1),
SU(3) xSU(2) x U(1), or any torus St x --- x St

Two Lie groups G; and G5 are isomorphic if there is a diffeomorphism of
G onto G that is also a group isomorphism, e.g., S! is isomorphic to both
U(1) and SO(2), while S? is isomorphic to SU(2) and Sp(1). Any subgroup of
some GL(n,C) that is also a submanifold is called a matrix Lie group and
we shall henceforth restrict our attention to these. GL(n,R) can be identified
with a subgroup of GL(n,C) that is also a submanifold. It is less obvious, but
also true, that GL(n,H) can be identified with a subgroup of GL(2n, C) that
is also a submanifold. To see this observe first that any quaternion 2% +z'4 +
22§ + 23k can be written as z' + 225, where 2! = 2% +2'4 and 22 = 22 + 231,
and so identified with a pair of complex numbers. Thus, any n X n quaternionic
matrix P can be written as P = A + Bj, where A and B are n x n complex
matrices. Define a map ¢ : GL (n, H) — GL(2n, C) by

o(P) = <_g j) |

Then ¢ is an algebra isomorphism that also preserves the conjugate transpose

(Exercise 1.1.28, [N4]). In particular, P € Sp(n) if and only if ¢p(P) € U(2n).

Moreover, a 2n x 2n complex matrix M has the form (_g g) if and only

if it satisfies JMJ~' = M, where J = (ﬂ% ig) and, if M is unitary, this is
equivalent to M7 JM = J. Thus, we may identify

GL(n,H) = {M € GL(2n,C) : M invertible and JM.J ' = M}
Sp(n) ={M cU2n): MTJM = J}.

The real and complex special linear groups SL(n,R) and SL(n,C) are
the subgroups of GL(n,R) and GL(n, C), respectively, consisting of those el-
ements with determinant 1. Although the noncommutativity of I blocks any
obvious notion of a determinant for quaternionic matrices, one can define the
quaternionic special linear group SL(n,H ) to be the subset of GL(n, H)
consisting of all those elements P such that det $(P) = 1. This is, indeed,
a subgroup of GL(n,H) (Exercise 1.1.30, [N4]). One can show directly that
GL(n,H), Sp(n) and SL(n,H) are all submanifolds of GL(2n, C), but there
is also a general result to the effect that any closed subgroup of a complex
general linear group is necessarily a submanifold (see [Howe]| or, for a still
more general result, [Warn|). We conclude then that all of the classical groups
are matrix Lie groups.

A Lie algebra is a real vector space £ on which is defined a bilinear opera-
tion [,]: LxL — L, called bracket, that is skew-symmetric ([y, z] = —[z, ]
for all z,y € L) and satisfies the Jacobi identity ([z,[y,z]] + [z, [x,9]] +
[y, [z, x]] = 0 for all z,y,z € L). Two Lie algebras £; and L5 with brackets
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[, ]1 and [, ]2, respectively, are isomorphic if there is a linear isomorphism
T : Ly — Lo of £y onto Lo that satisfies T'([z,y]1) = [T(x),T(y)]2 for all
x,y € L1. We record a few important examples of Lie algebras

1. Any finite dimensional real vector space V with the trivial bracket [, ] :
VXV — V defined by [z,y] =0 € V for all 2,y € V. Skew-symmetry implies
that any 1-dimensional Lie algebra has trivial bracket.

2. The commutator of two matrices A and B is defined by [A, B] =
AB—BA. Since [B, A] = —[A, B] and [A, [B, C]]+[C, [4, B]]+[B, [C, A]] = 0,
any set of matrices that forms a real vector space and is closed under the for-
mation of commutators is a Lie algebra with bracket given by the commutator.
Examples include GL(n,R),GL(n,C) and GL(n,H) as well as the set of all
n x n real, skew-symmetric (A7 = —A) matrices, the set of all n x n complex,
skew-Hermitian (A7 = — A) matrices and the set of all n x n complex matrices
that are both skew-Hermitian and tracefree (trace(A4) = 0).

3. The set Im C of pure imaginary complex numbers az with trivial bracket
is a 1-dimensional Lie algebra.

4. The set ImH of pure imaginary quaternions x = at+bj + ck with bracket
[z,y] = 2y — yx = 2Im (zy) is a 3-dimensional Lie algebra. This Lie algebra
is, in fact, isomorphic to the Lie algebra consisting of R? and the bracket
[,y] = x x y given by the familiar cross product on R3.

Every Lie group G has associated with it a Lie algebra G (called the Lie
algebra of G) that can be described in either of the following two equivalent
ways:

(i) A vector field V' on G is said to be left-invariant if (L,), oV =V oL,
for every g € G, ie., if (Lg)«n(V(h)) = V(gh) for all g,h € G. Such
vector fields are necessarily smooth (Theorem 5.8.2, [N4]). The set G of
all left-invariant vector fields on G is a linear subspace of X'(G) and is
closed under the formation of Lie brackets (Theorem 5.8.4, [N4]). Since
the Lie bracket is skew-symmetric and satisfies the Jacobi identity it
provides G with the structure of a Lie algebra.

(ii) If e denotes the identity element in G (e = id for matrix Lie groups),
then the map V' — V/(e) is a linear isomorphism of G (as defined in (i))
onto T,(G). Define a bracket [ ,] on T, (G) as follows: For v, w € T.(G)
there exist unique left-invariant vector fields V, W € G with V(e) = v
and W (e) = w. Set [v, w] = [V, W|(e). With this, T, (G) is a Lie algebra
isomorphic to G.

For matrix Lie groups G, T;4(G) can be identified with a set of matrices
(velocity vectors at ¢ = 0 to smooth curves t — (a;;(t)) with (a;;(0)) = id,
computed entrywise). One can show (Section 5.8, [N4]) that this set of
matrices is always closed under the formation of commutators and that the
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Lie algebra consisting of T;4(G) with commutator bracket is isomorphic to
the Lie algebra G of G as defined in (ii). Thus, the problem of finding the Lie
algebra G of a matrix Lie group G reduces to identifying the set of matrices
that arise as velocity vectors to smooth curves in G through id (and defin-
ing the bracket on this set of matrices to be the commutator). We record a
number of important examples (for the proofs see pages 278-284, [N4]).

1. For F = R, C, or H, the Lie algebra of GL(n,TF) is the set GL(n,TF) of
all n x n matrices with entries in F.

2. The Lie algebra o(n) of the orthogonal group O(n) is the set of all n x n
real, skew-symmetric matrices.

3. The Lie algebra so(n) of the special orthogonal group SO(n) coincides
with the Lie algebra o(n) of O(n) (because SO(n) is just the connected com-
ponent of O(n) containing id so that T;4(SO(n)) = T;4(O(n))).

4. The Lie algebra u(n) of the unitary group U(n) is the set of all n x n
complex, skew-Hermitian matrices.

5. The Lie algebra su(n) of the special unitary group SU(n) is the set of all
n X n complex matrices that are skew-Hermitian and tracefree.

6. Identifying Sp(n) with the matrix Lie group {U € U(2n) : UTJU = J},
the Lie algebra sp(n) of Sp(n) is given by

sp(n) = {M € GL(2n,C) : M" = —M and JM + M*.J =0}

= A B n : un T:
(2 D) cocimoracun s}

Isomorphic Lie groups have isomorphic Lie algebras. For example, since
U(1) and SO(2) are isomorphic, so are u(1) and so(2) and, since u(1) is the
algebra of 1 x 1 skew-Hermitian matrices, both can be naturally identified
with the Lie algebra Im C. Similarly, SU(2) and Sp(1) are isomorphic and
therefore so are their Lie algebras su(2) and sp(1). But sp(1) is naturally
identfied with the Lie algebra ImH of pure imaginary quaternions which,
in turn, is isomorphic to R? with the cross product as bracket. However,
non-isomorphic Lie groups can have isomorphic Lie algebras, e.g., O(n) and
SO(n) in #3 above. A less trivial example consists of SU(2) and SO(3).
These are certainly not isomorphic as Lie groups. Indeed, they are not even
homeomorphic since SU(2) = S% (Theorem 1.1.4, [N4]) and S® is simply
connected (page 119, [N4]), whereas SO(3) = RIP? (page 399, [N4]) and
71 (RP?) = Zy (Theorem 2.4.5, [N4]). To see that the Lie algebras su(2)
and so(3) are isomorphic we introduce the notion of a Lie group’s “structure

constants.” Let G be an arbitrary Lie algebra. Select a basis {ey,...,e,} for
G. Foralli,j =1,...,n,e;,e;] is in G so there exist unique constants C’fj,
k=1,...,n,suchthat [e;,e;] = ijek. The constants ij,i,j, k=1,...,nare

called the structure constants of G relative to the basis {ej,...,e,}. Two



1.2. Matrix Lie Groups 15

Lie algebras are clearly isomorphic if and only if there exist bases relative
to which the structure constants are the same. Now, an obvious basis for
s0(3) (3 x 3 real, skew-symmetric matrices) consists of

0 0 0 0 0 1 0 -1
1=10 0 —-1|, 7= 0 0 0], s=1]1
0 1 0 -1 0 0 0
and a simple calculation shows that [r;, 7;] = Zi=1 €k Tk, Where €;;; is the

Levi-Civita symbol (1 if ¢jk is an even permutation of 123, —1 if ijk is an
odd permutation of 123, and 0 otherwise). The usual basis for su(2) consists
of T}, = —%iak, where

0 1 0 —z 1 0
o1 = , 02 =1 . ; 03 =
1 0 1 0 0 -1

are the Pauli spin matrices (page 396, [N4|) and here again one quickly
verifies that [T;, T;] = Zzzl €5 Tk Thus, so(3) and su(2) are isomorphic.

For any A € GL(n,C) we define exp(4) = e = 377 L A*. The series
converges absolutely and uniformly on every bounded region in GL(n, C) =
C" = R2". Every exp(A) is invertible (because det(e?) = et2¢(4)) 50 exp
is a C*° map of GL(n,C) to GL(n,C). If G is any matrix group, then its Lie
algebra G can be identified with a subalgebra of GL(n, C) for some n and the
restriction of exp to G maps into G (see Theorem 5.8.6, [N4], for the cases
of interest here). The map exp : G — G has a derivative at 0 € G and, if
To(G) is identified with G by the canonical isomorphism, exp,, : G — G is the
identity map (Lemma 5.8.5 (5), [N4]). It follows from the Inverse Function
Theorem that exp is a diffeomorphism of some neighborhood of 0 € G onto a
neighborhood of exp(0) = id in G, i.e., on some neighborhood of id in G, exp~!
is a chart for G.

A 1-form © on a Lie group G (real, or vector-valued) is said to be
left invariant if (L,)*@ = @ for all ¢ € G, ie, if, for all g,h € G,
O(h) = (Lg)*(©(gh)), or, equivalently, @(gh) = (L,-1)*(@(h)). This is the
case if and only if @(g) = (Ly-1)*(O(id)) for every g € G. Any such 1-form is
necessarily smooth (page 285, [N4]) and is uniquely determined by its value
at the identity. In particular, any covector at id in G uniquely determines
a left invariant 1-form taking that value at id. A particularly important ex-
ample of a left invariant 1-form on G is the Cartan (canonical) 1-form
which takes values in the vector space G and is defined as follows: For each
g€ G,0(g) =0, :T,(G) — G =T;4(G) is given by

O(9)(v) = Oy(v) = (Lg-1)xg(v)-
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Equivalently, @ is uniquely determined by the requirement that
©,(A(g)) = A(id) for every left invariant vector field A on G. Let {e1, ..., e,}
be a basis for G and let {©",...,©"} be the unique left invariant real-valued
1-forms on G for which {@"(id), ..., @"(id)} is the basis dual to {e1,...,e,}.
Then the Cartan 1-form @ is given by

@=0'e;+---+ 0",
(Lemma 5.9.1, [N4]). The Maurer-Cartan equations for © assert that

1 . .
d@k:—icfj@w@f, k=1,...,n,

where CF; are the structure constants for G relative to {ei,...,e,} ((5.11.3),
[N4]). If H is a subgroup of G that is also a submanifold and ¢ : H — G is
the inclusion map, then the Cartan 1-form @y of H is the restriction to H
of the Cartan 1-form @¢ of G, i.e.,

@H = L*@G

((5.9.6), [N4]). Now we exhibit a number of specific examples of Cartan
1-forms for the groups of particular interest to us (details are available on
pages 292-296, [N4]).

1. G = GL(n,R), 6 = GL(n,R): GL(n,R) is an open submanifold

of R" with standard coordinate (entry) functions z%, i, = 1,...,n
{af“ Zd} . is a basis for GL(n,R). The corresponding dual
basis is { dx’”’zd } e The R-valued 1-forms ©Y defined by
O (g) = S, (g~ ) ) for all ¢ € GL(n,R) are left invariant and

satisfy @ (id) = dz* (id) so @ is given by

0
11@ kj
id (Zm ) g)> Dt

For calculations it is most convenient to identify @(g) with the matrix of
components (Y., glc”“(gfl)dxkj(g))ij:1 .- Note that this is the formal
. G=1,es

O(g) = ©"(g)

8:5” id

matrix product of g7 and

de't(g) ... dx'"(g)
dx(g) =
dz"(g) ... dx"(g)

SO one can write

O(g) = g 'dx(g).
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To evaluate ©@(g) at any v € T;(G) compute

dz(g)(v) = (dz" (9) (v))ij=1,...0 = (V7)ij=1,...m,

where v = vij% 4> and form the product g~ (v*/); j—1, ., the result being
a matrix in GL(n,R). Taking this computational ploy one step further we
will often identify & with a matrix of R-valued 1-forms. We illustrate with

GL(2,R): For each g = (3 ?) € GL(2,R), gl = (aé—ﬁ'y)_l (_5 —/3) and

vy [e%

we compute the product

_ o 6 =B\ [dztl(g) dx'*(g)
Ldx = (ad — 1
g dxz(g) = ( B7) ( ) )( () dm22(9)>
— Bdz?(g)  dda'?(g) — Bda?? <g>>

= (ad — B7) (_ +adx21(g) —’yd.r12(g)+ad$22(g)

Since a = x'(g), 8 = 2'2(g),7 = 2! (g) and § = 2??(g) we may regard this
as the value at g of the matrix of ordinary 1-forms given by

OcrLiRr) =
22 711 12 5 21 22 712 12 7,22
B r4dxt — x4dx zdxs — v dx
(quzzizmzm) 1(

71]921d:L‘11 +$11d1’21 7£L‘21d:]912 +1’11d$22

2. G = GL(n,C), G = GL(n,C): One proceeds just as in #1 above,
identifying G = GL(n,C) with an open submanifold of € = R>™ with
standard coordinates {z!t,y'1, ... 2" y""} where 2% = 2% + 4y¥. Again,
one finds that, for any g € G, ©(g) can be identified with g~ 'dz(g), where dz
is the matrix of complex-valued 1-forms

dz'' .. dz'" dz' + idy! e dz'™ + idy'"

dz"t ... dz™ dz™ +idy™ ... dz™ 4 idy™

(complex-valued 1-forms are just vector-valued 1-forms with values in C = R?
and we have used the basis {1, ¢} for C over R). Thus, if v € T,(G) (thought
of as an n xn matrix of complex numbers obtained by differentiating entrywise
a smooth curve in GL(n,C) through g), then dz picks out its ij-entry v%
and O(g)(v) = g~ ' (v"); j=1,...n. For n = 2 one can write @ as a matrix of
complex-valued 1-forms just as we did for GL(2, R) in #1:

Ocri2.0) =
(z“z” _ z12z21)_1 (

522,11 _ 12,21 522,12 _ Z12dz22>

—221d211 +211d221 —221d212 +led222
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3. G=GL(n,H),G = GL(n,H): The result is the same as for GL(n,R) and
GL(n,C) in #1 and #2: For every g € GL(n, H),

O(g) = g~ 'da(g),
where
dg't ... dq¢'®
dg=1 :
dqnl . dqnn
and dq¥ = dz¥ + idy” + jdu + kdv¥, i,j = 1,...,n. This time, however,
there is no simple formula for ¢g=! when n = 2 since we lack a determinant
function for quaternionic matrices. However, when n = 1 and we identify
a 1 x 1 quaternionic matrix g = (¢) with its sole entry ¢, GL(1,H) is just

the group H — {0} of nonzero quaternions and g~'dg is just the quaternion
product

- _ 1
g 'dg=q 'dg = —5qdq.
lq|
Identifying tangent vectors v € T, (IH — {0}) with quaternions v € H via the
canonical isomorphism, ¢~ 'dq(v) = Iq%(jv.

4. G=50(2)=U(1), G =s0(2) 2u(l) 2 ImC: First regard G as SO(2) C
GL(2,R). Then @gp(9) is the restriction of @gp (2 r) from #1 to SO(2). One
finds (page 294, [N4]) that

o - 0 2220012 12022
S0@2) =\ _ 224,12 112,22 0

:(—w22dx12+x12dx22) 0 -1 )
1 0

Now, the standard identification of SO(2) and U(1l) is
(cosf —sinf) — (%) and this induces (by differentiation at id) the

sinf cosf

identification 8o ({ ~3) — ot of so(2) and u(1) = Im €. Thus,
Oun = (—x?2dx'? + 2'2dx?)i

on U(1) = {(z'%2%) e R?: (2'?)? + (2*)? = 1}.

5. G=SU(2) 2 Sp(1),G = su(2) = sp(1) = ImH: First regard G as SU(2)
C GL(2,C). Then Ogy (g is the restriction of Oy (2,¢) from #2 to SU(2).
One finds (Exercise 5.9.5, [N4]) that

Elldzll + 212d212 211d2,12 o Zlezll
Osy2) =

—led512 —|—512d211 ledzll +212d212
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on SU(2). Now think of G as Sp(1) (identified with the unit quaternions).
Then @g,1) is the restriction of Ogp 1wy in #3 and (because |g| = 1 on
Sp(1)) this is

Ospy =q "dg = qdg

1

on Sp(1). Notice that, by writing ¢ = 2! + 2z'25, where z!! = z + yi and

212 = u + vi, we have

@Sp(l) _ (511 _ 512j)(d2'11 + dZIQj)

— (ledzll + Zl2d212) =+ (511d212 _ ledzll)j

on Sp(1). The standard identification of Sp(1) with SU(2) is

. A B
A+ Bj — _

and this carries @g,(1) onto O gy (a)-

Now, let G be a matrix Lie group, V a finite dimensional vector space and
GL(V) the group of nonsingular linear transformations on V. A represen-
tation of G on V is a group homomorphism of G into GL(V). Choosing a
basis for V one can regard any representation of G on V as a map of G into
some general linear group and we say that the representation is continuous,
smooth, etc., if this corresponding matrix-valued map is continuous, smooth,
etc. Observe that this definition clearly does not depend on the choice of
basis for V. We will occasionally relax our terminology a bit and refer to a
homomorphism of G into a general linear group as a representation of G. An
example of considerable importance arises as follows. For each g € G define a
map

Ady: G — G

by Ady(h) = ghg™' for all h € G. Thus, Adg = Lyo Ry-1 = Ry-10 L, is a
diffeomorphism of G onto G. Furthermore, Ad,(id) = id so the derivative of
Ady at the identity carries G isomorphically onto G. We denote this map

ady: G — G.

Thus, ady = (Adg)wia = (Lg)sg—10(Rg=1)xia = (Rg=1)+g 0 (Lg)+iq and one can
show (Lemma 5.8.7, [N4]) that

adg(A) = g Ag™"

for any A € G. The assignment g — adg is a homomorphism of G into GL(G)
and is called the adjoint representation of G on G. The significance of the
adjoint representation may not be immediately apparent, but will become
clear when we discuss connections on principal bundles. On an even more
concrete level, it is shown in Appendix A to [N4] that SO (3) can be identified
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with SU(2)/ & 1 and that, when su(2) is identified with IR3, the adjoint
representation of SU(2) on su (2) is just the natural representation of SO(3)
on R3 by rotation.

We outline a few general facts about Killing forms, although we will require
only special cases (all that we say is proved in [Helg]). If G is a matrix
Lie group with Lie algebra G and if A and B are two fixed elements of G,
then we can define a linear transformation Kap : G — G by Kap(X) =
[A,[B, X]] for all X € G. Then the trace of this linear transformation is a
real number (because G is a real vector space) and the map K : G — R
defined by K (A, B) = trace (Kap) is a symmetric, bilinear form on G called
the Killing form of G. K is ad(G)-invariant in the sense that, for any
g € G, K(ady(A),ady(B)) = K(A,B) for all A,B € G. The Lie group G
(or its Lie algebra G) is said to be semisimple if the Killing form K is
nondegenerate.

Remark: There is an algebraic characterization of semisimplicity due to
Cartan. An ideal in a Lie algebra G is a linear subspace H of G with the
property that [A, B] € H whenever A € H and B € G. In particular, an ideal
is itself a Lie algebra under the same bracket operation. A proper ideal is
one that is neither the zero subspace nor the entire Lie algebra. Then G is
semisimple if and only if it can be written as a direct sum of ideals, each of
which (as a Lie algebra) has no proper ideals.

If G is connected and semisimple, then, by a theorem of Weyl, the Killing
form K is negative definite if and only if G is compact. In this case,
one obtains a positive definite, ad(G)-invariant inner product (,) on G by
setting (A,B) = —K(A,B). A Riemannian metric g on G is then ob-
tained by left translation, i.e., by defining, for each ¢ € G and all v,w €
T.(G),g,(v,w) = ((Lg=1)sa(v), (Lg=1)sa(w)). This metric is left invari-
ant, ie., L¥g = g for all a € G, because (L:g)y(v,w) = g,,((La)wp(v),
(La)so(w)) = ((Lan)~1)xab((La) s (), (Lapy=1)xab((La)ss (w))) = ((Lp-1)x

(v), (Ly-1)w(w)) = gp(v, w). It is also right invariant, i.e., RY g = g for
all a € G, because

(R29)0(v, w) = 930 ((Ra) s (v), (Ra)sn(w))
((Lpa)-1)sba((Ra)+b(v)), (L(ba)-1)sba((Ra)sp(w)))
= ((La-1p-1 © Ra)up(v), (La-16- 103 )xp(w))
= ((Ada-1 0 Ly-1)up(v), (Ada-1 0 Ly-1)wp(w))
= (adg—1((Ly-1)5(v)), adg—1 ((Ly-1) 5 (w)))
= ((Lo-1)x0 (), (L) (w)

= gb(vv w)

*b

*b

A metric on a Lie group that is both left invariant and right invariant is
said to be bi-invariant and we have just shown that the Killing form on
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a compact, connected, semisimple Lie group G gives rise to a bi-invariant
Riemannian metric on G. All of this applies, in particular, to G = SU(2)
which is surely compact and connected and also happens to be semisimple
(su (2) 2 so (3) = sp (1) 2 ImH is the only 3-dimensional, semisimple Lie
algebra). Routine, but tedious calculations show that, if su (2) is regarded
as the algebra of 2 x 2 complex, skew-Hermitian, tracefree matrices, then
(A,B) = —K(A, B) = —trace (AB). On the other hand, with the standard
identification

ait as + ast
—ag + ast —a1t

) — a1t +a2j + ask — (al,dg,dg)

of su(2) with ImH = R?,( , ) is just twice the usual inner product on R3.
Next suppose that G is a Lie group and P is a differentiable manifold. A
smooth right action of G on P is a C* map o : P xG — P which satisfies

1. o(p,e) = p for all p € P (e is the identity element in G), and
2. a(p, g192) = o(a(p, 91), g2) for all g1, go € G and all p € P.

One generally writes o(p, g) = p-¢g and thinks of g as “acting on” p to produce
p-g € P. Then the defining properties assume the form

1. p-e=pforall pe P, and
2. p-(g192) = (p-g1) - g2 for all g1,92 € G and all p € P.

For each fixed g € G we define o, : P — P by 04(p) = p- ¢. Then oy is
a diffeomorphism of P onto P with inverse o ,-1. Similarly, a smooth left
action of G on P is a smooth map p : G x P — P,p(g,p) = g - p, that
satisfies

1. e-p=pforall pe P, and

2. (g192) ' p=9g1-(g92-p) for all g1,92 € G and all p € P.

The maps pg : P — P defined by p,(p) = g - p are all diffeomorphisms.

Remark: If (g,p) — g-p is a left action, then (p,g) — pOg=g9g~ 1 p

is a right action and, if (p,g) — p - g is a right action, then (g,p) —
g®p=p-g'isa left action. Which sort of action one chooses to deal with
is generally a matter of personal taste, although some actions appear more
natural in one guise than another. For example, any smooth representation
p: G — GL(V) of G on the vector space V gives rise to an action of G
on the manifold V ((g,v) — (p(g))(v)) which, because of the way matrix
multiplication is defined, it is more natural to view as acting on the left. We
will formulate the remaining definitions in terms of right actions and leave the
obvious modifications required for left actions to your imagination.
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A right action o of G on P is said to be effective if p- g = p for all p € P
implies g = e, i.e., if 0, = idp if and only if g = e. The action is said to be
free if p- g = p for some p € P implies g = e, i.e., if 04 has a fixed point if and
only if g = e. A free action is effective, but the converse is false in general.
The action is said to be transitive if, given any two points p; and ps in P,
there exists a g € G such that py = p;-g. Given any p € P we define the orbit
of p under o to be the subset p- G = {p-g: g € G} of P and its isotropy
subgroup (or stabilizer) to be the subset G, = {g € G:p-g=p} of G. G,
is a closed subgroup of G for any p € P (Exercise 1.6.10, [N4]). An action is
free if every isotropy subgroup is trivial and transitive if there is precisely one
orbit. We pause now to describe a number of important examples.

1. Any Lie group G acts on itself by right multiplication. That is, defining
o:GxG — G by o(p,g) = pg for all p,g € G gives a smooth right
action of G on G that is clearly free (pg = p implies g = e) and transitive

(p2 = p1(py 'p2))-

2. Any Lie group G acts on itself by conjugation. That is, defining
o:GxG — Gbyolpg) =g 'pg forall p,g € G gives a smooth right
action of G on G that is neither free nor transitive (unless G = {e}). Note
that G. = G and, in general, G, is the centralizer of g € G. The action is
effective if and only if the center of G is trivial. The orbits are the conjugacy
classes of G. The corresponding left action is p(g,p) = g-p = gpg~' = Ady(p).

3. GL(n,TF) acts on IF" (on the left) by A -v = Av, where elements of
F™ are written as column matrices and the product on the right is matrix
multiplication. This action is effective, but neither free nor transitive because
GL(n,T) fixes 0 € F". The same action on F"” — {0} is transitive.

4. O(n) and SO(n) both act transitively on S"~! by A-v = Av (pages 90-91,
[N4]). The isotropy subgroup of the north pole e,, = (0,...,0,1) € S*~! under
the action of O(n) (respectively, SO(n)) on S™~! is isomorphic to O(n — 1)
(respectively, SO(n — 1)) (page 91, [N4]). In the same way (pages 91-92,
[N4]), U(n) and SU(n) act transitively on S?"~! and Sp(n) acts transitively
on S4"~1. The isotropy subgroups at the north pole are isomorphic to U (n—1),
SU(n — 1) and Sp(n — 1), respectively.

Remark: There is a general result (Theorem 1.6.6, [N4]) which asserts that,
if G is compact, (g,p) — ¢ - p is a transitive left action of G on P and G,,
is the isotropy subgroup of some fixed py € P under this action, then the
quotient group G/G,, is homeomorphic to P. Example #4 above then gives
the following homeomorphisms:

St >~ (0(n)/O(n —1) =2 SO(n)/SO(n —1)
S§2n=l >~ (n)/U(n—1) = SU(N)/SU(n —1)
S§in=l = §p(n)/Sp(n — 1).
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5. S"~1is the set of all (z!,...,2") € R" with (z})? + .-+ + (2")? = 1.
Let G = Zs be the discrete subgroup {—1,1} of the multiplicative group of
nonzero real numbers. Define o : S"1 x Zy — S" ! by o(p,g) =p-g =
(xt,...;2") - g = (2'g,...,2"g). Then o is a smooth right action of Zy on
S™~1 the orbits of which are pairs {p, —p} of antipodal points in S"~*. The
orbit space (i.e., the quotient space obtained from S™~! by identifying each
orbit to a point) is therefore RIP" . Note that, when n = 2, this is just S’
((1.2.7), [N4]).

6. Identify S?"~! with the set of all (21,...,2") € C" satisfying |2![? +-- -+
|z"? = 1 and U(1) with the group of all complex numbers of
modulus 1. Define o : S?"~1 x U(1) — S?"! by o(p,g) = p-g =
(zY,...,2") g = (z'g,...,2"g). Then o is a smooth right action of U(1) on
S27=1 the orbits of which are submanifolds of S?"~! diffeomorphic to U(1),
ie., to ST (pages 51 and 260, [N4]). The orbit space is CP" ™! (pages 5152,
[N4]). Note that, when n = 2, this is just S? ((1.2.8), [N4]).

7. Identify S*"~! with the set of all (¢',...,q") € H" satisfying |q¢'|?+
-+ +[g"|? = 1 and Sp(1) = SU(2) with the group of unit quaternions. Define
o 8 x Sp(l) — S by a(pg) = p-g = (¢'....¢") g =
(¢'g,...,q"g). Then o is a smooth right action of Sp(1) on S*"~! the or-
bits of which are submanifolds of S*"~! diffeomorphic to Sp(1), i.e., to S*
(Exercise 1.2.4 and page 260, [N4]). The orbit space is HP" ™" (pages 51-52,
[N4]) and, when n = 2, this is just S* ((1.2.9), [N4]).

1.3 Principal Bundles

Let X be a differentiable manifold and G a Lie group. A smooth principal
bundle over X with structure group G (or, simply, a G-bundle over X)
consists of a differentiable manifold P, a smooth map P : P — X of P onto
X and a smooth right action o : Px G — P, o(p,g) =p-g, of G on P such
that the following conditions are satisfied:

1. o preserves the fibers of P, i.e., P(p-g) = P(p) for all p € P and all
g € G, and

2. (Local Triviality) For each 2y € X there exists an open set V in X
containing zo and a diffeomorphism ¥ : P~1(V) — V x G of the form

where ¢ : P7H(V) — G satisfies

¥ (p-9) =g
for all p € P~1(V) and all g € G.
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The pair (V, ¥) is called a local trivialization of the G-bundle and a family
{(V;,;5)}jes of such with (J; ; Vj = X is called a trivializing cover of X.
Depending on how much of this structure is clear from the context we may
refer to P : P — X, or even just P itself, as a principal G-bundle over X and

indicate this diagrammatically by writing G — P Py XorG— P — X.
For each p € P, the fiber of P above P(p) coincides with the orbit of a p
under ¢ (Lemma 4.1.1, [N4]) and is a submanifold of P diffeomorphic to G
(page 260, [N4]). We begin by recording a few examples.

1. The trivial G-bundle over X consists of the product
manifold P = X x @, the projection P : X x G — X onto the first
factor and the action o((x,h),g) = (x,h)-g = (x,hg). In this case one
takes V in #2 above to be all of X and ¥ to be the identity map on
PLV)=P 1(X)=X xG.

2. Let P=S""1 G=17Zy={-1,1} and o : S"~! x Zy — S™~! the right
action o(p,g) =p-g = (2%,...,2") - g = (z'g,...,2"g) described in Exam-
ple #5, page 27. The orbit space is X = RP"™! and we let P : §"~ ! —
RIP" ' be the quotient map, i.e., P(p) = P(z',...,2") = [z',...,2"] (see
Example #5, page 5). Then P(p-g) = P(£p) = [p] = P(p) forall p € S*~1 and
g €Ty Foreachk =1,...,n,let Vi = {[p] = [z!,...,2"] e RP" ' : 2¥ £ 0}.
Then P~Y(Vy) = {p = (2',...,2") € S"71 : 2¥ # 0} and we define
Uy o P7Y VL) — Vi X Zo by Ui(p) = V(2 ..., 2") = ([p],z*/|z*]). Then
Uy, is a diffecomorphism of the form ¥y (p) = (P(p), ¥« (p)), where 1y (p) =
Grah,..., ") = 2*/la*] and Ga(p - g) = (*g)/|zg] = (2¥g)/la*] = Y (p)g.
Thus, {(Vi, i) }k=1....n is a trivializing cover of RP" ! and

.....

Ty < SP1 2L R

is a principal Zy-bundle over RIP" 1.

Remark: Since P~1(V}) is a disjoint union of two open hemispheres on
S7=1 (zF > 0 and 2% < 0) each of which is mapped homeomorphically onto Vj
by P,P: 5" ! — RP" ! is actually a covering space (page 81, [N4]). This
is not true of the complex and quaternionic analogues to which we now turn.

3. Let P=S*"1G=U(1)and o : S* 1 xU(1) — S?"~! the right action
op,g) =p-g=(24,...,2") - g = (z'g,...,2"g) described in Example #6,
page 28. The orbit space is X = C P" ! and we let P : 2! — ¢ P!
be the quotient map. Then P(p - g) = P(p) for all p € S?"~! and g € U(1).
For each k = 1,...,n, let Vi = {[p] = [¢',...,2"] € C P : 2¥ #£ 0} and
define Wy, : P~1(Vi) — Vi xU(1) by Wi (p) = Ur(zt, ..., 2") = ([p], 2% /|2%]).
Then, {(Vi, Uk) k=1, n is a trivializing cover of C P" ! so

U@l) — st I cpn?

is a principal U(1)-bundle over € P™'.
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Remark: When n = 2 one can identify € IP' with the 2-sphere (see the
Remark on page 6) and thereby obtain a U(1)-bundle over S? generally
known as the complex Hopf bundle. There are, in fact, two natural ways
of identifying € P* with S? and these yield bundles which are not “equiv-
alent” in a sense soon to be made precise. Since we will require both of
these bundles we shall write out their descriptions explicitly. We use the
charts (Uy, 1) and (U, p2) on € P! (Example #5, page 5) and the stereo-
graphic projection chart (Ug,ps) on S?, (Example #4, page 4). On its do-
main, ¢g' o ¢y is a diffeomorphism into S? given by ¢g' o po([z!,2%]) =
05 (21 (20 = g l(&) = (2222 + 2122, —i 2122 4 52122 |12 — |22]2). But
this last formula does not require 22 # 0 and, in fact, defines a diffeomorphism
(21,22 — (2122 4 2122, —i 2122 1 2122|212 — |2%]?) of all of € P! onto S2.
Composing with the projection P of S onto € P! we obtain a map

PS8 — 5?
given by
Py (24, 22) = (2122 4+ 2122 —i 2122 i 2R 12 R - 22

and this provides a concrete realization of the bundle U(1) — 53 2, cp!
where CP? is identified with S*:

U1) — §% 24 52
Similarly, ¢5' o @1 ([z1,2%]) = pg' (z—f) = (2122 + 2122 —iz12? 4 i2132
1212 — |2%|?) actually determines a global diffeomorphism of CP' onto S?
and thus a map PSP S?

given by
73,1(21,22) _ (2122 _’_2122’ _,’:2122 4 ,':121227 |Zl|2 _ |22|2)
and therefore another bundle
3 P-1 @2
U(l) — S° — §~°.

Notice that P_1(z!, 2?) differs from P;(z', 2%) only in the sign of the second
coordinate so P_; is P; followed by reflection across the “zzplane.”

4. Let P = 8%~1 G = Sp(1) and o : S~ 1 xSp(1) — S4"~! the right action
olp,g) =p-g=1(q"...,¢") g = (¢'g,...,q"g) described in Example #7,
page 28. The orbit space is X = HP" ' and we let P : §4»~1 — HP" ! be
the quotient map. Then P(p - g) = P(p) for all p € S~ ! and g € Sp(1). For
each k=1,...,n,let Vi = {[p] = [¢",...,¢"] e HP" ' : ¢* # 0} and define
Uy : P~H(Vi) — Vi x Sp(1) by Wi(p) = Wi(q',...,q") = (Ip],d"/I¢"]).
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Then, {(Vi, Vi) k=1, n is a trivializing cover of HP" ! so

.....

Sp(1) = §4n=1 2y gpr-!

is a principal Sp(1)-bundle over HIP"™ .

Remark: Just as in the complex case (page 30), when n = 2 one can identify
HP' with S* in two natural ways and thereby obtain two quaternionic Hopf
bundles

Sp(1) = ST T4 54 and Sp(1) < 7 74 54,

5. Let P : P — X be any principal G-bundle over X (with right action
o) and suppose X' is a submanifold of X. Let P’ = P~1(X’), P’ = P|P" and
o' = o|P’ x G. For each local trivialization (V,¥) of G — P L, X with
VNX' #0set V' =VNX and ¥ = ¥|(P)~Y(V'). Then P": P' — X' is
a principal G-bundle over X', called the restriction of G < P 5 X to X/,
and each (V/,¥') is a local trivialization for G < P’ P, X (Exercise 4.1.3,
[N4]).

Let G < P 25 X be a principal G-bundle over X and fix a trivializing
cover {(Vj,\I/ )}jes of X. Write each ¥; as ¥;(p ) (P(p),¥;(p)) for all
p € P~1(V;), where ¢;(p-g) = 1 (p)g for allpGP 1(V;) and g € G. Suppose

i,5€J and ViNV; # 0. Then, for any z € V; NV}, ’Q/Jj( )(¥:(p)) ! takes the
same value for every p € P~!(z). Thus, we may deﬁne

gﬂVZOV]—>G

by
g5i(x) = (¥;(p)) Wi(p)) ™

for any p € P~!(z). These maps are smooth and are called the transition

functions for G < P 5 X corresponding to {(V}, ¥;)};cs. They satisfy all
of the following conditions:

gii(z) =e
gij(x) = (gji(x)) ™"
grj()gji(x) = gri(x) (cocycle condition)

whenever i,j,k € J and V; N V; NV, # 0. A (local) cross-section

of G — P 25 X defined on an open set V C X is a smooth map
s : V. — P7YV) that satisfies P o s = idy, i.e., it is a smooth selec-
tion of an element from each fiber above V. A cross-section s on V gives
rise to a trivialization (V,¥), where ¥ : P~}(V) — V x G is given by
U(s(z) - g) = (x,9) (page 221, [N4]). Conversely, a trivialization (V,¥)
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gives rise to a cross-section s : V. — P~1(V) defined by s(z) = U~!(z,e)
and this correspondence between trivializations and cross-sections is bijective
(pages 220221, [N4]).

As concrete illustrations of these last few notions we consider the bun-
dle Sp(1) «— S7 2, mp! (the n = 2 case of Example #4, page 31) and
its trivializing cover {(Vi, ¥x)}r=12. Then Vi = {z = [¢',¢*] € HP' :
" # 0}, Vo ={z =[¢",¢?] € HP' : ¢* # 0}, ¢1(p) = vu(d".¢%) = ¢*/Iq"|
and 12(qt, ¢*) = ¢*/|¢?| so the transition functions g2, g21 : V41NV — Sp(1)
are given by

gr2(z) = g12([a". ¢°)) = (¢ /la')(¢*/1¢*) ™", and

g21(z) = g21(la", ¢*) = (¢*/1¢*])(¢" /1a" D"
One can check that the inverses ;' : Vi x Sp(1) — P~ L(Vi),k = 1,2,
are given by Ui'([¢",¢*,y) = (l¢'lv,¢*(¢*/l¢")'y) € 87 € H? and

W;l([ql,q2],y) = (¢"(¢*/1¢*) 1y, |l¢*ly) € ST C H? so the associated
cross-sections sy : Vi — P~H(V), k = 1,2, are

si(la",¢*) = (4", ¢*(¢" /l¢')™"), and
s2(la', %)) = (¢ (¢®*/1a°]) ™ |a?])-
For future reference we note that V7 and V5 are also the standard coordinate

neighborhoods on HP! (called Uy and Us in Example #5, page 5) and that
the corresponding diffeomorphisms ¢y, : Vi, — H = R* are

s1()

so(x)

e1(2) = ¢1(lg", ) = ¢*(¢")"" and
o2(z) = 0a(lq", %) = ¢

Their inverses are ¢} *(¢) = [1,q] and ¢5(¢q) = [g, 1] so the overlap maps are

w2007 (q) =g = 1005 (q)

for all ¢ € H — {0}. All of this is the same for U(1) — S3 2, cp.

Let G < Pi 2% X1 and G < Py 22 X, be two principal G-bundles and,
for convenience, denote the actions of G on P; and P, by the same dot - . A
(principal) bundle map from P; to P, is a smooth map f : P, — P, which
satisfies f(p-g) = f(p)-g forall p € Py and g € G. Such an f carries each fiber
of P; diffeomorphically onto some fiber of Py and therefore induces a smooth
map f : X1 — X5 defined by Pao f = foPl. If X; = Xo = X, then a bundle
map [ : P — P, is called an equivalence if it is a diffeomorphism and in-
duces the identity map on X, i.e., f = idy. In this case the bundles G —

P ﬁ> X and G — P, E> X are said to be equivalent. It then follows that
f': P, — P is also an equivalence. If G — P P Xis a single
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principal G-bundle over X, then an equivalence f : P — P is called an
automorphism of the bundle. A principal G-bundle over X is said to be
trivial if it is equivalent to the trivial G-bundle G — X x G — X
over X. This is the case if and only if the bundle has a global trivial-
ization (i.e., if and only if it is possible to take V' = X in #2 of the def-
inition on page 28) and this, in turn, is the case if and only if it has a
global cross-section s : X — P. Determining whether or not a given
principal bundle is trivial (i.e., admits a global cross-section) is generally
not a simple matter. Any principal G-bundle over a contractible manifold
X (e.g.,IR™) is necessarily trivial. Notice finally that there is a difference be-
tween “trivial” and “trivialized”. The former asserts the existence of a global
cross-section, while the latter amounts to a specific choice of such a cross-
section/trivialization.

We record now the smooth versions of a number of basic results that are
proved in the topological context (i.e., for C%-principal bundles) in Chapter 4
of [N4]. Extending these to smooth (i.e., C*°) principal bundles involves some
technical issues that will be discussed in Section 3.2.

The Reconstruction Theorem: Let X be a smooth manifold, G a Lie
group and {V;}jes an open cover of X. Suppose that, for each i,j € J with
VinV; # 0, there is given a smooth map g;; - V; N V; — G and that these
maps have the property that, if V; NV; N Vj, # 0, then

Jkj (x)gji(x) = gri()

forallz € V; N V; NV, Then there exists a principal G-bundle over X, unique
up to equivalence, which has the V;,j € J, as trivializing neighborhoods and
the g;; as corresponding transition functions.

The Classification Theorem: Let G be a connected Lie group. Then the set
of equivalence classes of principal G-bundles over S™,n > 2, is in one-to-one
correspondence with the elements of the homotopy group m,—1(G). Thus, for
example, the principal U(1)-bundles over S? are in one-to-one correspondence
with the elements of 71 (U(1)) = 71(S!) = Z (the integers). Similarly, the
Sp(1)-bundles over S* are in one-to-one correspondence with the elements of
m3(Sp (1)) = 73(S?) = Z. We will find that the theory of characteristic classes
provides a natural means of associating an integer (Chern number) with a
bundle of either of these types.

For any smooth principal bundle G — P P4 X the fibers PLl(x),z € X,
are all submanifolds of P diffeomorphic to G (page 260, [N4]) so, for each
p € P, T,(P) contains a subspace isomorphic to the Lie algebra G of G
(all tangent vectors at p to smooth curves in the fiber containing p). We call
this the vertical subspace of T),(P) and denote it Vert,, (P). The elements of
Vert,, (P) are called vertical vectors at p. The action o of G on P provides a
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natural means of identifying each Vert, (P) with G. To see this, fix an element
A € G (thought of as a set of matrices). We associate with A a vector field
A# on P, called the fundamental vector field on P determined by A, as
follows: For each p € P the map o, : G — P defined by 0,,(9) = o(p,9) = p-g
is smooth and so has a derivative (0})+iq at the identity. Then,

A (p) = (7y)uia (4) = 550 exp(24)) g

(page 287, [N4]). The mapping A — A (p) is an isomorphism of G onto
Vert,, (P) (Corollary 5.8.9, [N4]). Furthermore, for any A, B € G,

[Av B]#: [A#v B#]

(Theorem 5.8.8, [N4]) and, for all g € G,

(o) (A%) = (adg,l(A))#.

1.4 Connections and Curvature

A connection (gauge field) on a principal bundle G < P P, X with
action o is a smooth G-valued 1-form w on P which satisfies

1. (0g)'w = ady—1 ow for all g € G, ie., forall g € G,p € Pand v €
Ty.g-1(P), )
Wy ((Ug)*pg*l('u)) =g wp~g*1(v)ga

2. w(A#)=Aforall A€ g, ie.,foralgecGandpcP,

wy (A% (p) = A.

A local cross-section s : V. — P7Y(V) of the bundle is called a
local gauge and the pullback A = s*w of w to V C X by s is called a
local gauge potential (in gauge s). If {(V},¥;)};cs is a trivializing cover
of X and s; : V; — P~1(V;) is the cross-section associated with (V;, ;)
(page 32), then the family {A; = sjw} e of local gauge potentials satisfies

A; = adg; oA; +g;;"O

for all 4,5 € J with V; N'V; # 0, where g;; is the corresponding tran-
sition function and @ is the Cartan 1-form for G (Lemma 5.9.2, [N4]).
Conversely, given a trivializing cover {(V},¥;)};cs for some principal G-
bundle G < P -25 X and a G-valued 1-form A; on V; for each j € J
with A; and A; related in this way whenever V; N'V; # 0, there exists
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a unique connection form w on P such that A; = sjw for each j € J
(Theorem 6.1.1, [N4]). The G-valued 1-forms g;;*@ on V; NV} are readily
computable when G is a matrix group for then one can show that, for any
z € V;NV; and any v € T,(X), (9:;°0)z(v) = (gi;(x)) " dgi;j (z)(v), where
dg;; is the entrywise differential of g;; : V; NV, — G (pages 305, [N4]).
The relationship between the gauge potentials \A; and A; can then be writ-
ten

Aj =g, A gij + 9i ' dgiy

Given a connection form w on P one defines, for each p € P, the horizontal
subspace Hor,(P) of T,,(P) by Hor,(P) = {v € T,(P) : wp(v) = 0}. Then

T,(P) = Hor,(P) & Vert, (P)

((6.1.2), [N4]) so every v € T;,(P) can be written uniquely as v = v + vV
where v € Hor,(P) and v € Vert,(P). Similarly, a smooth vector
field V on P can be written V. = V¥ 4+ V'V where V¥ and VV are
smooth and, for each p € P, V¥ (p) € Hor,(P) and V" (p) € Vert, (P)
(page 347, [N4]). If p € P and P(p) = z, then P,, carries Hor,(P)
isomorphically onto T,,(X) (Exercise 6.1.7, [N4]). Furthermore, the hori-
zontal subspaces are invariant under the action of G on P in the sense
that

(0g)sp (Horp(P)) = Horp.4(P)

for all p € P and g € G ((6.1.3), [N4]). If dimX = n, then the as-
signment p — Hor,(P) is an example of a smooth n-dimensional distri-
bution on P (page 333, [N4]) and, moreover, any smooth n-dimensional
distribution p — D(p) on P that satisfies T,(P) = D(p) & Vert,(P)
and (04)«p(D(p)) = D(p-g) for all p € P and g € G is the distri-
bution of horizontal subspaces for some connection form on P
(Exercise 6.1.9, [N4]). One often sees a connection on G — P Ly X de-
fined in any one of the three equivalent ways described above (G-valued 1-
form, collection of local gauge potentials, or distribution of horizontal sub-
spaces).

IfG — P, P X and G — P P2 X are two principal G-bundles over
X, f: P — P is a bundle map and w is a connection form on G < P, KN

X, then f*w is a connection form on G — P; Py x (Theorem 6.1.3, [N4]).
This is true, in particular, for an automorphism of a single principal bundle.

If w; and ws are two connection forms on G — P P x , and if there exists
an automorphism f : P — P such that ws = f*w;, then w; and wsy are
said to be gauge equivalent (the origin of the terminology is in physics and
will be discussed shortly). Notice that, if s : V. — P~1(V) is a cross-section
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and A; = s*w,; is the corresponding gauge potential of w;,i = 1,2, then
Ay = s*wy = s*(f*w1) = (f 0 8)*w;. Since 8’ = fos: V — P~1(V) is also a
cross-section, we conclude that A; = s*w; and Ay = (s')*w; are both gauge
potentials for the same connection wq (by different cross-sections).

A connection also gives rise to a “path lifting procedure” from X to P
and thereby notions of “parallel translation” and “holonomy.” Specifically,

if w is a connection form on G < P 5 X and a : 0,1] — X
is a smooth curve in X with a(0) = z¢, then for each py € P~1(xg) there
exists a unique smooth curve @, : [0,1] — P such that

L. de(O) = Do,
2. Pody,(t) =a(t) for all t € [0,1], and
3. ay,, (t) € Horg, (1)(P) for all t € [0, 1]

(Theorem 6.1.4, [N4]). In particular, if a(1) = 1, then a,, (1) € P~ !(x1)
and we may define a map 7, : P~ 1(zg) — P~ !(z1), called the parallel
translation along a determined by w, by 7,(po) = &p,(1) for each py €
P~L(xg). If 21 = g (i.e., if ais aloop in X), then 7, : P71 (z0) — P~ (o).
Since G acts transitively on the fibers of P (Lemma 4.1.1, [N4]), for each
po € P~1(x) there is a unique g € G such that 7,(po) = po-g. Holding py fixed
and allowing a to vary over all smooth loops at zg in X one obtains a subset
H(po) of G consisting of all those g € G such that pg is parallel translated
to po - g over some smooth loop at zg. H(po) is, in fact, a subgroup of G
(Exercise 6.1.24, [N4] ) called the holonomy group of w at py. We record
now a number of important examples of connections on principal bundles.

1. (Flat connections on trivial bundles) Let X be any smooth manifold, G

any matrix Lie group, and G — X x G P, X the corresponding trivial G-
bundle (Example #1, page 29). Let © be the Cartan 1-form on G and define
a G-valued 1-form w on X X G by w = %@, where 7 : X x G — G is the
projection onto GG. Then w is a connection form on X x G whose horizontal
subspace Hor(, 4)(X x G) at any (z,9) € X x G is the tangent space to the
submanifold X x {g} at (z,g) (Exercise 6.2.12, [N4]).

Remark: The reason these connections are called “flat” will emerge when
we discuss the “curvature” of a connection.

2. (Natural connection on the complex Hopf bundle) We consider the U(1)-
bundle

U1) — 53 -2 cp!

(the n = 2 case of Example #3, page 30). Regard S® as the submanifold of C?
consisting of those (2!, 2?) with |21|? + |22|?> = 1 and identify the Lie algebra
of U(1) with the algebra Im € of pure imaginary complex numbers. Define
an Im C-valued 1-form & on €% by @ = 4 Im (z'dz! + z2d2?). Thus, for each
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p=(p',p*) € C? and v = (v',v?) € T,(C?) 2 T,,,(C) & T)2(C) 2 C & C,
@p(v) = ¢Im(plot + p?v?). Now let w be the restriction of @ to S* (i.e.,
w = *w, where ¢ : S < €2 is the inclusion map). Then w is a connec-
tion form on U(1) — S3 N CIP!(the proof is exactly the same as that
for the quaternionic case on pages 297-299, [N4|). For each p = (p*,p?) €
S3, Vert,(S®) is the tangent space to the fiber of P containing p and this
is a 1-dimensional subspace of T,,(S%) since this fiber is diffeomorphic to S*.
The horizontal subspace Horp(S?’) determined by w is just that part of the
real orthogonal complement of Vert,(S%) in € = R* that lies in 7,(5?)
(the proof is identical to that in the quaternionic case on page 334, [N4]).
One could compute gauge potentials sjw, k& = 1,2, for the cross-sections
corresponding to the standard trivializations (Vi, W), & = 1,2, and the re-
sults would be entirely analogous to those in the quaternionic case derived
on pages 297-303, [N4]. However, in order to facilitate comparison with the
physics (Dirac monopoles) to be discussed in the next section we record in-
stead the corresponding results when CIP! is identified with S? (see the Re-

mark following Example #3, page 30). First consider U (1) < 53 1y 52, Here
the diffeomorphism [z, 22] — (2122 + 2122, —d2122 + 42122, 212 — |22)?)
of CP! onto S? identifies V; and Vo with Uy and Ug, respectively, and
so it is on these sets that we have standard cross-sections sy : Uy —
P (Uy) and sg : Us — Py (Us). Our interest is in the gauge poten-
tials Ay = sjyw and Ag = stw and we wish to describe them in terms
of standard spherical coordinates ¢ and 6 on S? (page 238, [N4]), i.e., we
want (sy o ¢ 1)*w and (sg o p~!)*w, where ¢ is a spherical coordinate
chart on S%(o~1(¢, 0) = (sin¢cosf,sin ¢sinf,cos ¢)). These are computed
by writing w = *@ = * (i Im(z' dz! + 22 dz?)) = i (Im(21dz! + 22d2?)) =
i (—2?da! + olda® — 2*da® + 23da?), where 2! = 2! + 2% and 2% = 23 + 2%
so that, for example,

(syop N*w=1i(tosyop N (—z?dz! + 2'd2® — 2*da® + 23dat).
But

(tosyop (¢, ) =1osn(singcosb, sinpsinb,coso)

= (cosZ,O,sinicos@,—sinﬁsinﬁ)

(page 269, [N4]). A simple calculation with the coordinate formula for pullbacks
on page 9 gives 1
(syop N)'w = —gi(l —cos ¢) df

(page 270, [N4]). Similarly,

1
(ssop V'w = 51(1 + cos ¢) db.
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Analogous calculations for U(1) < S3 Py g2 give results that differ from
these only by a sign.

3. (Natural connection on the quaternionic Hopf bundle) We consider the
Sp(1)-bundle

Sp(1) < ST 25 HP!
(the n = 2 case of Example #4, page 31). Regard S” as the submanifold of TH?
consisting of those (¢', ¢?) with |¢'|?+|¢?|? = 1 and identify the Lie algebra of
Sp(1) with the algebra Im H of pure imaginary quaternions. Define an Im H-
valued 1-form @ on H? by @ = Im (¢* dq' + 3> dg?) and let w be the restriction

of @ to S7. Then w is a connection form on Sp (1) < S7 2, mp! ((5.9.10)
and (5.9.11), [N4]). For each p € S7, Hor,(S7) is that part of the real or-
thogonal complement of Vert,(S7) in H? = R® that lies in 7,,(S7) (page 335,
[N4]). The standard trivializations {(Vi, V1), (Va, U3)} of the bundle give
cross-sections s1 : Vi — P~1(V}) and sy : Vo — P~1(V,) and we are in-
terested in the gauge potentials A; = sjw and Ay = sjw. Since V; and V5
are also coordinate neighborhoods for the standard charts ¢, : V3 — H and
2 : Vo — H we may compute these gauge potentials A; and Ay in terms
of ¢1 and 9 coordinates. The results are as follows (pages 297-301, [N4]):

—1\x* (j
S1 0 w =Im| ——=d
o) ()

and

Thus, for any = € V; and any X € T, (HP"),
(570 )a(X) = (51097 1)) W)y (o) ((91) 52 X)
ﬂm@ﬁﬁQJ’
where v = dq ((¢1)+2(X)) and, for any = € V5 and any X € T,(HP"),
(550 )o(X) = ((s20 95" )'w) ., o) ((92)c X)
:m@ﬁQQJ’
where w = dq ((p2).:(X)). Notice that, on H — {0},

Im( 7 dq) = la? Im (¢~ 'dq).
1+ q/? 1+ q?
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To compare the two gauge potentials .A; and A one expresses both of them
in terms of the same coordinates on V; N'V5;. For example, for any z € V, N V5
and any X € T,(HP"),

(s5w)e (X) =1 <</91($)|2(1 + ¢1($)|2)> ’

where v = dq((p1) (X)) (pages 301-303, [N4]). Thus, on V; N V5,

1k q _ 1 (_71 _)
(s20017) <|q2<1+|q|2> q) T\ 4

The gauge potentials A; = sjw and Ay = sjw arose first in the physics
literature [BPST] as solutions to the Yang-Mills equations (Section 6.3, [N4]).
There they were called pseudoparticles. Today it is more common to refer
to them (or the natural connection w from which they arose and which they
uniquely determine) as instantons.

4. (More instantons on Sp(1) — S7 N HP') Let w denote the natural
connection on Sp(1) < S7 P, HP' described in the previous example. For

any bundle map f : S” — S7, f*w is also a connection on Sp(1) — S7 N
HP' (page 37). By judiciously selecting bundle maps f (pages 336-341, [N4])
one can produce, for each pair (A\,n) € (0,00) x H, a connection form wy ,,

on Sp(1) < S7 N HP', uniquely determined by the two gauge potentials

1N\ * q—n
(52 O Py 1) w>\7n =Im <_n|2 dq>

—1y* _ (In>+X)g—n
(v onn =t (S )

and

Remark: Any connection 1 on Sp(1) — S7 P HP s uniquely deter-
mined by either one of the gauge potentials s;*n or ss*n (page 339, [N4]) so
it is customary to specify wjy , by giving the single potential

q—n
TL:I ——d .
A, m<)\2+|q—n2 Q)

A, ,, is called the generic BPST potential with center n and scale A
(page 357, [N4]).

The curvature £2 of a connection w on G < P —5 X is its covariant
exterior derivative, defined by having dw operate only on horizontal parts,
i.e., for each p € P and all v, w € T),(P) we let
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2, (v,w) = (dw)P (vHa wH)'

The Cartan Structure Equation (Theorem 6.2.1, [N4]) asserts that
1
2 =dw+ Q[w,w],

where we use [w,n] to denote the wedge product w A, n (page 13) in which
p: G xG — G is the pairing given by the Lie bracket (p(A, B) = [A, B)).
This wedge product is easy to compute for matrix groups: First define w A n
to be the wedge product w A, m, where p’ is the pairing given by matrix
multiplication (p’(A, B) = AB). We will prove in Chapter 4 that w A n is just
the matrix of ordinary IR-, C-, or H-valued 2-forms obtained by regarding w
and m as matrices of 1-forms and forming their matrix product with entries
multiplied by the ordinary wedge product. Moreover, [w,n] =w An+nAw
80 [w,w] = 2w A w and

2 =dw+wANAw.

If s: V. — P~1(V) is a local cross-section, then the pullback s*£2 is called
the local field strength (in gauge s) and denoted F. Writing A = s*w and
F = s*§2 the Cartan Structure Equation becomes

F=dA+ANA

(page 350, [N4]). Assuming (as we may) that the domain V of s is also a co-
ordinate neighborhood for a chart (V, ¢) with coordinate functions z!,. .., 2™,
we can write A = A,dz® and F = %fagdxa A dz?, where the A, and Fap

are G-valued functions on V. Then

Fap = Oadp = pAa + [Aa, Agl,

where we have written 0, for 8%, and these derivatives are computed
componentwise in G (Exercise 6.2.9, [N4]). If s; : V; — P~1(V;) and
s; + Vi — P7HV;) are two local cross-sections with V; N'V; # 0 and if
gij + V;NV; — G is the transition function relating the corresponding triv-
ializations, then s;(z) = s;(x) - g;;(x) for each € V; N'V; (Exercise 4.3.5,

[N4]) and, whereas A; = gi;IAq;gij + gigldgij, we have
Fj= gi_jl]:igij~
We write out a few specific examples.

1. (Flat connections on trivial bundles) We let G — X x G L2, X bea
trivial bundle, @ the Cartan 1-form on G and 7 : X x G — G the projection.
As in Example #1, page 38, w = 7@ is a connection form on X x G. The
Maurer-Cartan equations (page 19) yield (page 329, [N4]) the equation of
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structure for G, i.e.,
1
de + 5[@,@] =0,
and from this it follows that

1
dw + §[w,w] =0

(page 353, [N4]). Thus, flat connections w are “flat” because their curvature
forms {2 are identically zero.

2. (Natural connection on the complex Hopf bundle) Connections w on

U(1)-bundles U(1) — P P, X have a number of very special properties and
we begin with a general discussion of a few of these. We identify the Lie algebra
u(1) with the algebra Im € of pure imaginary complex numbers. Since wu(1)
is 1-dimensional, all brackets vanish so the curvature {2 of any connection w
coincides with its exterior derivative:

2 = dw.

If s: V — P~1(V) is any cross-section, then we can write the gauge potential
A = s*w and field strength F = s*{2 as

A=—iA
F=dA=—idA = —iF,

where A and F are real-valued forms on V' (the minus signs are conventional).
If s; : V; — P71(V;) and s; : V; — P~1(V;) are two local cross-sections
with V; NV; # 0 and if g;; : V; N'V; — U(1) is the corresponding transition
function, then

A = gi_leigij + gi_jldgz‘j =A + gi_jl dgi;

and
Fj= g;lsz‘gij =F;
on V; N'V; because U(1) is Abelian. In particular, the local field strengths,
since they agree on any intersections of their domains, piece together to give
a globally defined field strength 2-form F on X. This is a peculiarity of Abelian
gauge fields and generally is not true in the non-Abelian case. Also note that
since g;; maps into U(1) it can be written as g;;(z) = e *®) for some real-
valued function A on V; N V;. Then gigldgij = ethe N (—idA) = —idA so
A=A —idA, e,
Aj = A, +dA,

which is the traditional form for the relationship between two ‘“vector
potentials.”
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Now we return to the case of the natural connection w on the complex
Hopf bundle U(1) < S3 7, cpl. Identifying CP! with S? as indicated on

page 39 we obtain U(1) — S3 71, 82 and local gauge potentials Ay and Ag
which, in spherical coordinates, are given by

An = —%i(l — cos @)db
Ag = %z(l + cos ¢)db.

Each has the property that, on its domain, the field strength is given by
F = —%isintﬁ do N db

(just compute d. Ay and d As).

Remarks: The real 1-forms Ay and Ag defined by Ay = —1 Ay and
As = —i Ags are the vector potentials for a Dirac magnetic monopole of
strength g = 2 (pages 19-20, [N4]) and the real 2-form F defined by F = —iF
is the corresponding magnetic field strength. For any integer n one can define
Im C-valued 1-forms on Uy and Ug by

1

Ay = —Em'(l —cos@)df, and
1

Ag = §m'(1 + cos ¢)db.

We will investigate these 1-forms in some detail a bit later. For the time
being we point out only that, while they are, indeed, gauge potentials for
a connection whose field strength represents a Dirac monopole of strength
n/2, this connection does not live on the Hopf bundle (unless n = 1), but
on some other U(1)-bundle over S?. That this must be the case is clear from
Ay = Ag—nidf = e"?* Age "0 "% de"9% whereas the transition function
for U(1) < S3 P18 i gsn (¢, 0) = e % ((0.3.8), [N4]). We will eventually
show that the field strength 2-form F defines what is called the 15* Chern class
of the bundle on which Ay and Ag determine a connection and that this
characteristic class completely determines the principal U(1)-bundles over S2.
We will find also that the integral of this Chern class over S? is the magnetic
charge n of the monopole.

3. (Instantons on the quaternionic Hopf bundle) We consider the Sp(1)-
bundle Sp (1) < S7 7, mp! and, for each A > 0 and n € H, the connection
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wy,n on it determined by the potential

q—7
p=Im (1" 4
A m(mqnw q)

(see the Remark on page 42). A calculation (pages 327-328, [N4]) gives

1 A?
Firan=4dArn+ =z [Arn, Arn| = —5—F—F55d7Nd
A, A, +2[ A, A, ] ()\2+‘q_n|2)2 q q
on H. In Chapter 4 we will find that a natural inner product on Im H, together
with the usual metric on H = R*, gives rise to a norm for field strengths F
such as these. We will then define the Yang-Mills action of such a potential

A by
1

M) =5 [ FE

and calculate to show that, for any A > 0 and n € H,
IM (Ary,) = 872,

Remarks: All of the connections w) ,, on Sp(1) < S7 2, HP! give rise to
potentials A, ,, with the same Yang-Mills action Y M (A, ,,) and this, we will
find, is no accident. The number 8%3)/\/1(«4)\}”) is, in fact, a topological char-
acteristic of the quaternionic Hopf bundle, not unlike the Euler characteristic
of a surface. We will eventually show that this number is essentially the inte-
gral over HIP' of what is called the 2"? Chern class of the bundle. Like the
magnetic charge of a Dirac monopole, the Yang-Mills action for an instanton
can be thought of as a sort of “topological charge.”

1.5 Associated Bundles and Matter Fields

Let G < P 25 X be a smooth principal G-bundle over X with right action
0c:PxG— P, o(p, g =p-g. Now let F be a smooth manifold on which
G acts smoothly on the left (the image of (g, §) € G x F under this action
will be written g-£). Then ((p,€),9) — (p,€)-g= (p-g,g~'-€) is a smooth
right action of G on P x F' (Exercise 6.7.1, [N4]). We denote by P x¢ F' the
orbit space of P x F' by this action. More precisely, we define an equivalance
relation ~ on P x F as follows: (p1,&1) ~ (p2,&2) if and only if there exists a
g € G such that (p2,&) = (p1,&1) - g. The equivalence class containing (p, )
is [p,&] ={(p-g,97' &) : g € G}. Then, as a set, P xg F = {[p,&] : (p,§) €
P x F} and we provide P X F with the quotient topology determined by
Q:PXF — PxgF QO £ = [p,&. Also define Pg : P xg F — X
by Pc([p,€]) = P(p). Then Pg is continuous and, for any = € X, P;'(z) =
{[p, €] : €€ F}, where p is any point in P~1(z) (Exercise 6.7.2, [N4]). If (V, V)
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is any local trivialization of G < P 25 X and s : V —» P~L(V) is the
associated cross-section, then the map ® : V x F — Pgl(V) defined by
®(x,&) = [s(z),£] is a homeomorphism with inverse ¥ : P5 (V) — V x F
given by ¥([s(x),€]) = (z,€) (page 381, [N4]). If (V;, ;) and (V;, ¥;) are two
such trivializations with V;NV; # 0 and g;; : V;NV; — G is the corresponding
transition function, then W; 0 U; ! : (V;NV;) x F — (V;NV;) x F is given by
U0 W (2,8) = (2, gji(x)-€) and so is a diffeomorphism (page 382, [N4]).
It follows that there is a unique differentiable structure on P X F' relative to
which each W : P;*(V) — V x F is a diffecomorphism and that, relative to
this structure, Pg : P xg FF — X is smooth. We call

Po:PxgF —X

the fiber bundle associated with G < P —» X by the given left action
of Gon F.

The special case of most interest to us arises as follows: Let I =V be a
finite dimensional vector space (with its natural differentiable structure) and
p: G — GL(V) a smooth representation of G on V. Then p gives rise to a
smooth left action of G on V ((g,v) — ¢ -v = (p(g))(v)). The fiber bundle

associated with G < P 25 X by this action is denoted
P,:Px,V—X

and called the vector bundle associated with G — P —» X by
the representation p. In this case each fiber P, (x) = {[p, v] : v € V},
where p is any point in P~1(z), is a copy of V and admits a natural vector
space structure: aj[p,v1] + az[p,v2] = [p,a1v1 + agve] for all a;,as € R and
v1,v2 € V. We record a few examples of particular interest.

1. Let U(l) — P 2, X be an arbitrary principal U(1)-bundle and
take V = € (as a 2-dimensional real vector space). If p : U(1) — GL(C)
is any representation of U(1l) on €, then the associated vector bundle
P, : P x,C — X has fibers that are copies of C and is called a
complex line bundle over X. An obvious choice for p : U(1) — GL(C)
is obtained by taking (p(g))(z) = gz for each g € U(1) and z € C (if

=% 0 < 0 < 27, then p(g) is rotation by ). More generally, one can define,
for any integer n, a representation p : U(1) — GL(C) by (p(9))(z) = g™z
and thereby an associated vector bundle over X.

2. Let Sp(1) — P 25 X be any principal Sp(1)-bundle and take ¥V = H
(as a 4-dimensional real vector space). Then any representation p : Sp(1) —
GL(H) (e.g., (p(9))(q) = gq, or (p(g9))(q) = g"q for some integer n) defines a
vector bundle P x,H with fibers isomorphic to H and called a quaternionic
line bundle over X.
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3. Let SU(2) — P 2, X be any principal SU(2)-bundle and take
V = C? (as a 4-dimensional real vector space). Then any representation

p: SU(2) — GL(C?) defines an associated vector bundle P x, C?. A par-
ticularly useful choice for p is obtained as follows (we write the elements of

C? as column vectors (gl)) For each g = (3 g) € SU(2) define

Y T L T G N A DS
e )T e )T \y s ) e ) Lewse )
This representation of SU(2) is generally denoted D2 and we will find (in

Section 2.4) that it arises naturally in Pauli’s nonrelativistic theory of the
electron.

4. Let G be an arbitrary matrix Lie group and G < P P, X be an ar-
bitrary principal G-bundle. The adjoint representation ad : G — GL(G)
assigns to each g € G the nonsingular linear transformation ad, on the
Lie algebra G defined by

ady(A) =gAg™?

(page 24). The vector bundle associated with G < P P x by ad is called
the adjoint bundle of G — P P, X and denoted

adP:andg.

The fibers of ad P are copies of the Lie algebra G of G.

Remark: The significance of the adjoint bundle, which is considerable, will
emerge somewhat later. Roughly, the situation is as follows: The curvature {2

of a connection on G — P 25 X is a G-valued 2-form that is globally defined
on P. However, the field strengths F = s*§2 on X generally do not piece to-
gether into a globally defined G-valued 2-form on X (page 44). Physically, this
is unfortunate since one would like field strengths to live naturally on space
(or spacetime) and not on some abstract space of internal states. Mathemati-
cally, it is inconvenient since connections on bundles and their curvatures are
often only auxiliary devices for studying the topology and geometry of the
base manifold (see, for example, the discussion of Donaldson’s Theorem in
Appendix B of [N4]). In any case, we will find that by allowing 2-forms to
take values, not in a single, fixed copy of G, but in the “parametrized family
of G’s” that the adjoint bundle represents, we will be able to uniquely repre-
sent the field strength as a globally defined ad P-valued 2-form on X. More
generally, we will find that many locally defined V-valued objects of interest
(e.g., wavefunctions) become globally defined when thought of as taking their
values in some associated vector bundle.
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Now, let G — P P, X be an arbitrary principal G-bundle, F' a smooth
manifold on which G acts on the left and Pgs : P xg FF — X the as-
sociated fiber bundle. If V' is an open subset of X, then a smooth map
¢ : P~Y(V) — F issaid to be equivariant (with respect to the given actions
of Gon P and F) if

dp-g) =9 " o(p)

for all p € P7YV) and ¢ € G. Given such a map one defines
s¢:V — PSH(V) by

so(2) = [p, o(p)],

where p is any point in P~!(z). Then s, is smooth and satisfies
Pa o sy = idy. Conversely, suppose s : V. —» Pal(V) is a smooth map
satisfying Pg o s = idy (called a local cross-section of the fiber bundle
Pg : Pxg F — X). Define ¢5 : P~ (V) — F as follows: Let p € P~1(V).
Then P(p) = x is in V so s(x) is in P5' (V) and there exists a unique element
¢s(p) € F such that

s(z) = [p, ¢s(p)]-

Then ¢; is a smooth equivariant map (page 384, [N4]). Moreover, this cor-

respondence between equivariant maps ¢ : P~1(V) — F and cross-sections
s : V. — P;Y(V) of the associated fiber bundle is one-to-one and onto
(Exercise 6.8.4, [N4]). All of this applies, in particular, to the special case of

a vector bundle P, : P x, V — X associated to G — P Px by some
representation p : G — GL(V) of G on V.

Remarks: Our interest in equivariant maps arises from the following con-

siderations. A connection w on a principal bundle G — P P, X is what the
physicists call a gauge field and is thought of as something akin to a modern
version of the Newtonian concept of a “force” in that particles “respond” to
it by experiencing changes in their internal states. The particles coupled to
(i.e., experiencing the effects of) the gauge field have wavefunctions ¢ on X
taking values in some real vector space V (e.g., C, C? etc.) that are obtained
by solving various partial differential equations involving the gauge potentials
A = s*w. Since the gauge potentials A are, in general, only locally defined
on X, the same is true of these wavefunctions. A change of gauge (s — s-g)
gives rise to a new potential A? = ad,-1 o A+ ¢*@, a new field strength
F9 =ad,1 o F and thereby a new wavefunction ¢9 = (p(g~ ') =g~ ' - ¥,
where p is some representation of G on V that is characteristic of the partic-
ular class of particles under consideration. Now, we can identify ¢ (in gauge
s) with a local cross-section of the associated vector bundle P x, V:

@ — [s(x), p(x)].
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Then, in gauge s - g,

x— [s(z) - g(@), g(z)™" - ¥(2)] = [s(z), ()]

so that the locally defined wavefunctions piece together to determine a globally
defined cross-section of P x, V. But a globally defined cross-section of P x,V
correspondings to a globally defined equivariant map ¢ : P — V. As V-
valued maps on X, the wavefunctions are only locally defined, but all of these
local wavefunctions on X can be uniquely represented by a single, globally
defined V-valued map on P (or a single, globally defined cross-section of the
associated vector bundle). With this as motivation we introduce the following
definitions.

Let G < P 25 X be a principal G-bundle, V a real vector space and
p: G — GL(V) a representation of G on V. An equivariant, V-valued map

¢ : P —V on P is called a matter field (of type p) on G < P X I
Y = C, then ¢ is called a complex scalar field. If V = G and p = ad is the
adjoint representation, then ¢ is called a Higgs field.

A matter field ¢ is, in particular, a V-valued O-form on P and so has an

exterior derivative d¢. Assuming now that G — P 2, X has defined on it a
connection form w, we define the covariant exterior derivative d“¢ of ¢
by having d¢ act only on horizontal parts: For each p € P and v € T,(P),

(d¢)y(v) = (do)p(v™).

This is a V-valued 1-form on P (Exercise 6.8.5, [N4]) and satisfies
oy (d¥¢) =g - d“¢

for each g € G ((6.8.1), [N4]). These are the derivatives that appear in the
field equations describing the quantitative response of the particle to the gauge
field (pages 391-392, [N4]). A computational formula analogous to the Cartan
Structure Equation for curvature £2 (which is the covariant exterior derivative

of the connection form w) is obtained as follows: For any A € G and v € V we
define A-v €V by

v = (exp(t4) - v)lico = T (plexp(t4))(0)eco.

Remarks: Two special cases are worth pointing out immediately. If G is
a group of n X n matrices (with entries in F = R, C, or H), V = F"
(thought of as column matrices) and p is the natural representation of G
on V (matrix multiplication), then, identifying G with an algebra of matrices,
A - v = Av (matrix multiplication). On the other hand, if V = G and p = ad,
then, for all A,B € G, A- B = [A, B] (see the proof of Theorem 5.8.8,
[N4]).
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Now, if ¢ is a V-valued 0-form on P and w is a G-valued 1-form on P we can
define a V-valued 1-form w - ¢ on P by

for each p € P and v € T),(P). Then
¢ =dp+w- o

((6.8.4), [N4]). We conclude by writing out a few concrete examples in local
coordinates (details are available on pages 388-391, [N4]).

1. Let U(l) < P 2, X be a principal U(1)-bundle with connection w
and let V = C (as a 2-dimensional real vector space). For each integer ¢ we
let pg : U(1) — GL(C) be the representation py(g)(z) = ¢g?z. For simplic-
ity, we will write ¢ = ¢(x!,...,2") for a local coordinate expression of the
pullback by some cross-section of a matter field. Similarly the gauge poten-
tial will be written locally as A = A(z',...,2") = A,(z!,...,2")dz® =
—iAy (2t ..., 2™)dx®. The corresponding local coordinate expression for the
pullback of d¥¢ is given by

(0a® + qALD)dx™ = (00 — 1qAs)Pdz”,

where 0, = %.
2. Let SU(2) — P 2, X be a principal SU(2)-bundle with connection
w and let V = €2 (as a 4-dimensional real vector space). For each inte-

ger ¢ we let p, : SU(2) — GL(C?) be the representation pq(g)<2;> =

z

af 2! e s o o (xt,...,x™) :
g (ZQ). Writing ¢ = (¢2> = ((bz(wl,...,a:")) for the local coordinate ex-
pression of the pullback by some cross-section of a matter field and A =
Ao (2t a™)da® = —iBa(at, ..., 2")dz® for the local gauge potential
(where the A, are skew-Hermitian and tracefree, while the B, are Hermi-
tian and tracefree; Exercise 6.8.5, [N4]), we have

(o (5) ot (2= ()

for the corresponding local coordinate expression for the pullback of d“¢.
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Physical Motivation

2.1 General Framework for Classical
Gauge Theories

Our objective now is to use the machinery assembled in the previous chapter,
and that to be developed in subsequent chapters, to study a number of rather
specific “classical gauge theories” arising in modern physics. The discussion is
heuristic and informal and its intention is to indicate how the topology and
geometry that are our real concern here arise naturally in meaningful physics.
In order to have a context within which to place these examples we will devote
this rather brief section to an explicit enumeration of the basic mathematical
ingredients required to describe, at the classical level, the interaction of a
particle with a gauge field.

1. A smooth, oriented, (semi-) Riemannian manifold X.

Generally, this will be space (R?), a spacetime (e.g., R*3; see Section 2.2), a
Euclidean (“Wick rotated”) version of a spacetime (e.g., R*), a compactifica-
tion of one of these (e.g., S* = R* U {c0}), or an open submanifold of one of
these. The particles “live” in X.

2. A finite dimensional vector space V.

The particles have wavefunctions that take values in V. The choice of V is
dictated by the internal structure of the particle (e.g., phase, isospin, spin,
etc.) and so V is called the internal space. Typical examples are C, €2, C*,
or the Lie algebra of some Lie group, e.g., u(1), or su(2). V is equipped with
an inner product (,) by which one computes squared norms ||/||?> and thereby
the probabilities with which quantum mechanics deals.

3. A matrix Lie group G and a representation
p:G— GL(V)
of G on V that is orthogonal with respect to the inner product on V:

{(p(9)(v),p(g)(w)) = (v,w).

This will generally be one of the classical groups (e.g., U(1), SU(2)) or a
product of these and plays a dual role.

G.L. Naber, Topology, Geometry and Gauge fields: Interactions, 45
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(i) The inner product on V determines a class of orthonormal bases, or
“frames” (e.g., isospin axes) and these are related by the elements of G,
ie., g € G “acts” on a frame p to give a new frame p -g. By fixing some
frame at the outset (the elements of which will correspond to certain
“states” of the particle) one can identify the elements of G with the
frames.

(ii) G also acts on V via the representation p(v — p(g)(v) = g-v) and
so acts on the wavefunction ¢ at each point. If ¢ (p) is a value of the
wavefunction, described relative to the frame p, then

b(p-g)=9"" ¥ [®
is its description relative to the new frame p - g.
4. A smooth principal G-bundle over X:
G— P X

Typical examples are trivial bundles (e.g., SU(2) — R* x SU(2) — R*Y)
and Hopf bundles (e.g., U(1) — S3 — S2, SU(2) < ST — S*). At each
x € X the fiber P~1(z) is a copy of G thought of as the set of all frames in the
internal space V at z. A local cross-section s : V' — P is a smooth selection
of a frame at each point in some open subset V of X (a local “gauge”) relative
to which wavefunctions can be described on V.

5. A connection w on G < P 2+ X with curvature §2.

If s: V — Pis alocal cross-section (local gauge), then the pullback A = s*w
is the local gauge potential and F = s*§2 is the local field strength. Gen-
erally, these exist only locally since nontrivial principal bundles do not admit
global cross-sections and pullbacks by different local cross-sections usually
do not agree on the intersection of their domains. Particles coupled to (i.e.,
experiencing the effects of) the field determined by w have locally defined
wavefunctions 1 taking values in V that are obtained by solving equations of
motion (see #8 below) involving the local potentials A. A change of gauge
(s —» s-g) changes the wavefunction by the representation p (¢p — g=1-1)).
These local wavefunctions piece together into a globally defined object called
a matter field which can be described in two equivalent ways:

6. A global cross-section of the vector bundle P x, V associated to
G—P 2 x by p (equivalently, a V-valued map ¢ : P — V on P
that is equivariant: ¢(p-g) = g~ ' - ¢(p)).

Physically, such a matter field has potential energy which we describe with

7. A non-negative, smooth, real-valued function

U:V—R
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that is invariant under the action of G on V:
U(g-v)=U(v).

U is to be regarded as a potential function with U o ¢ describing the self-
interaction energy of the matter field ¢. Typically, this will depend only on
o112 eg., 2m|¢|% or 3(]|¢||> — 1)%, where m and \ are non-negative con-
stants.

8. An action (energy) functional A(w,¢), the stationary points of which are
the physically significant field configurations (w, ¢).

Typically, this functional is of the following general form:

Aw.d)=c [ [IF P +er o] +eaUos]

We will spell out in detail what each of these terms means in the concrete ex-
amples to follow. Briefly, ¢ is a normalizing constant, ¢, and co are “coupling
constants,” F, is a global 2-form on X with values in the ad-joint bundle ad P
which locally pulls back to the gauge field strengths F,d“ ¢ is the covariant
exterior derivative of the matter field ¢ (thought of as a cross-section of the
associated vector bundle) and the norms arise from the metric on X and the
Killing form on the Lie algebra G of G. Integrals of such objects over mani-
folds like X will be introduced in Chapter 4. The physically interesting field
configurations (w, @), are those which (at least locally) minimize the value
of the action functional. The Calculus of Variations provides necessary con-
ditions (the Euler-Lagrange differential equations) that must be satisfied by
such minima. The Euler-Lagrange equations for the action A(w,¢), are the
appropriate field equations (the “equations of motion”) of our gauge theory.
One can, of course, generalize the model we have described by including more
than one matter field.

From the point-of-view of physics, one is generally interested only in finite
action configurations (w, ¢), i.e., those for which

A(w, ) < cc.

This is assured if X is compact, but otherwise one must assume some sort of
appropriate asymptotic behavior for the terms in the integrand. Such asymp-
totic conditions turn out to have profound topological consequences (e.g., the
existence of “topological charge”) and investigating this link between topology
and asymptotics is one of our primary objectives.

These then are the basic ingredients required to build a classical gauge
theory. There is a special case that has gotten a great deal of attention, par-
ticularly in the mathematical community. When ¢; = ¢o = 0 in the action
A (w, @), (so that, effectively, there are no matter fields present), then one can
think of A as depending only on w and, in this case, it is referred to as the
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Yang-Mills action and written

YM(w) :c/XHm 2.

The Euler-Lagrange equations for Y M are called the Yang-Mills equations
and can be written
d“*F, =0,

where *F, is the Hodge dual of F, and d“ is the covariant exterior derivative.

Remark: We have not yet defined the Hodge dual or the covariant exterior
derivative in sufficient generality to cover the context in which we now find
ourselves, but the generalization is easy and will be provided in Chapter 4.
We will also find that, quite independently of the action, the field F,, also
satisfies a purely geometrical constraint known as the Bianchi identity

d“F, =0.

These last two equations lie at the heart of what is called pure Yang-Mills
theory. The impact of this subject on low dimensional topology is discussed
at some length in [N4|. Although this special case may not appear to be in
the spirit of our announced intention here to model interactions we will find
that it leads (through a process known as “dimensional reduction”) directly to
the particular interactions of most interest to us in Section 2.5.

2.2 Electromagnetic Fields

The prototypical example of a gauge theory is classical electrodynamics. Al-
though our real interests lie elsewhere, this example will provide a nice warm-
up in familiar territory and so we will describe it in some detail. Keep in
mind that our intention in this chapter is primarily motivational so we will
feel free to adopt a rather casual attitude, occasionally anticipating concepts
and results that are introduced carefully only later in the text.

The arena within which electrodynamics is done is Minkowski space-
time R (assuming gravitational effects are neglected). As a differentiable
manifold, R™?3 is just R*. Rather than the usual Riemannian metric on IR*,
however, we define on R"? the semi-Riemannian metric given, relative to
standard coordinates z°, z', 22, 3 on R* by Nasdr® & dz?, where

1, a=p=0
Nap = -1, (1:5:1,2,3.
0, a#p
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Remark: For the moment we will require very little of the geometry of R'3
and its physical significance. Simply think of the elements of R as “events”
whose standard coordinates represent the time (2°) and spatial (z!, 22, 23) co-
ordinates by which the event is identified in some fixed, but arbitrary inertial
frame of reference. The entire history of a (point) object can then be identified
with a continuous sequence of events (i.e., a curve) in R called its “world-
line.” Finally, since the differentiable structure of R* is just its natural struc-
ture as a real vector space (Example #3, page 4), each tangent space T),(R"3)
is canonically identified with R* itself. Since the components of the semi-
Riemannian metric we have introduced are the same at every p € R one
can think of R™3 simply as the vector space R* equipped with the Minkowski
inner product g(v,w) = Ny w? = VW’ — viw! — v2w? — v3w3. A vector
v in R is said to be spacelike, timelike, or null if g(v,v) is < 0,> 0,
or =0, respectively. The physical origin of the terminology will emerge as we
procced.

We introduce a matrix

1 0 0 0
3 o -1 0 o0
n=0as) =1, 4 _
0o 0 0 -1

and note that its inverse 7! = (n°?) is, in fact, equal to 7.

Now, to build our gauge theory we begin by letting X denote some open
submanifold of RY? (the charges creating our electromagnetic field live in R%3
and we intend to carve out their worldlines and deal only with the source free
Maxwell equations on the resulting open submanifold of R*3). The gauge
group G is U(1) so we consider a principal U(1)-bundle

U(l)s P2 X

over X and a connection w on it (we consider first the pure Yang-Mills theory
in which matter fields are absent). Since U(1) is Abelian, all brackets in the Lie
algebra u(1) = Im € are zero so the curvature §2 of w is given by 2 = dw.
If s: V. — P is a local cross-section, then we may write the local gauge
potential and field strength as

A=5'w =—1 A

where A and F are real-valued forms on V' (the minus sign is conventional).
If s; : V; — P and s; : V; — P are two such local cross-sections with
V;NV; # 0 and if g;; : V; N V; — U(1) is the corresponding transition
function, then

A =gi; A g+ gi;7 dgiy = Ai + g1 dgij
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and
Fi=9i; ' Figy=7Fi

on V; N'V; because U(1) is Abelian. In particular, the local field strengths,
since they agree on any intersections of their domains, piece together to give
a globally defined field strength 2-form F on X. This is a peculiarity of Abelian
gauge theories and one should note that, even here, the potentials A do not
agree on the intersections of their domains and so do not give rise to a globally
defined object on X. Indeed, since the transition function g;; is a map into
U(1) it can be written as

gij(x) = e~
so that gijildgij = —ZdAU and Aj = .A,L - ’LdAU Equivalently,

Aj = Al -+ dAl'j,
which is the traditional form for the relationship between two “vector potentials.”

Relative to standard coordinates z°, 2!, 22, 23 on R"? we can write, for any
s:V—P, .
A=A, dz* = —1 A dx®
and ) )
F = 2 wpdr® A da’ = —§iFa5dx°‘ A dzP,

where

Fop = 0o Az — 0 Ay + [An, Ag]
=0, Ag — 05 Aq (because U(1) is Abelian)
= —1(0a Ag — 05 Aq)
= —’iFaﬁ.

The F,g are skew-symmetric in o and 3. To make some contact with the
notation used in physics we define functions E', E?, E3 and B!, B?, B? by
Fio = E;

and i

Iy =¢ei1 B
where 4,7,k = 1,2,3 and ¢;;; is the Levi-Civita symbol (1 if ijk is an even
permutation of 123, —1 if ijk is an odd permutation of 123, and 0 otherwise).
Thus,

0 -EB* —-E? -FE
El 0 B3 —B?
E? -B3 0 Bl
E3 B? -B! 0

(Fap) =

and
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F = % ap dz® A de® = —E'dz® A dz' — E?dz® A da? — E3d2® A da?
+ B¥dz' Ada® — B*dax' A da® + B'da® A da®
= (E'dx! + F?da? + E3da®) A da®
+ B3da' A da? + Brdz? A da® + B?da® A dat.

One is to think of E = (E', E2, E3) and B = (B!, B2, B3) as the “electric field”
and the “magnetic field,” respectively, that correspond to F (the justification
for thinking this way will appear shortly).

Next we introduce functions F*? on X defined by

FoP = 1P 5, a,8=0,1,2,3

(classically this is referred to as ‘raising the indices” with the
Minkowski metric). Thus, for example, FOl = 707! [ 5 = %00 Fyy = (1)
%—1) ngizt_FOl = E' and F'? = !y F.s =n'n??Fiy = (—1)(-1)Fi2 =
12 = B”, etc., so
0 E! E? E3
-E! 0 B3} -B?
-E? -B3 0 B!
—-EB3 B? -p! 0

(F°?) =

The Hodge dual *F of F' is defined to be the 2-form on X whose standard
components are given by

1
* aﬁzigaﬁ'y&Fvéa O[,BZO,].,273.
Writing these out one finds that

0 B! B? B3
-B! 0 E3 —FE?

(*F(XB) = 732 *ES O El
—-B3 E? —FE! 0
so that
* 1 * o B
= 3 Fopgdz® Ndx
= (—=B'da' — B?dx? — B3da?) A da®

+ F3da' Ada? + EYda® A de® + E2da® A dat.

One verifies that
“F=-F  (onR“).
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We also define
F=—4"F.

Finally, one can also “raise the indices” of *F and define *F'®# = o7 nfo+F, 8
so that

One can think of the Hodge dual as the 2-form obtained by formally replacing
B by E and E by —B.

All of this apparently ad hoc notation will eventually be seen to fit naturally
into the general scheme of things. For the time being the reader may wish to
regard all of it as simply a useful bookkeeping device. For example, one has
the following easily verified formulas:

3 Fap B0 = |BP — |BP
L pyFef — BB
1798 -

for the two scalar invariants normally associated with F' in classical electro-
magnetic theory.

But what is the justification for all of these references to classical elec-
tromagnetic theory? We began by looking at an arbitrary connection w on
an arbitrary principal U(1)-bundle over an open submanifold of Minkowski
spacetime and have deviously interjected things we have called “electric fields”
and “magnetic fields.” Is there any reason to believe that these objects have
anything whatever to do with what physicists call “electric fields” and “mag-
netic fields?” The answer lies in the Yang-Mills equations. We are, after all,
not really interested in arbitrary connections, but only in the stationary val-
ues of the Yang-Mills action (page 56). In our present circumstances we will
find that this action can be written

1
y./\/l(w):/ ~1 ws FOPdr0dat da? da®
p's

and the corresponding Yang-Mills equations are
d*F =0,

while the Bianchi identity is
dF =0

(in the Abelian case, covariant exterior derivatives are just ordinary exterior
derivatives). In standard coordinates these read
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O F*P =0, 5=0,1,2,3

and
0o F*P =0, B=0,1,2,3,

respectively. Now, the remarkable part is that, if one writes these out in terms
of the E’s and B’s we introduced earlier the result is

. - OE . -
VXB—a—Ozo and  V-E=0 (d*F =0)
X
and
. - 0B . I

respectively, where V= (01,02, 03) is the usual gradient operator and the x
and - refer to the cross product and dot product on R3. These, of course, are
the source free Maxwell equations in their usual guise.

Remark: One should note that the second pair of Maxwell equations cor-
responds to the Bianchi identity and is, in this sense, purely geometrical, i.e.,
due to the fact that we have chosen to model our fields as connections on
principal bundles. The proper way to look at this, however, is the other way
around. We are able to build a model of an electromagnetic field as a con-
nection on a principal bundle only because of this second pair of Maxwell
equations. As a matter of terminology, one says that a differential form whose
exterior derivative is zero is closed. Thus, the source free Maxwell equations
assert that both F and *F are closed.

Before moving on let us make one more bit of notational contact with
physics. The local gauge potentials A = —34 = —iA,dx® satisfly dA = F,
ie., Fog = 0oAp — 03An, which we rewrite as follows: Define A* = n*7A,
for « =0,1,2,3 (i.e., “raise the indices” of A) and write

(A%, A%, 4%, 4%) = (V. A),
where V = A% = Ag and A = (A!, A2, A3) = (= Ay, — Ay, —A3). Then a brief
calculation shows that dA = F becomes
9A
OxV
which are the usual expressions from physics for the electric and magnetic
fields in terms of the scalar and vector potentials.

We would now like to write out two concrete examples (Coulomb fields
and Dirac monopoles) which illustrate all of this apparatus and which, more
importantly, make clear the difference between magnetic charge (which is
“topological”) and electric charge (which is not). We will build the examples
by specifying local gauge potentials and allowing these to determine (by the
way they are related on the intersections of their domains) the transition

E=— VV and B=VxA
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functions and therefore the bundle on which the corresponding connections
are defined. In order to fully appreciate the topological nature of what is going
on here, however, we must briefly anticipate some material that we will treat
carefully only somewhat later in the text.

Principal U(1)-bundles over any manifold X are classified up to equivalence
by a certain de Rham cohomology class of X called the first Chern class
of X. Very briefly, here’s what these words mean: As mentioned earlier, a
differential form ¢ whose exterior derivative de is zero is said to be closed.
o is said to be exact if it is the exterior derivative of some form 1 of degree
one less (¢ = dvp). According to the Poincaré Lemma (Theorem 4.4.2), every
exact form is closed (d? = 0), but the converse is not true. Two closed forms
@, and ¢, are said to be cohomologous if they differ by an exact form
(¢ — ¢y = d1p). For each degree k this is an equivalence relation and the set
of equivalence classes, which admits a natural real vector space structure, is
denoted H% z(X) and called the k** de Rham cohomology group of X.

Now let G — P 25 X be any principal G-bundle over X (with G a
matrix Lie group). The first Chern class ¢;(P) of the bundle is an element
of H2,(X) defined as follows: Choose any connection w on the bundle (we
will prove later that connections exist on any principal bundle). Let £2 be the
curvature of w. For any local cross-section s let F = s*§2 be the local field
strength. These generally depend on the choice of s and do not agree on the
intersections of their domains (except in the Abelian case). Indeed, if s9 is
another cross-section, then F? = g~ !Fg on the intersection. Notice, however,
that, since the trace of a matrix is invariant under conjugation, trace F9 =
trace F on the intersection and so these piece together to give a globally
defined 2-form on X which we will denote simply trace F. A priori trace F is
complex-valued, but one can show that, in fact, it takes values in Im € so that
% trace F is real-valued (the i actually forces the integrals of this 2-form
over compact, oriented surfaces in X to be integers—mot obvious, but true).
It also happens that this 2-form is closed and so determines a cohomology
class

a(P) = [;ﬁtrace .7:} € H3 R (X).

Now, the remarkable part of all this is that this cohomology class (not the
2-form, but its cohomology class) does not depend on the initial choice of
the connection w from which it arose. It is therefore a characteristic of the
bundle itself and not of the connection. Indeed, ¢; (P) is the simplest example
of what is called a characteristic class for the bundle. We’ll encounter one
more example of such a thing (the second Chern class) in Section 2.5.

Now let us specialize to the case of U(1)-bundles. Here we have seen that
there is a globally defined field strength F for any connection. Moreover, since
u(1) consists of 1 x 1 matrices, the trace just picks out the sole entry in this
matrix so trace F = —iF' and therefore
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a(P) = |min] =1 =),

27 T

In particular, the first Chern class for a principal U(1)-bundle over an open
submanifold of Minkowski spacetime is just % times the cohomology class
of the globally defined (electromagnetic) field F' on X. Since principal U(1)-
bundles over any manifold are classified up to equivalence by their first Chern
classes (Appendix E, [FU]), we conclude that the U(1)-bundle on which an
electromagnetic field F' is to be modeled as a connection is uniquely deter-
mined by the cohomology class of F'.

Now we return to our concrete examples. First, the Coulomb field, i.e., a
static, purely electric field of a point charge which we assume to be located at
the (2!, 22, 2%)-origin in R*3. Thus, the worldline of our source is the z°-axis
in RY? so we take

X =R"*—{(2°,0,0,0) ¢ R : 2" € R}.
Define A = A,dx® = (—n/p)dz®, where n is an integer and p > 0 with
p? = (2% + (%)% + (2)? (we measure “charge” in multiples of the charge of

the electron so it is an integer). A simple calculation shows that the functions
Fop = 0,A3 — 0344, o, =0,1,2,3, are given by

0 —at —22 23
n | ! 0 0 0
Fa -
Fao) =312 0 o o
z3 0 0 0
Thus, n
F = —3(x1d:1:1 + 2%d2® + 23dx®) A da®
p
SO

B=0 and E = %'F’, 7= (z, 22, 2%).
This is, of course, the classical Coulomb field that we wish to describe.

The critical observation here is this: Our Coulomb potential
A = (—n/p)dz? is defined and satisfies dA = F globally on all of X so
that F is exact on X and its cohomology class [F] € H3 3 (X) is zero. Thus,
the U(1)-bundle on which F is modeled by a connection with field strength
JF = —1iF has first Chern class zero and so must be the trivial bundle. This is
true for any charge n so that, in particular, the electric charge of the source
is not encoded in the topology of this bundle (we will find that the situation
is quite different for a Dirac magnetic monopole).

Here’s another way to look at this: Somewhat later we will calculate the
cohomology of X = R — {(2°,0,0,0) € R : 2° € R} and find that

i R, k=0,2
Hch(X) =

0, otherwise
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Now, the 2-form F describing the Coulomb field on X is cohomologically
trivial, i.e., [F] = 0 € H3.3(X). After learning how to integrate 2-forms over
2-dimensional manifolds we will find that this implies that the integral of F'
over any closed, smoothly embedded surface in some 2° = constant slice must
be zero. In particular, these integrals do not detect any “enclosed charge.”
The rest of the 2-dimensional cohomology of X is to be found in the dual
*F = 1 *F,pdz® A da?, where

0 0 0 0
n |0 0 a3 —z?

*F —
(" Fap) pPlo  —23 0 2t
0 x? —z! 0

Thus, *F = p% (z' da® A da® — 2 dot A da® + 2% dat A da?).

Notice that, on the 2-sphere p = 1 in any 2 = constant slice of X, * F' reduces
to n times z! dz? A dad — 22 dat A da® + 23 da' A da? on S2?. This, as we shall
see, is what is called the standard volume form of S? and its integral over 52
is the area 47 of S? (Section 4.6). Thus, the integral of *F over this sphere
is 47n, which is nonzero and this implies that *F' cannot be cohomologically
trivial. Thus, [*F] generates H32 (X). Furthermore, we will show that the
integral of *F over any 2-sphere surrounding {(2°,0,0,0) : 2° € R} is the
same so these integrals “detect” the charge n enclosed by the sphere. Over
any 2-sphere that does not enclose the x%-axis, the integral of * F is zero (this
will follow from “Stokes’ Theorem”).

The electric charge n is not “topological” because all Coulomb fields are
represented by connections on the trivial bundle—the charge is not encoded
in the topology of the bundle. The situation is quite different for a Dirac
monopole (which is not surprising since the Hodge dual for 2-forms on X
essentially interchanges “electric” and “magnetic” so, for a magnetic charge,
[F] will play the role that [*F] played for the Coulomb field). In more detail,
we once again let X = R — {(2°,0,0,0) € R : 2° € R}. For the moment
we let g denote an arbitrary real number (to be thought of as the magnetic
“charge” of the monopole whose worldline is the z"-axis). We are interested
in the field F = %Faﬁ dz® A daP | where

0 0 0 0
g 10 0 23 —2
Fag) = 2
(Fop) P lo =23 0 !
0 x? -zt 0
Thus,
F=9 (zt da® A da® — 2% da' A da® + 2 dot A da?)

PE



2.2. Electromagnetic Fields 57

SO
E=0 and B=2

P
Since F is independent of 2° this defines a 2-form on any z° = constant
slice. Moreover, expressed in terms of standard spherical coordinates (p, ¢, )

on such a slice,

7, 7= (2!, 2% %),

F =gsinpdp A df.

Notice that this is independent of p and so may be further restricted to the
copy p =1 of S? in, say, the z° = 0 slice of X. Now, if the monopole field on
X is the field strength of some connection on a U(1)-bundle over X, then its
restrictions would likewise be field strengths for connections on U(1)-bundles
over the submanifolds (restriction means pullback by the inclusion map and
the inclusion of a restricted bundle is a bundle map). Henceforth, we will
concentrate on these restrictions.

For the field F' under consideration there is no globally defined potential
A satisfying dA = F (pages 2-3 of [N4]), but there are the usual local
potentials. Specifically, we define Ay and Ag on Uy = S? — {(0,0,0,—1)}
and Us = S% — {(0,0,0, 1)}, respectively, by

An = g(1 — cos ) db
and
Ag = —g(1+ cosyp)db.

Then, on their respective domains, these satisfy dAy = F and dAg = F'. Con-
sider now the corresponding u(1)-valued forms (we identify (1) with Im C):

An = —1An = —ig(1 — cosyp) df
As=—1As = 1ig (1+cosp)df
F=—1F =—igsinpdpAdb

If our monopole field is to be modeled by a connection on some principal
U(1)-bundle over S?, then that bundle could be trivialized over Uy and Ug
and so would have a transition function gsy : Uy N Us — U(1) for which
Ay = gS]\rf1 Asgsn —|—gs]v71ngN. But notice that Ay — Ag = —2gid6 so

Ay = Ag — 2gidf = 9% Age=29%% 4 ngMd(edgai)

and this gives
672901'

gsn(p,0) =
Next we observe that the only values of the constant ¢ that are of any
interest are given by
=, n € Z.
9773
One can understand this in a number of ways, all of which are instructive.
From the point of view of physics, it is just the Dirac quantization condi-
tion (page 7, [IN4]). On the other hand, if gsn(p,0) = e29%% is really the
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transition function for a principal U(1)-bundle U(1) < P — S?, then that
bundle is characterized by its first Chern class ¢1 (P). As we pointed out earlier,
the integral of ¢;(P) over S? is an integer, called the first Chern number
of the bundle. But a simple calculation gives

1 g
P)=— | F==2 inpdp A do =2
/5261( ) 27r/52 o stm‘“" g

(we assume S? has its standard orientation). Thus, 2g € Z. From yet another
perspective, the restriction of gsn(p,0) = e~29%% to the equatorial circle S*
in Uy NUs (i.e., e — (e%)729) would be the “characteristic map” whose
homotopy type determines the bundle (page 228, [N4]) and this map is not
even well-defined (single-valued) on S' unless 2¢ is an integer. However you
choose to view the situation, we will henceforth restrict our attention to the
following forms:

1

Ay = —3 ni (1 — cos ) df
1

Ag = an (14 cos p)db
1

F = —5 nisine dp A df.

For each fixed integer n, the potentials Ay and Ag uniquely determine a
connection w,, on the principal U(1)-bundle

Ul) — P, 2= 82

whose transition function ggy is given by

gsn(p,0) = e 0%

The globally defined field strength on S? is F and represents the field of a
Dirac monopole of “magnetic charge” n (which is the Chern number of the
bundle). Since the Chern number is a topological characteristic of the bundle,
magnetic charge is directly encoded into the topology of the bundle and is
therefore an instance of a “topological charge.”

Although it is not really necessary to do so (because the transition functions
and local gauge potentials contain all of the relevant information about the
bundles and the connections), it is possible to describe these Dirac monopoles
more explicitly. We will outline such a description.

n=1

This gives the natural connection on the complex Hopf bundle

Ul) — $3 24 52,



2.2. Electromagnetic Fields 59
where P; is the restriction to S C €? of the map
Py (2, 2%) = (z122 + 2122 —iztz? izt ‘z1|2 — |z2’2>.
w1 is given by
wy = i (Im(2Hdz + 22d2?)),
where ¢ : S% < €? is the inclusion.
n=-—1

This gives the natural connection on the alternate version of the complex Hopf
bundle

U1) < 53 774 52,
where P_; is the restriction to S C €2 of the map

P_1 (21,22) = (2122 + 2122 42122 — 2122,

2P =120
w_1 is given by
w_; =1 (Im<21d21 + Z2d22)) = wi,
where ¢ : $3 — €2 is the inclusion.
n=>0

This gives the flat connection on the trivial bundle

U(l) = S x U(1) 22 s2,
where Py is the projection onto the first factor. wq is given by

wo =776,

where 7 : §% x U(1) — U(1) is the projection onto the second factor and @
is the Cartan 1-form on U(1).

n>1

Denote by U(1) — P, Py 82 the principal U(1)-bundle over S? with transi-
tion function gsn (i, #) = e~ "%*. We can identify P, explicitly as a manifold as
follows: Identify the discrete group Z, of integers modulo n with the following
subgroup of U(1):

L, = {k™/"  k=0,1,...,n—1}.

Then Z,, acts on S® on the right (because U(1) does). We let S3/Z,, be the
orbit space, e.g., S*/Zy = RIP®. One can provide S°/Z, with a manifold
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structure in the same way as for RIP®. The Hopf map P; : S — S? carries
each orbit of the usual U(1)-action on S? to a point in S? so it does the same
for a Z,-orbit. Moreover, each point of S? is the image under P; of a Z,-orbit
(indeed, of many Z,-orbits). Thus, P; descends to a surjective map

P, :S%) %, — S*.

Also note that the usual U(1)-action on S? carries any Zj,-orbit onto another
Zy,-orbit which is inside the same U(1)-orbit (and so has the same image under
P,.). Thus, the U(1)-action on S? descends to a U(1)- action on S*/Z,, which
preserves the fibers of P,. Local triviality of P, : S®/Z, — S? follows so
that

Ul) = 3/ B, L= §2

is a principal U(1)-bundle and the transition function ggy is given
by gsn(¢,0) = e~"?%. Since a bundle is determined by its transition functions,

we have an explicit model for U(1) < P,, — S2. In particular, P, & 5%/ Z,

Remark: P, = S3/Z, is an example of a “lens space.”

Since the transition function for U(1) — S3/Z Pny 82 s
gsn(p, 0) = e 0% Ay =—1Ini (1 — cosp)df and As = 1 ni(1 + cosyp)db
are gauge potentials on thls bundle. The connection w,, they determine
can be described as follows: The Im C-valued 1-form @, on C? given by
@, = inlm(ztdz! + z2dz?) restricts to an Im C-valued 1-form (*@,, on S3
that is invariant under the Z,-action and so descends to an Im C -valued 1-

form w,, on S3/Z,. w, is the required connection on U(1) — S3/Z,, LN

S2.

Here the construction is exactly the same as above for n > 1 except that P,
is replaced by P_1.

2.3 Spin Zero Electrodynamics

We consider next our first example of a gauge theory in which matter fields
are present. The gauge field will be an electromagnetic field of the type
discussed in Section 2.2. The matter field coupled to this gauge field will
represent a charged particle experiencing the effects of the electromagnetic
field. According to the General Framework described in Section 2.1, the
description of such a particle will require a vector space V and a representation
p:UQ1) — GL(V) of U(1) on V. Now, in physics, charged particles have
wavefunctions with a certain number of complex components, the number of
such components being determined by the particle’s spin s. Specifically, s is

an element of {0, ;, 1, 3,2 .} and the wavefunction of a particle with spin s
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has 2s 4+ 1 components. The simplest case is that of a particle of spin 0 (e.g.,
a m~ meson) for which the wavefunction takes values in €. This is the case
we consider here.

Remark: Certain technical complications arise when s > 0. For example,
an electron has s = % and, according to Dirac, the corresponding matter field
is defined, not on a U(1)-bundle over X, but on a certain SL(2,C)-bundle
over X called a spinor bundle. Nevertheless, an electron responds to an elec-
tromagnetic, i.e., a U(1)-gauge, field. To fit this into our General Framework
would require “splicing” the two bundles together into a single bundle on which
both objects may be thought to live. We will return to these issues in the next
section.

We will adopt the notation of Section 2.1. Thus, X is an open submanifold of

R!'3 (standard coordinates z°, 2', 22, 2®) and w is a connection on a principal

U(1)-bundle
U(l) P2 X
over X with curvature §2. For any cross-section s we write
sfw=A=A,dz" = —-1A = —1A,dx"
and g F o %]:ag dr® NdeP = —i F = —%z’Faﬁ dz® A da®,
where Fo3 = 00 Ap — 0 Ay = —1(00Ag — 0gAy). Now we let V = C (as a

2-dimensional real vector space). The usual inner product on € = IR? is given
by

1
(21,22) = 5(2152 + 2221).
For each integer n we define a representation p, : U(1) — GL(C) by

n

pnlg)(2) =g 2=g"z,

where we identify an element of U(1) with a complex number of modulus 1
(these are, in fact, all of the “irreducible” representations of U (1) on €). Notice
that p,, is orthogonal with respect to ( , ) since

(Pn(9)(21), Pu(9)(22)) = (9" 21, 9" 22)

((9"21) (9722) + (¢"22) (9721))
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The potential function U : € — R (#7 of the General Framework) is
taken to be
1 1, 1
U(z) = §m<z,z) = im\ z|* = 5mez
where m > 0 is a constant. Since p,, is orthogonal with respect to ( , ), Uis
invariant under the action of U(1) on C, as required.
A matter field of type p, is a C-valued map ¢ on P that is equivariant
with respect to the actions of U(1) on P and C , i.e., that satisfies

d(p-g) =9 "9(p)

for each p € P and g € U(1). The connection w determines a covariant
exterior derivative d“¢ of ¢ and the action A(w,¢) contains an appropri-
ate squared norm || d“¢|? arising from the Minkowski metric on X and
the invariant inner product ( , ) on €. We will defer until later the gen-
eral procedure for constructing such norms and simply indicate at this point
what the result is for the case under consideration and why it is the “natu-
ral” choice. For any local cross-section s,s*¢ = ¢ o s and, for convenience,
we will write ¢ = ¢(2°, 21, 2%, 23) for the standard coordinate representa-
tion for s*¢. The corresponding coordinate expression for the pullback of
d“¢ is
(0a¢p — in Apo) dz®

(Example #1, page 52). Each 0,¢ — in A,¢ is a function with values in C.
The invariant inner product {( , ) on € and the Minkowski inner product
(g(v,w) = W’ — viw! — v?2w? — v*w? = nupvew’ = n¥Pu,wg, where
Vo = Naa¥® and wg = nb/gwb) combine to give the squared norm

|62 = 1 (06 — indad) (356 — inA30)
= 7" (0a¢ — inAad) (Isd + inApd) (Ag is real)

(Oat — inAad) (17 (00) + in(n“’ Ag)d)
= (0a¢ — inAag) (0°¢ + inA@),

where we have written
0% =n*Poy, a=0,1,2,3

(so that 8° = 9y, ' = -0y, 0* = =0y and 9° = —03) and
A =P Ag, a=0,1,2,3.

Although the expression we have given for ||d*¢||? is local and appears to
depend on the choice of the cross-section s, it is, in fact, gauge invariant and
therefore determines a globally defined, real-valued function on X. To see
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this we observe the following: We have already seen (page 59) that a gauge
transformation g can be written g(x) = e~ ***) and has the following effects
on the potential A and the matter field ¢:

A— A9 =A+dA
p— ' =g p=e"".
Thus,
Da? — in(A9)0¢? = 0a (" ¢) — in(Aq + OuA) (et ™ p)
=" 9,¢ + inet "M (O, N — inAnet "o
— in(9,N)et ™ ¢
= "M (D40 — inAgd)
and, similarly,
%G9 + in(A9)G9 = e "MV + inA%P).
Consequently,
(920 — in(A%)a0?) (9769 + in(47)"57 )
= (0a® — inAn9) (00 + inA9)

as required. With this and an appropriate choice of normalizing and coupling
constants, we take our action functional to be

Alw, d) = /X [—iFaﬁFQﬁ + %(Gaqﬁ —inAy9) (0%¢ + inA%9)

1 -
+ 2m¢q§} daldxtda?dx®.

The corresponding Euler-Lagrange equations are

(00 — inAy) (0% — inAY) ¢ +m?p =0
I FP =0, 8=0,1,2,3

(see [Bl]). The first of these is the Klein-Gordon equation (for a spin zero
particle of mass m and charge n interacting with a gauge field F = —¢ F =
—1idA determined by the local gauge potentials A = —iA,dz®). The second
equation is equivalent to d*F = 0 (see page 62). Since —i F' is the pullback
of a curvature form, the Bianchi identity gives dF = 0 also so F' satisfies
Maxwell’s equations.

Remark: Of course, it was our stated intention to model a spin zero particle
in an electromagnetic field, but the point here is that the electromagnetic
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nature of the field F' that appears in the action A(w, ¢) is necessitated by the
Euler-Lagrange equations. We do not have to impose Maxwell’s equations “by
hand.” Also note that conjugating the Klein-Gordon equation gives

(Do + 1nAL) (0% + inAy)d +m?p = 0.

Thus, if ¢ represents a Klein-Gordon field of mass m and charge n, ¢ represents
a Klein-Gordon field of mass m and charge —n. Physicists view ¢ and ¢ as
wavefunctions for a particle/antiparticle pair.

Taking A to be zero above (i.e., “turning off” the electromagnetic field) gives
the free Klein-Gordon equation

000 +m?¢ =0
for a spin zero particle.

Remark: Free objects in physics are also subject to field equations. For ex-
ample, a free particle of mass m in Newtonian mechanics satisfies

4 (m#) = 0, while in quantum mechanics its wavefunction 1 satisfies the

dt
Schroedinger equation
1 =5 LOY
T
Note also that if ¢ satisfies the free Klein-Gordon equation, then so
does ¢.

We will not pursue the business of seeking solutions to these equations
and sorting out their physical significance. Indeed, it would seem that no
plausible physical interpretation of such solutions exists outside the context
of quantum field theory and for this the only service we can perform for our
reader is a referral to the physics literature (e.g., [Guil, [Ry], or [Wein]).
We will, however, spend a few moments describing an alternative approach
to the Klein-Gordon equation which more clearly exposes the philosophical
underpinnings of modern gauge theory. Physicists refer to this approach as
“minimal coupling” and it begins with the free particle equation

D0 0%h +m?p = 0.

This equation itself might be arrived at by “quantizing” the classical relativis-
tic relation E? = p? + m? between energy and momentum (“quantization”
is the mystical process of replacing classical quantities such as these with
“corresponding operators” that act on the wavefunction). One then “couples”
the particle to the field by replacing the “ordinary derivatives” d,, by “covari-
ant derivatives” 0, — inA, involving the potentials A, for the field. This,
of course, does give the full Klein-Gordon equation, but the motivation is
no doubt obscure. Our search for motivation leads to the very early days of
quantum mechanics.
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In old-fashioned (non-relativistic) quantum mechanics a charged particle
(of mass m and charge n) in an electromagnetic field has a wavefunction 1
that satisfies the Schroedinger equation

1 .= -\ 2 .0
where (V, A) = (A% AL, A2 A3) = (Ag,—Ay, —Ay,—As3) and A = Anda®
satisfies dA = F (sce page 63).

Remark: The meaning of (716 — nff)z as an operator on 1 is as follows:
- -\ 2 - - - =
(—iv - nA) b= (—iv - nA) : (—N - nA) "
- (—N - nff) : (—iw} “n WI)
= V2% +niV - (YA) +nid - (Vi)
+n?| Ay

Now, 1) takes values in C and so, at each point, has a modulus and a phase
(¢ = ret?). There is some arbitrariness in the phase, however, since, if a is an
element of U(1) (identified with a complex number of modulus 1), then ay
satisfies (2.3.1) whenever ¢ does (being a constant, a just slips outside of all
the derivatives in (2.3.1)). Moreover, at differs from ¢ only in the phase fac-
tor (since |a| = 1) and so |at|? = [1|. Since all of the physically significant
probabilities in quantum mechanics depend only on this squared modulus,
1 and a1 should represent the same physical object. This freedom to alter
the phase of ¢ is quite restricted, however. Since a must be constant, any
phase shift in the wavefunction must be accomplished at all spatial locations
simultaneously. Such a global phase shift, however, violates both the spirit
and the letter of relativistic law (you can’t do anything “at all spatial loca-
tions simultaneously”). Nevertheless, it is difficult to shake the feeling that
the physical significance of 1) “should” persist under some sort of phase shift
(again, because squared moduli will be unaffected). Notice that the relativistic
objection to a phase shift would disappear if one allowed the phase to shift
independently at each spacetime point, i.e., if one replaced 1 by ai, where a
is now a function of (x,y, z,t) taking values in U(1). The problem with this,
of course, is that, if ¢ is not constant, it will not simply “slip outside” of all
the derivatives in (2.3.1). Indeed, product rules will generate all sorts of new
terms that do not cancel so there is no reason to suppose that ay will even
be a solution to (2.3.1). A bit (actually, quite a bit) of vector calculus will, in
fact, establish the following: Let ¢ be a solution to (2.3.1) and let A(x,y, 2, 1)
be any smooth, real-valued function. Then

d)/ — ein/lw
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is a solution to

o (<=0 (A 90)) v = (im-a (v-F)) v a2

This last result is interesting from a number of different points of view.
Physicists in the early part of this century found in it some confirmation of
their long held belief that the nonuniqueness of the potential for an electro-
magnetic field and the nonuniqueness of the phase for a wavefunction were
both matters of no physical consequence. The reasoning went something like
this: In equation (2.3.1) the electromagnetic field to which v is responding is

-,

described by the potential (V, A). The corresponding 1-form is A = A,dz?,
where Ag = V and (A4, Az, A3) = —A (see page 63). In equation (2.3.2), (V, A)
is replaced by (V — %, A+ ﬁA) and the corresponding 1-form is A —dA which,
of course, describes the same electromagnetic field F = dA = d(A —dA) since
d? = 0 (see page 63). Classically, the potential was regarded as a convenient
computational device, but with no physical significance of its own outside of
the fact that it gives rise via differentiation to the electromagnetic field. Thus,
(2.3.1) and (2.3.2) should, in some sense, be “equivalent” (describe the same
physics). Now, the solutions to (2.3.1) and (2.3.2) are in one-to-one correspon-
dence (1) +» ™)) and the corresponding functions differ only by the phase
factor ™. Since [¢|> = |e?™4)|? at each point, all of the usual probabilities
calculated for ¢ and e*™ in quantum mechanics are the same so that these
should be two descriptions of the same physical object. Everything seems to
fit together quite nicely.

This placid scene was disturbed in the late 1950s when Aharonov and Bohm
[AB] suggested that, while the phase of a single charge may well be un-
measurable, the relative phase of two charged particles that interact should
have observable consequences. Their proposed experiment (later confirmed by
Chambers in 1960) is described on page 6 of [N4]. The potential had now to be
taken seriously as a physical field and not merely a mathematical contrivance.
This being the case, one is no longer free to regard a phase shift ¢y —s e?"24)
as devoid of physical content. Indeed, physicists have gone to quite the other
extreme and elevated the invariance of electrodynamics under such local phase
transformations to the status of a basic physical principle (this is an instance
of the so-called “gauge principle” which lies at the heart of modern gauge
theory). To see more clearly the consequences of such a principle we consider
the special cases of (2.3.1) and (2.3.2) in which the electromagnetic field is
“turned off.”

If the electromagnetic field is zero one may choose the potential A for which
(v, A) = (0,0) so that (2.3.1) becomes the usual free Schroedinger equation

= .0
(—iV)? e = on . (2.3.3)

1
2m
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On the other hand, the same (trivial) electromagnetic field is described by any
potential of the form (0 — %, 0+ VA). Begging the indulgence of the reader
we would now like to call this (V, A) and write (2.3.2) as

1 Y 7\ / .0 /
- ( iV nA) W = (’at nV) " (2.3.4)

Now suppose one adopts as a basic physical principle that electrodynam-
ics should be invariant under local phase shifts. In particular, then equa-
tions (2.3.3) and (2.3.4), with (V, A) = (-2, VA), are equivalent. Physicists
take the following rather remarkable view of this: Even in a vacuum (elec-
tromagnetic field zero) the requirement of local phase shift invariance (gauge
invariance) necessitates the existence of a physical field A (not the electro-
magnetic field — that’s zero — but the gauge potential field) whose task is to
counteract, or balance, the effects of any phase shift and keep the physics
invariant. Algebraically, this happens by adding to the operators that ap-
pear in the Schroedinger equation terms whose sole purpose is to cancel the
extra stuff you get from product rules for e*”*¢ when A is not constant.
The marvelous thing about this way of viewing the situation is that it pro-
vides a completely mindless way of ensuring gauge invariance in all sorts
of contexts. One need only fudge into the differential operators whatever it
takes to cancel the offending extra terms that arise from the product rule.
In electrodynamics it works just as well when the field is not turned off. In-
deed, “turning the field on,” i.e., coupling a particle to an electromagnetic
field, can be viewed in exactly the same light. A free particle satisfies (2.3.3).
To couple the particle to an electromagnetic field F', write F' = dA, where
A= Ay dz®, (Ao, Ay, Ay, Ag) = (A9, —A', — A2 — A3) = (V, A) and make the
substitutions

iV — —iV-nA and ig—m'g—nv

ot ot
to obtain ) ) 5
%(—zV—n/Q ¢—<zm—nV)w

which is (2.3.1). The solutions to (2.3.1) will describe the wavefunction of the
charged particle coupled to the field F'. The description is only one among
many possible descriptions, each differing from the others by a choice of phase
(gauge) determined by the particular A one has chosen for the representation
F =dA.

Finally, we show that the operator substitutions described above assume
a more elegant (and more familiar) form if we recast them in relativistic
notation. Here we let

o a9 9 0 0 =
(%0, 61, 02, 05) = (axoaxaxzams) = (atv)
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and 9
(0,01,0%.0%) = (00, 01,05, ~01) = (5.7
SO
i v i) =i (2L hinv -V 4ind
ot~ " i A VTR "
:i(ﬁo—i—inV, oMt +inAl,
P +inA 0 +inA’).
Since

(ii,-ﬁ) =i (gt,—ﬁ) =i (0",0',9%,0%),
the substitutions above simply amount to
0 — 0*+inAY, «a=0,1,2,3,
or, lowering the indices once again,
o — O0a+inAy, «a=0,1,2,3

(the sign is + rather than — because of our decision to include the conventional
minus sign in A= —7 A).

We will conclude our discussion of the Klein-Gordon equation by de-
scribing its two most important invariance properties: gauge invariance and
Lorentz invariance. We have already shown that the action A(w, ¢) is invariant
under gauge transformations and it follows that the same is true of its Euler-
Lagrange equations. Nevertheless, a direct proof is instructive. Thus, we con-
sider the equation

(0 —inAy) (0% —in A%)¢ +m?p =0 (2.3.5)

and a gauge transformation g(z) = e ~*4(*), The corresponding changes in the

potential and the matter field are, as usual,
A— AY=A+dA

and »
b =gl p=cinty,
Our objective is to show that, if ¢ satisfies (2.3.5), then

(O — i1 (A9)0) (8% — i1 (A9)%) ¢7 + m? 69 = 0. (2.3.6)

First, we compute



2.3. Spin Zero Electrodynamics 69

(0% —in(A%)y) ¢ = (0% —in(A* +0%A)) (ei"Agi))
— 9« (einA(b) o inAaei"AqS— inaaAe'inA(b
=tV 4+ inet" MA@
—inA®et "N —ind At N
="M 0% 9 —in A% ¢)
= et M9 —in AY) ¢.
In the same way,
(D — in(A9),) (ei"A¢) = i A (9, — inA)
SO
(00 —in(A%)a) (0% —in (A9)%) ¢7
= (90 — in (A%),) (e““‘(a@ - inAa)¢)
= et "M (9, —in Ay) (0% —in AY) .
From this it is clear that (2.3.5) implies (2.3.6). The Klein-Gordon equation
is gauge invariant.

We wish to show next that the Klein-Gordon equation is “relativistically
invariant.” Roughly, this means that the equation has the same mathematical
form in all inertial frames of reference, but the precise meaning of such a
statement in general will require some discussion. In this section we will be
content to spell out explicitly what is being asserted for the Klein-Gordon
equation alone. When we turn to the Dirac equation in the next section we

will describe precisely what is meant by “relativistic invariance” in general.

Thus far we have written the Klein-Gordon equation (2.3.5) only in
standard coordinates z°, 2!, 22, 23 for R"3, i.e., only in one fixed inertial frame
of reference. To emphasize this fact we will now write the derivatives d, and

0% explicity as 9/0x® and 7% 9/9x” so that (2.3.5) becomes

0 . 0
aff s 0 3 Y 0
n <8xa inAs(z”, ... x )) ((9955 inAg(z”,

..,173))¢(x0,...,13)+m2¢(x0,...,x3) =0.

(2.3.7)

The basic postulate of Special Relativity is that one inertial frame of reference
is as good as another. The coordinates y°,y',vy?, 4> for R"3, supplied by

another such frame of reference are assumed to be related to z°, 2!, 22, 23 by

y* = A%2", a=0,1,2,3,
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where A = (A%g) is an element of the so-called “proper, orthochronous Lorentz
group” EJ_ ={A:A"nA=n,det A =1,A% > 1}, where 5 is on page 58.

Remark: The “general Lorentz group” L consists of those A that satisfy
AT A = 7, and these relate arbitrary orthonormal bases in R3. The “or-
thochronous” condition A%, > 1 ensures that A does not reverse time orienta-
tions, i.e., 2% > 0 implies y = A%, 2% > 0, for timelike or null vectors, while
det A = 1 (“proper”) then guarantees that A does not reverse the orientation

of the spatial coordinates (z!, 22, 23).

The inverse of A is written A~! = (A,”) so that
=Ny, B=0,1,2,3.
Furthermore, one has
A NP5 =n*P a,8=0,1,2,3

and
AT Mg’ P =1, 7,6 =0,1,2,3

(physical motivation for and basic properties of the Lorentz group are dis-
cussed in some detail in the Introduction and first three sections of
Chapter 1 in [N3]).

The precise assertion we are making about the Klein-Gordon equation is as
follows: If ¢ = ¢(2°,...,2%) is a solution to (2.3.7) and if we define ¢ =

o(y°,...,y%) by

then ¢ satisfies

9 - 9
B — —inda(t°....1") ) (= —inds(y°
U (3y0‘ inda(y’, w))(ayg indp(y’,
(2.3.8)

"'ayg))é(yoa"wy3)+m2(£(y0a"'7y3):O'

where A = Aadya so that A, = A(@%) = A(% %)
AL A (3%) = A A,

Remark: The essential, but rather camouflaged, issue here is that it is up to
us to specify what the wavefunction is to be in the new coordinates (i.e., how ¢
transforms under /31) and that, in order to satisfy the requirements of special
relativity, we must do this in such a way that it satisfies “the same equation in
the new coordinate system.” In this case, the wavefunction transforms trivially
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(physicists say, as a scalar), i.e., we simply rewrite ¢ in the new coordinates,
but there is no reason to expect such simplicity in general (compare this, for
example, with the transformation of a vector field on R?® under rotation of
the coordinate system).

Having spelled out exactly what we mean by relativistic invariance in this
case, the proof is just a simple calculation. First observe that

0 .2 ;

(ayﬁ _znAB(yO,...,y3)> ¢(y0a-..7y3)
_ 9

_ayﬂ

9 "
= Tym(/\aoy“,...)—inAﬁ(yO,...)d)(Aaoyaw)

o0y —inds (0, ... yP) o (0. YP)

0

0 or
=559 (Aaoyaa o

527 37 inAg®As (A Y. . ) ¢ (A Y2, )

0
é . 0,a 0,a
=Ag (3%5 —inAs(A,"y ,)) o (A" Y. ).
Similarly,
ifz'nfloé(yo TR ifinzzlg(yo ) o0 y?)
8ya K ) ayB ) ) K K
A A (2L i, () (2L inas(AL0ye, )
— Ao 3 Oz ¥ a Y 5. 8$5 o\ Da Y .-

x ¢ (A Yy, .. ).

Since 1% Ay? Ag® = 1"°, we have

3] . 0 . A .
ns (a —znAa(yO,...,y3)) (&Uﬁ - nAg(y07...,y3)> o0, ..., y°)

0 . 0 . :
=" <83ﬂ - znA.Y(xO, .. .,x?’)) <8x5 —inAs(2°, .. .,x3)> (20, ..., x%)

and from this it is clear that (2.3.7) implies (2.3.8).

2.4 Spin One-Half Electrodynamics

Electrons, protons and neutrons (unlike the 7 mesons of Section 2.3) have
spin s = % and so, according to the generally accepted scheme of (nonrela-

tivistic) quantum mechanics, should have a wavefunction with 2 (1) +1 =2
components. We intend to say just a few words on the rationale behind this
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and then refer those who are interested to the elegant, and quite accessible, ac-
count of these phenomena in Volume III of The Feynman Lectures on Physics
[Fey].

The classical Bohr picture of an atom (negatively charged electrons revolving
around a positively charged nucleus) suggests that an orbiting electron actu-
ally constitutes a tiny current loop. Such a current loop produces a magnetic
field which, at large distances, is the same as that of a magnetic dipole (lo-
cated at the center of the loop and perpendicular to the plane of the loop).
Such a dipole has a magnetic moment (a vector describing its orientation and
strength). Consequently, an electron in an atom has associated with it an “or-
bital magnetic moment.” Now, magnetic moments behave in interesting and
well-understood ways when subjected to external magnetic fields. In 1922 (just
before the advent of quantum mechanics), Stern and Gerlach carried out an
experiment designed to detect these effects for the orbital magnetic moment
of an electron. From the point of view of classical physics (the only point of
view available at the time), the results were quite shocking. Somewhat later,
the quantum mechanics of Schroedinger and Heisenberg, when applied to the
orbital magnetic moment of the electron, provided a qualitative, but not quan-
titative explanation of the outcome. Finally, it was suggested by Uhlenbeck
and Goudsmit that this discrepancy (and various others associated with the
anomalous Zeeman effect and the splitting of certain spectral lines) could
be accounted for if one assumed that the electron had associated with it an
additional magnetic moment, not arising from its orbital motion, but rather
from a sort of “intrinsic” angular momentum or “spinning” of the electron. The
suggestion was not that an electron actually spins on some axis in the same
way that the earth does on its, but rather that it possesses some intrinsic
property (called “spin”) that manifests itself in an external magnetic field by
mimicing the behavior of the magnetic moment of a spinning charged ball.
This intrinsic magnetic moment vector, however, must be of a rather peculiar
sort that one could only encounter in quantum mechanics. The Stern-Gerlach
experiment suggested that its component in any spatial direction could take
on only one of two possible values (1 with the proper choice of units). This
has the following consequence. Let us select (arbitrarily) some direction in
space (say, the z-direction of some coordinate system). The intrinsic mag-
netic moment of an electron has, at each point, a z-component o, that can
take on one of the two values +1. Which value it has will determine how the
electron responds to certain magnetic fields and so a complete description of
the electron’s wavefunction must contain this information. More precisely, the
wavefunction must be regarded as a function of not only x,y, z and ¢, but of
o, as well.

Q/J = w(x7y7 Z7 t? UZ)

However, since o, can assume only the two values £1, such a wavefunc-
tion is equivalent to a pair of functions ¥4 (z,y,z,t) = ¥ (z,y,2,t,1) and
Ya(z,y, z,t) = ¢ (x,y, z,t,—1). It is convenient to put these two together into
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a column vector and adopt the point of view that an electron (or any spin
one-half particle) has a two-component wavefunction

=(2)

The probabilistic interpretations of the wavefunctions in quantum mechanics
now run as follows: For each fixed ¢ and each region R C R?, J rV1 1y is the
probability at time ¢ that the particle will be detected in R with its spin vector
directed in the positive z-direction; [ R V2 1)y is the probability that it will be
found in R with its spin vector in the megative z-direction; fR P11 + Yo s
is the probability that it will be found in R at all.

Pauli formulated a theory of the electron along the lines suggested above
and, although this work was later superceded by that of Dirac, it provides
an instructive warm-up and we will spend a few moments outlining some of
its essential features. We will consider only stationary states ¥(x,y,z,t) =
P(w,y, 2) e~ and will focus our attention on the spatial part 1 (z,y,2) (a
proper treatment of time dependence should be relativistic, which Pauli’s
theory was not). Thus, we are interested in the two-component object

¢1 (x,y, Z)) ]

¥ (z,y,2) =
¢2 (J?, Y, Z)

Here z, y and z presumably represent “standard” coordinates in R? and we

(along with Pauli) will require that our theory be independent of which par-

ticular oriented, orthonormal basis for IR? gives rise to these coordinates, i.e.,

that it be invariant under the rotation group SO(3). We are therefore led

to ask the following question: How is the two-component wavefunction (z; )

transformed if the coordinate system is subjected to the rotation correspond-
ing to some element of SO(3)?

To answer this question let us first review the manner in which such issues
are addressed in classical physics and then decide what, if any, modifications
are required by quantum mechanics. If the coordinate system is subjected to
a rotation R € SO(3), then the state of the electron will be described by

a pair (i}), where each 1] is a function of the new coordinates z’,y’ and
2

z'. Now, it is conceivable that each v} is simply v; expressed in terms of

these new coordinates. This is, indeed, what we found to be the case for the

Klein-Gordon equation (see page 83). However, it is also conceivable that the

dependence of (:ﬁ} ) on (i; ) is more analogous to the transformation law for
2

an ordinary vector, or tensor field on R?. We will not prejudge this issue here,

but will simply make a few tentative assumptions about this dependence. We

assume, for example, that ¢} and ¢} are linear functions of ¥ and 9. The

reason is that, presumably, any differential equations one might arrive at for
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the wavefunction will be generalizations of the (linear) Schroedinger equation
and should (at least as a first guess) themselves be linear. Thus, for some 2 x 2
complex matrix T'= T(R) we have

v\ (a1
(wé ) —r (wz )

(here it is understood that both sides have been written in terms of one of
the two coordinate systems, x, y, z or 2/, y’ and z’). Assuming also (for the
moment) that the wavefunction is uniquely determined in each coordinate
system we find that a rotation by Ry € SO(3) followed by a rotation by
Ry € SO(3) must have the same effect as the rotation Ry Rs € SO(3). Thus,
we must have

T(R1Rz) = T(R1)T(Ry).

Similarly, each T'(R) must be invertible and satisfy

What we find then is that the rule T" which associates with every R € SO(3)

the corresponding transformation matrix T'(R) for (ﬁ;) is a homomorphism

into the group of invertible, 2 x 2, complex matrices. Identifying this latter
group with GL(C?) we find that T is a representation of SO(3) on C2. The
reason this information is useful is that all of the representations of SO(3)
are known. These are usually described somewhat indirectly as follows: In
Appendix A of [N4] it is shown that SU(2) is the (double) covering group of
SO(3). More precisely, there exists a smooth, surjective group homomorphism

Spin : SU(2) — SO(3)

with kernel £ (3} 9) and with the property that each point of SO(3) has an
open neighborhood V' whose inverse image under Spin is a disjoint union of
(two) open sets in SU(2), each of which is mapped diffeomorphically onto V'
by Spin. Now, consider a representation

h:SO(3) — GL(V)

of SO(3). Composing with Spin then gives a representation of SU(2).

Every representation of SO(3) “comes from” a representation of SU(2).
The converse is not true, however. That is, a given representation h
SU(2) — GL(V) of SU(2) will not induce a representation of SO(3) un-
less h(—g) = h(g) for every g € SU(2). The representations of SU(2) that do
not satisfy this condition are sometimes referred to in the physics literature
as “2-valued representations of SO(3),” although they are not representations

of SO(3) at all, of course.
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SUQ2)
Spin h=h o Spin
S0(3) GL(V)

h

Now, it is quite easy to write out some rather obvious representations of
SU(2). Let Clz1,22] be the vector space of all polynomials with complex
coefficients in the two unknowns z; and z5. For each £k = 0,1,..., let V;
be the subspace consisting of those polynomials that are homogeneous of
degree k:

cozlk + clzlkflzg + -+ ckzzk.
A basis for Vj consists of all polynomials Zlk_rzz’”, r = 0,1,...,k. Each
g = (3 §> in SU(2) gives rise to a linear transformation on Vj which

carries z," 7" 2," onto (2})*~"(24)", where

z] [ a v 21

24 [CA n )
These linear transformations are clearly invertible and so the assignment, to
each g € SU(2), of the corresponding element of GL(V}) is a representation
of SU(2), usually denoted

k
2

D2 1 SU(2) — GL(Vy),

and called the spin-j representation, where j = % One can show (see
[vdW]) that each of these representations is irreducible (i.e., that there is

no proper subspace of Vi that is invariant under every Dg(g), g € SU(2))
and that every irreducible representation of SU(2) with complex representa-
tion space is equivalent to one of these (two representations Dy : G — GL(V,)
and Dy : G — GL(Vs) of a group G are equivalent if it is possible to choose
bases for V; and Vs, so that, for each g € G, the matrices of D;(g) and
Ds(g) are the same). Furthermore, any representation of SU(2) can be con-
structed from these irreducible representations by forming finite direct sums
(the direct sum of Dy : G — GL(Vy) and Dy : G — GL(V2) is the repre-
sentation Dy @ Dy : G — GL(Vy @ Vs) defined by (D1 @ Ds3)(g)(v1,v2) =
(D1(g)(v1), D2(g)(v2)). In effect, we now have all of the representations of
SU(2).
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The polynomials have now served their purpose and it will be convenient to
note that V;, has complex dimension &k + 1 and so can be identified with €*+!
by identifying zlk_Tzzr, r=0,1,...,k, with the standard basis for C**'. The
linear transformations D% (g) can therefore be identified with (k-+1) x (k+1)
complex matrices. For example, k = 0 gives the trivial representation of SU(2)
on C (D%g) = (1) for each g € SU(2)), while k = 1 gives the identity

1

representation of SU(2) on €2 (D2(g) = g for every g € SU(2)). Note that
1

D? is the only irreducible representation of SU(2) on €2. The only other way

to get a representation of SU(2) on €C? is to form the direct sum of two copies

of DY:

(D°& D)) = () & (1) = ((1) 2) .

1
This, of course, leaves everything in €2 alone. Finally notice that D2 (—g) =

1
—D?2(g) and (D° @ D°)(—g) = (D° ® D)(g) so only this second example
descends to a representation of SO(3) (the trivial representation of SO(3) on
C?).

The situation we have just described would seem to present us with some-
thing of a dilemma. To ensure the rotational invariance of Pauli’s theory of
the electron we were led to seek a representation of SO(3) on €2 that would

transform the two-component wavefunctions (Zj;) when the coordinate sys-

tem is rotated. We find now that there is only one such (D & D°) and this
is the trivial representation. Under this representation the transformed wave-
1[)/
v}
However, this is clearly not consistent with the phenomenon (spin one-half)
which led us to two-component wavefunctions in the first place. Recall that
1/)1(33731’3) = 71’(%%2’ 1) and 71}2(3%%3) = 7/’(%%2’ _1)7 where £1 are the
possible z-components of the intrinsic magnetic moment of the electron. A
rotation which reverses the direction of the z-axis must interchange v; and

function ( ) would simply be ( oo ) written in terms of the new coordinates.

1o and so cannot leave (i;) unchanged. Thus, D @ DY is not consistent

with the structure we are attempting to model. Must we conclude then that
Pauli’s proposal is doomed to failure?

To extricate ourselves from this dilemma we must understand that there
is an essential feature of quantum mechanics that requires an adjustment
in the classical picture we painted earlier (pages 86-87). Our conclusion
that the transformation matrices T(R) satisfy T(R;R2) = T(R;)T(R2) and
(T(R))~* = T(R™!) and therefore give rise to a representation of SO(3) fol-
lowed from the assumption that the wavefunction is uniquely determined in
each coordinate system. This, however, is not (quite) the case. For example,

both + (i;) represent the same state of our electron since an overall sign

change has no effect on the probabilities described earlier (page 86) and all of
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the physical content of the wavefunction is contained in such probabilities. It
follows, in particular, that for a given R € SO(3), the transformation matrix
T(R) is determined only up to sign. Physicists would call T' a “2-valued rep-
resentation” of SO(3). This makes no sense, of course, but we have just seen
exactly how one can make sense of it. The appropriate tactic is to “go to the
covering space,” i.e., to represent a rotation, not by an element of SO(3), but

rather by two elements of SU(2) and seek the transformation law for (i;)

among the representations of SU(2). No longer being constrained to select a
representation of SU(2) that descends to SO(3), we have available one more

1
option, i.e., D2. With this choice each g = (3 g) in SU(2) would transform

the wavefunction (:ﬁ;) as follows:

() Y 0 (>
Notice, in particular, that if g = (_$ %), then Spin (&g) is the rotation

K2

about the z-axis through 7 (Appendix A, [N4]) and therefore reverses the

zaxis. Since
0 —1 U _ (5
—i 0 ¥ (0

and —i ( ¥2 represents the same state as W2 , the representation D%, unlike
P1 P1

D% @ DY, is at least consistent with our proposed model of spin one-half.
The program we have just described can leave one with the queasy feeling of

ambiguity. Suppose that one is given a frame in R? and wants to rotate by R €

SO(3) to a new frame and thereby a new representation of the wavefunction.

If Spin (4¢) = R, then Dz (g) (i;) and Dz (—g) (ﬁ;) = —Dz(g) (ﬁ;) are
physically equivalent and that’s fine, but it is difficult not to ask oneself, “But,
really, which is it?” The answer, interestingly enough, resides in the topologies
of SU(2), SO(3) and the spinor map. One is forced to regard a rotation of
frames in IR not as an instantaneous jump from one to the other, but as a
physical process that begins with one frame and continuously rotates the axes
to the new position. The transformation law for the wavefunction depends not
only on the end result of the rotation, but also on “how you got there.” For
example, the matrix

1 0 0
0 cost —sint
0 sint cost

represents a rotation through ¢ radians about the z-axis. As t varies from
0 to 27 one has a continuous sequence of rotations (i.e., a curve Ri(t) in
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SO(3)) that represents the physical process of rotating a frame through one
complete turn (360°) about its z-axis (identify each element of SO(3) with
the configuration of the axes that would result from applying that rotation
to the initial configuration). The curve Rs(t) in SO(3) defined by the same
formula, but with 0 < ¢ < 47 represents a rotation about the a-axis through
720°. Both R; and Ry begin and end with the same configuration, but there
is a real difference, both physically and mathematically.

Spin : SU(2) — SO(3) is a covering space (Exercise A.13, [N4]) and cov-
ering spaces have the property that curves in the covered space lift uniquely to
curves in the covering space once an initial point is selected (Corollary 1.5.13,

[N4]).

In particular, given a curve in SO(3) (representing a continuous rotation of
one frame into another) and a choice of either g or —g above the initial point
(frame), there is a uniquely determined element of SU(2) above the terminal
point that represents the transformation law that gives the wavefunction in
the new frame. No ambiguity at alll

For the curves Ry and Ry in SO(3), both of which begin and end at the
identity, one can write out the lifts g; and go starting at (§ ¢) explicitly. Both
are given by

t t

COS§ — ’LSIH§

. . t t
7 S1n 2 COS B}

but with 0 <t < 27 for g; and 0 < ¢t < 47 for g2 (see Appendix A, [N4]). But
notice that g; is a path in SU(2) from (§9) to — (} 9), whereas g, begins and
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ends at ({ ). Thus, a rotation of the frame through 360° changes the sign
of the wavefunction, but a rotation through 720° leaves the sign unchanged,
even though both rotations begin and end with the same configuration of the
axes. Mathematically, the difference between R, and Rs is that they represent
two different homotopy classes in 7 (SO(3)) = Z3. Ry is nullhomotopic since
it is Spin ogs and go is a loop at (} ¢) in SU(2) 2 S3, but R; is not because
it lifts to a path g; from ({9) to —({9), in SU(2).

The next step in this program would be to look at the differential equa-
tions proposed by Pauli for (ﬁ;) and decide whether or not they assume
the same form when the coordinate system is rotated and the wavefunction is

1
transformed by D2 (they do!). Since Pauli’s theory was eventually abandoned
(because it is not relativistically invariant) we shall not pursue this here, but
will instead turn to the profoundly successful alternative proposed by Dirac.

Remark: Before moving forward with our discussion of spin one-half we
observe that the arguments we presented (on pages 85-86) for modeling such
a particle with a wavefunction having two components really had nothing
specific to do with spin one-half. The essential feature that led to the dou-
bling of the number of components was the existence of an “internal struc-
ture” that could be represented by a parameter (o, for the electron) that
could assume precisely two values. There are other examples of this sort
of thing, e.g., the “isotopic spin” parameter of a nucleon which determines
(in the absence of electromagnetic fields) whether the particle is a proton
or a neutron. The two components of the nucleon wavefunction then rep-
resent the “proton part” and the “neutron part” of the doublet. Indeed, it
was this example that provided the initial motivation for Yang-Mills theory
([YMm]).

Dirac set out to construct a relativistically invariant equation that would
be satisfied by the wavefunction of a spin one-half particle. He reasoned
that his equation should, in some sense, “imply” the Klein-Gordon equa-
tion since, as we have noted, this is just the quantized version of the
relativistic energy-momentum relation E? = p? + m?. However, he also
sought to remedy certain physical problems associated with the appearance
of the second time derivative in the Klein-Gordon equation (for a discus-
sion of these see Chapter 6 of [Hol]). Thus, Dirac sought a first order linear
equation which, upon iteration, yielded the Klein-Gordon equation. Some-
what more precisely, Dirac was in the market for a first order differential
operator

D =700 + 7101 + 205 + 4203 = 704 (2.4.1)

(0 = miw a=0,1,2,3) such that, when applied to the equation

Do = —img, (2.4.2)
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the result is the free Klein-Gordon equation

17 06050 = —m’¢. (2.4.3)

The problem is to determine the v, a = 0,1,2,3, so that this will be the
case. Apply the operator P in (2.4.1) to both sides of (2.4.2).
D (Do) = P(—ime)
(7"‘3 )( P959) = —im P
Oa (0p9) = —im(—img)
( Ba )¢ = —m¢ (2.4.4)

This will agree with (2.4.3) if
70‘75%% = naﬁaaaﬁa

i.e., if
7B =nf ,=0,1,2,3. (2.4.5)
Now, (2.4.5) clearly cannot be satisfied if the v are taken to be numbers
(none can be 0 since n°* = £1, but 7*v# = 0 if a # ). Dirac’s idea was to
allow ¢ to have more than one complex component and interpret (2.4.5) as
matrix equations (one for each o, § = 0,1, 2, 3). Specifically, if

¢1

Pn

and Jg¢ is computed entrywise, then D¢ = v*0,¢ would require the v* to
have n columns (the reason we do not immediately follow Pauli’s lead and take
n = 2 will become clear shortly). To iterate the operator and define P(P¢)
requires that the v* have n rows as well. Now, (2.4.5) must be interpreted as
matrix equations

vy =nPid, «,8=0,1,2,3,

where id is the n x n identity matrix. Notice, however, that each n®? id
is a symmetric matrix. To accommodate this fact we observe that, because
00030 = 0304 ¢, (2.4.4) can be written

1
5 (7 + VPy*) 00050 = —m?¢

so that we might just as well have written (2.4.5) as

1

5 (77 + 7% =5
and so the matrix conditions we are currently trying to satisfy may be taken
to be

NOyB By = 2pBid, o, 8=0,1,2,3. (2.4.6)
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Finding square matrices that satisfy (2.4.6) is actually a problem familiar
to algebraists. What we are looking for here is a matrix representation of the
Clifford algebra of (R*,( , )), where ( , ) is the Minkowski inner product.
There are many solutions, but the smallest n for which such matrices can be
found is n = 4. Thus, Pauli’s choice of n = 2 cannot succeed in this context
(we will eventually have to sort out how to reconcile this with the arguments
we presented earlier to the effect that a spin one-half wavefunction should
have two components). It is, in fact, easy to write down a set of 4 x 4 matrices
satisfying conditions (2.4.6). Letting

ooy oo =i (10
o) P o) T lo -1

be the Pauli spin matrices and taking oy to be the 2 x 2 identity matrix, one
easily verifies the usual commutation relations

o? = oy, 1=1,2,3
Y - oy (24.7)
005 = —0404, Z,]:1,273, Z;éj

Now, we define

00 1 0
o (0 o) [0 o 0 1
T ey o) |1 0 0 o
01 0 0
00 0 -1
(o —a) o oo -1 o
T\ o) o1 0o o
10 0 0
0 0 0 i
, (0 —o) o 0 —i o
T\ e, 0 ) o =i 0 o0
i 0 0 0
0 0 -1 0
s (0 —o\ |o 0o o0 1
T e o) l1 0 0 o0
0 -1 0 0

It is now a simple matter to verify that the conditions in (2.4.6) are satisfied
by these matrices, e.g.,
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7172 + ’72’}/1
. 0 —01 0 —02 + 0 —02 0 —01
o1 0 09 0 o9 0 o1 0
—0109 0 n —0201 0
0 —0109 0 —0901

_ (—(0102 + 0901) 0 >
0 — (0102 + 0201)

1 0 0 O
0 0 0 1 0 O
= 4pt] = 2n'?
0 0 ) [4pt] K 0 0 1 0
0 0 0 1
and
T W v 0 -0 0 —o1
g1 0 (o} 0
—9 70’% 0 — 9 ao 0
0 —U% 0 (o)
1 0 0 O
_ ol 0 1 0 O
" 0O 0 1 0
0 0 0 1
etc.

Remark: There are many other possible choices for 72, 4!, 42 and ~3,
many of which are used in the physics literature. Indeed, for any nonsingular
matrix B, one can replace each v* by By*B~! and obtain another set of “Dirac
matrices” satisfying (2.4.6). Conversely, one can show (see, e.g., pages 104-106
of |Gre|) that any set of 4 x 4 matrices satisfying (2.4.6) differs from our
choice by such a similarity transformation. Algebraically, this means that, up
to equivalence, there is only one representation of the Clifford algebra of R!3
by 4 x 4 matrices. The choice we have made is called the Weyl, or chiral
representation.

With 70, 4!, 42 and 7> the 4 x4 matrices described above, the wavefunction
for our spin one-half particle has four components
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P
_| ¢
v 3
P4
and the Dirac equation (expressed in standard coordinates on R'?) is
P = —im¢
V0o = —im¢
0 0 80 — 63 —81 + z62 d’l
0 0 —01 — 105 Op + O3 02
Oy + O3 01 — 109 0 0 b3
01 + 10, Oy — O3 0 0 on
$1
= —im 02
3
b4

We will discuss the relativistic invariance of the Dirac equation shortly, but
first we would like to show that, in the massless (m = 0) case, there is a
simpler solution to the problem of finding a first order operator D = y*0,
which, when applied to the equation

D¢p=0
yields the m = 0 Klein-Gordon equation
n°*?9,05¢ = 0.

For this purpose we write this last equation as

D000 = 60,0;6. (2.4.8)
Now, D¢ = 0 can be written

V0 = —7'ig,
or, assuming +° is invertible,

dop = —p'0ip (u'=(")"1, i=1,2,3).
Then
BoBo¢ = Bo(— ' D) = —p'Bo0ip
= ' 0009 = —i' 0y (— 1’ 9;0)

0ot = p' 1 0;0;9. (2.4.9)
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Now compare (2.4.8) and (2.4.9). Again, p‘y/ = 6% cannot be satisfied by
numbers so we rewrite (2.4.9) as

1. o

00 = 3 (' + )00, (2.4.10)
and seek matrices satisfying

w4+t =269 14d, 0,5 =1,2,3. (2.4.11)
In the terminology of algebra, matrices satisfying the conditions (2.4.11)
constitute a matrix representation of the Clifford algebra of (R?, {, )), where
(', ) is the usual positive definite inner product on IR3. Notice that the con-
ditions (2.4.11) coincide with the commutation relations (2.4.7) for the Pauli

spin matrices o1, o9 and o3. In particular, there is now a 2 x2 solution to the
problem so, in the massless case, our wavefunction can have two components

()

(the reason for the peculiar numbering will become clear soon). One obtains an
operator D = y*0,, of the required type by taking, for example,

A =gy = ((1)(1)) and 7' = ' = —0y, i =1, 2, 3. Thus,

(1 0 0 -1 0 1 0

| a -0 —81 + 0y
“\ -0, —io, S+ 05 )

The corresponding equation D¢ = 0 then becomes

0o — 03 —01 + 10y s\ _ [0

and is known as the Weyl neutrino equation. Notice that this is just what
one would obtain from the Dirac equation with m = 0 and a wave- function
of the form

0

0

?3

b4

For future reference we note also that the m = 0 Dirac equation for a wave-
function of the form

b1
G2
0

0
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<50+83 01 —i32> ( o1 ) _ < 0 > (2.4.13)
81 + 182 80 — 83 ¢2 O

and that the coefficient matrix in (2.4.13) is the formal conjugate, transposed
inverse of the coefficient matrix in (2.4.12). The significance of these obser-
vations will emerge in our discussion of the transformation properties of the
wavefunctions and the corresponding invariance properties of the equations.
Now we return to the issue of the Lorentz invariance of the Dirac equation.
The problem, as it was for the Klein-Gordon equation (page 82), is to show
that the Dirac equation has the same form in any other coordinate system

reduces to

Y0, yt, y?, y? for RY3, related to the standard coordinates 2°, z!, 22, 23 by
Yo = A%aP, a=0,1,2,3,
where A = (A%) € £I. However, since the Dirac wavefunction has four

complex components, this will require finding a representation 7T : £I_ —

GL(C*) of LI on C* which, if taken to be the transformation law for the
wavefunction, preserves the form of the Dirac equation (cf., the discussion
of the two-component Pauli theory on pages 86-93). As was the case for
SO(3) in the Pauli theory, it so happens that all of the representations lljr
are known, that they are most conveniently described in terms of a two- fold
covering group of EI and that, because of the nature of a quantum mechanical
wavefunction, it is actually the representations of the covering group that do
not descend to EI that turn out to be of most interest. We begin with a brief
summary of the relevant results (see Chapter 3 for more details).

Identifying LI with a subset of RS one finds that it is a submanifold
diffeomorphic to SO(3) x R? and so is a 6-dimensional Lie group containing
SO(3) as a closed subgroup. We denote by SL(2, C) the group of 2 x2 complex
matrices with determinant one. Identifying SL(2, C) with a subset of C* = R®
one finds that it is a submanifold diffeomorphic to S® x R? and so it is also
a 6-dimensional (simply connected) Lie group. Note that SU(2) is a closed
subgroup of SL(2,C). Now, we have already described a two-fold covering
map

Spin: SU(2) — SO(3)

and we wish now to show that this is, in fact, the restriction to SU(2) of a
two-fold covering map of SL(2, C) onto EJ_, also denoted

Spin: SL(2,C) — L.

The construction of this map is carried out in detail in Section 1.7 of [N3|
so we will be brief. R'? can be identified with the linear space H of 2 x 2
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complex Hermitian matrices

20+ 23 xt — 422
xTr =
b + 422 20 — a3
= 2% + 2tor + 2?09 + 2303 = 2%,

where the squared norm is taken to be the determinant. Observe that each of
the coordinates x can be expressed as

1
xt = §trace(aax)

so that 3.1
x = (;J Etrace(aam)oa.

Now, for each g € SL(2,C) we define a map A, : H — H by

Ag(z) = gxg .

Note that Ag(x) is, indeed, in H because Ag(ac)T = (gzg")7T = (gzg")T =
gzg' = Ay(x). Also note that, for g € SU(2) C SL(2,C), g' = g~*. Now,
A, is surely linear and satisfies det(Ay(z)) = det(gzg') = det(z) so it pre-
serves the Minkowski inner product on H = R"3. Thus, A, is an orthogonal
transformation and, with a bit more work (page 77, [N3]), one can show that
it is proper and orthochronous. Now let

Ag(z) = y*oa.
Then
fe 1 1 =T
ye = Etrace(UaAg(x)) = itrace(aagxg )
1
= itrace(oag(xﬂag)g—r)
1
= gtrace(oagogg—r)xﬁ
= A%a”
where

1
A% = itrace(oagoggT), a,3=0,1,2,3.
Thus, (A%)a,6=0,1,2,3 is in ﬁj_ and we define Spin: SL(2,C) — EI by

Spin(g) = (A%)a, s=0,1,2.3

for each g € SL(2,C). One then shows that Spin is a two-fold covering group
for EI and that its restriction to SU(2) agrees with the map of the same
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name discussed on page 88. Before proceeding we will record one additional
fact that we will need shortly. Notice that

1 1
A% = §trace(oa90B§T) = §trace(0ﬁ(§TUa9)>

so that 3

9 oag=> A%os. (2.4.14)
B=0

Now we proceed just as we did for SO(3) in our discussion of the Pauli
theory. Consider a representation

h:Ll — GL(V)
of /Jl. Composing with Spin then gives a representation of SL(2,T).

SL(2,C)

Spin

cl p GL(V)
Thus, every representation of EI comes from a representation of SL(2,C),
but conversely, a representation of SL(2,C) will descend to a representation
of EJ_ if and only if it takes the same value at +g for each g € SL(2,C) (all
others are of the “2-valued” variety).

The representations of SL(2,C) are all known and are described in some
detail in Section 3.1 of [N3]. We will limit ourselves to a brief discussion of just
those items that are relevant to our present context. There are a few obvious
representations of SL(2,C) on C". By sending every element of SL(2,C) to
the n x n identity matrix one obtains the trivial representation which leaves
everything in C” fixed. When n = 2 one also has the identity representation
which sends each g = (a ﬂ) in SL(2,C) to the linear transformation on C?

v o
defined by
2! a B 2! az! 4+ B2?
_> = .
22 v ) \2? vzt + 422
This representation is generally denoted

DGO SL(2,C) — GL(T?)

and called the left-handed spinor representation of SL(2, C). Identifying
the linear transformation D(2:0)(g) on €2 with its matrix relative to the
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standard basis for €2 one can write
D'E0(g) =g
for each g € SL(2,C). Another, somewhat less obvious, representation
D©3): SL(2,C) — GL(T?)

of SL(2,C) on €C? sends each g to the linear transformation whose matrix
relative to the standard basis is the inverse of the conjugate transpose g'
of g (called the right-handed spinor representation of SL (2, C)). For
simplicity we again write

D)= (g") ",

Remarks: The map that sends g to (the linear transformation on €? whose
matrix is) (g7)~! is also a representation of SL(2,C), but it is equivalent to
D9 The reason is that, if B = ( 0 1), then, for any g = (a '6) in

-1 0 vy 8
SL(2,C),
e BgB™'=(g")".

1
It follows that D(®2) is equivalent to the conjugation representation

1 1
g — g. D9 and D2 are, however, not equivalent as representa-
tions of SL(2,C). To see this, suppose there were a matrix B such that
BgB~' = (g")~! for each g € SL(2,C). Then, in particular, we would have
trace(g) = trace(g')~! for each g € SL(2,C). This, however, is not true for
~2i 0 1,
g= ( ; li) € SL(2,C) since (") "' = ( 201 20) It is interesting to note,
2 1

however, that g — g and ¢ — (g')~! are equivalent as representations of
SU(2) since there gT =g~ ' so (g7~ =g.

There is a precise sense in which all of the representations of SL(2,C) can
be constructed from D29 and D©:2). Rather than describing this procedure
in general we will be content to illustrate it in the only case of real interest
to us, i.e., the representations of SL(2,C) on C*. The most obvious way to
construct a representation on C* from two representations on €2 is by forming
their direct sum. For example, we can define the representation

DGO g DOD) . §L(2,C) — GL(TY)
by
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where all of the entries are 2 x 2 matrices and we are again identifying a
linear transformation on €* with its matrix relative to the standard basis.
Similarly, one can define the direct sum of any such pair. A somewhat less
obvious procedure for building a representation on €* is the tensor product
of two representations on C2. For instance, the representation

D(z3) = D39 g pO3) . (2, €C) — GL(TY)

can be described as follows: For each g = (3 g) € SL(2, €), we define

a(@)t BEH!
gt 6(gh)t
ab —ay  BS Py
—af ac -8B Ba
S T S o]
—’yB Y& —6p oo

—
W=
Nl

-

—~
~

Note that D(z:2)(—g) = D(z:2)(g) so D(z:2) descends to a representation of
EI on C* (also denoted D(%’%)). One can show that D(z:2) is equivalent to
the natural (vector) representation of EI on R'3. Similarly, one can define
such representations as D19 = D(3:0) @ D(:9. One can show that these
are irreducible, whereas such things as D0 g D(O*%), of course, are not.
From our point of view the important fact is that we have just described all
of the representations of SL(2,C) on C* (up to equivalence). Proving the
relativistic invariance of the Dirac equation therefore amounts to searching
among these few representations of SL(2, C) on C* for one which, if adopted
as the transformation law for the 4-component Dirac wavefunction, will lead
to a transformed wavefunction that satisfies the same (Dirac) equation in the

transformed coordinate system.
Begin with the Dirac equation in standard coordinates z = (29, 21, 22, %)

on RS,
(yﬁag + im)gf)(w) ~0. (2.4.15)

Introduce new coordinates y = (y°, y',4%,y%) on RY3 by
y* =A%2", a=0,1,2,3,

where A = (A%) € EI and define §,, = %, a=0,1,2,3. Then

o oy 0 o
5= 508 " o oye B0
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Let g € SL(2,C) be such that Spin (+g) = (A%). Thus,

1
A% = itrace (aagaggT) , a,8=0,1,2,3.
Our objective is to find a representation
p:SL(2,C) — GL(CY)

such that, if
o(y) = p(g)(d(A~'y)),

then (2.4.15) implies
(y“éa n zm) d(y) = 0. (2.4.16)
We begin by simply rewriting (2.4.15) in the new coordinates

YP5¢ +ime =0

v (Aaﬁ 804) <(P(9))_1€£(y)) +im(p(g)) to(y) =0

Y (p(9)) " A% Dadly) + (p(9) ™ (imdly) ) = 0.
Multiply through by p(g) to obtain
p(9)7° (p(9)) T A%Dad(y) +imd(y) =0
((p(g)’yﬁ (p(g))‘lA“/a)éa + im)é(y) =0
which will agree with (2.4.16) if and only if

p(9)7" (p(g)) 1A% =~ (2.4.17)

This then is the condition that our representation p must satisfy in order to
preserve the form of the Dirac equation. We obtain a more convenient form
of this condition as follows:

(P97 (p(g)) 1A% = 7~
(P (p(g)) ™" = A"

7 (p(9) 7" = (plg) AL
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77 = (p(9) T AL (0(9))
7 = 82 (((9) 9 ((9)))
A% = (p(9)) """ pl9)

(p(9)"'%p(9) = A%, @ =0,1,2,3. (2.4.18)

At this point one need only check each of the representations p of SL(2,TC)
on C* described earlier in the hope of finding one that satisfies (2.4.18). One’s

1
hopes are not dashed. The winner is DY P D(O’i)7 as we now show. With
72,41, 4% and 43 as on page 96 and

we compute

(p(9)""°p(g) = (ngog g_lao(()gT)_l) (2.4.19)
and, for ¢ =1,2, 3,
(p(9) "' plg) = (gT?fig _g_laa(gT)_1> : (2.4.20)

On the other hand,

AaB’Vﬁ = A% + A%y + A%y + A%Y°

0 _
— A(XO < 0'0) +Aa1 (0 O'1>
oo 0 o1 0
0 —02 0 —03
A“ A®
T A% (0’2 0 ) tA (03 0 )
3
0 Aaogo - Z Aaiﬂi
i=1

e = : (2.4.21)
> A%os 0
B8=0

SO

Now, for any a = 0,1,2,3, the 21-block in (p(g))"'v*p(g) is §' 0ag and the
21-block in A“B’yﬁ is Z?ﬁ):o Ao and these are equal by (2.4.14). The equality
of the 12-blocks in (2.4.18) follows by taking inverses on both sides of (2.4.14).
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More precisely, one observes that

1 1(—T —1

(37 00g9) ' =970 (@) =g 0a(@")

and, from a brief calculation that we will leave for the reader,

3
3 -1 AOOO'()*ZAOiCTZ’, « :0
@ =1
ZA 898 = 3
p=0 —A%00 + Y A%0s, a=1,23

i=1

With this we have established the Lorentz invariance of the Dirac equation.
The emergence of the representation D0 ¢ DO:3) a5 the appropriate

transformation law for a Dirac wavefunction has interesting and important

consequences that we will briefly explore. Let us write the Dirac wavefunction

¢ as

?1
I IR I )
0= ¢3 ( ¢r ) 7
o

where ¢, = (i;) and ¢p = (¢j ) Since ¢ transforms according to D(z:0) g

D(O’%),qb,; and ¢p transform according to D0 and D(O*%), respectively.
Furthermore, the Dirac equation becomes a pair of coupled equations for ¢y,
and ¢g:

V% 0ap = —tmo

3
0 g 0 — 02-81-
, o ; 22 NP (K
. PR bR

(2.4.22)

In particular, in the massless (m = 0) case one obtains two uncoupled
equations
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3

<aoao - Za,@) ¢r =0 (2.4.23)
i=1

3
<aoao +y ai&) L =0 (2.4.24)
i=1

which are, of course, just equations (2.4.12) and (2.4.13). To understand the
significance of ¢p and ¢ in general, the relationship between our current
model of spin one-half particles as 4-component objects and our earlier (2-
component) view of spin one-half (pages 85-86) and just what (2.4.23) and
(2.4.24) have to do with neutrinos (see page 100) we must discuss yet another
symmetry (invariance property) of the Dirac equation.

The Dirac equation is invariant under the proper, orthochronous Lorentz
group ,CI because we were able to find a (“2-valued”) representation of ﬁl
which, if taken to be the transformation law for the wavefunction, led to a
transformed wavefunction that satisfied the Dirac equation in the transformed
coordinate system. Now we wish to consider a coordinate transformation,
called spatial inversion, that does not correspond to an element of £1. Its
matrix is

1 0 0 0

0 -1 0 0
m =

0 0 -1 0

0 0 0 -1

and its effect is simply to switch the orientation of the spatial coordinate sys-
tem. Note that, since 72 is the 4 x4 identity matrix, 7 generates a group of
coordinate transformations which we may denote Zo, since that’s what it is
isomorphic to. In order to prove the invariance of the Dirac equation under
spatial inversions we will find a representation p: Zy — GL(C*) which, if
taken to be the transformation law for ¢, leads to a transformed wavefunction
that satisfies the Dirac equation in the transformed coordinate system. Note
that, since (7°)? is the 4 x4 identity matrix, the assignments
id — id
T —°

define a representation p of Zy on C*. We will show that this does the job.
Begin with the Dirac equation (2.4.15) in standard coordinates
r = (2%, 21,22, 2%) on RY3. Introduce new coordinates y = (y°,y', 9%, y3)

on R by y* = Aaﬁxﬁ, a = 0,1,2,3, where A = (Aaﬁ) is in Zy. Define
Do = 0/0y*, @ =0,1,2,3. Then Op = Aaﬂéa. Now define ¢(y) by

é (y) = p(A)(d (A 'y)).
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Substituting into (2.4.15) as on pages 106-107 gives

((p(A)7 (p(8)) 7 A%)da + im ) (y) = 0
which will be the Dirac equation if
(p(A)Y7(p(A)) 'A% =%, a=0,1,2,3,

ie., if

(p(M) ' %p(A) = A%7°, «=10,1,2,3 (2.4.25)
(see page 107). Now, (2.4.25) is obviously satisfied if A = id so we need only
verify that it is also satisfied if A = 7. In this case, (2.4.25) becomes

’yO’ya’yO:ﬂ-aﬁ’yBa a207172737

700y 0 — 0
and
vy 0 = -4t i =1,2,3.
Since these are all easy to verify directly we have established the invariance
of the Dirac equation under spatial inversion.

Notice, in particular, that if we write our Dirac wavefunction ¢ = (i; ) as

on page 109, then, under a spatial inversion, it transforms as follows:

o= () o= (2 ) ()= ().

Switching the orientation of the spatial coordinate axes interchanges ¢y and
¢r and one therefore thinks of these two components as having opposite
“handedness” or “chirality.” In particular, in the m = 0 case one can regard
(2.4.23) (respectively, (2.4.24)) as equations for a particle that is massless,
spin one-half and “left-handed” (respectively, “right-handed”). Since the dis-
covery that, in S-decay processes (in which a neutrino is emitted), parity is not
conserved, these equations have been regarded as potential models for the neu-
trino. Lee and Yang ([LY]) suggested (2.4.23), but Feynman and Gell-Mann
([FG-M]) showed that the experimental evidence suggests (2.4.24) (“neutri-
nos spin to the left”). In the general (massive) case one thinks of a spin one-half
particle as having two chiral components ¢, and ¢g, each of which has two
additional components representing the possible spin states.

One final invariance property of the Dirac equation is worthy of note. If 6
is some real constant so that € is in U(1), then

(Y*0a +tm)¢ =0
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obviously implies ‘
(Y% 0a +im) (e ¢) = 0.

The Dirac equation is therefore invariant under the global U(1)-action ¢ —
e p. Just as was the case for the Schroedinger and Klein-Gordon equations,
elevating this global symmetry to a local gauge symmetry in which 0 is a
function of aco, z', 22 and 23 requires the presence of an electromagnetic gauge
potential. In the physics literature such potentials are included by “minimal
coupling,” i.e., by replacing the ordinary derivatives d, in the Dirac equation
by “covariant derivatives” 0, + inA, (see pages 76-80).

The problem of molding all of the information we have assembled thus far
into a gauge theory model of the type described in Section 2.1 is complicated
by a number of issues. Recall that in the spin zero case (Section 2.2) we be-
gan with an electromagnetic field (i.e., a connection on a U(1)-bundle over
spacetime) and the various representations of U(1) on C and, from them,
constructed complex scalar fields, an action and the corresponding Euler-
Lagrange equations. The resulting Klein-Gordon equations happened to be
Lorentz invariant. Our point of departure in this section has been to insist
at the outset on the relativistic invariance of the free particle equations. This
led us to a wavefunction taking its values in C* whose ezternal symmetry
(Lorentz invariance) was expressed in the form of a transformation law corre-
sponding to a specific representation of the double cover SL(2, C) of LI. This
suggests that, in a corresponding gauge theory model, the wavefunction is a
matter field on some SL(2,C)-bundle over spacetime. However, electrons are
coupled to electromagnetic fields and these are connections on U(1)-bundles,
not SL(2,C)-bundles, over spacetime. Furthermore, gauge invariance refers
specifically to the internal symmetry of a particle reflected in the behavior of
its wavefunction under changes in the local gauge potentials for the electro-
magnetic field so this notion also “lives” in a U(1)-bundle. To build a proper
gauge theory model for Dirac electrons coupled to electromagnetic fields will
require the “splicing together” of the external SL(2,C)-bundle and the in-
ternal U(1)-bundle into a single SL(2,C) x U(1)-bundle on which both the
electron and the electromagnetic field may be thought to live. This turns out
to be a relatively simple thing to do and we will outline the construction
shortly.

A more delicate, and much more interesting, obstacle is one that we could
evade altogether by simply continuing to restrict our attention to the space-
time R'3 and its open submanifolds. From the perspective of the workaday
world of particle physics this would be an entirely reasonable choice since it
amounts to ignoring gravitational effects and these are generally negligible
in elementary particle interactions in the laboratory. From the perspective of
topology (and nonperturbative quantum field theory), however, such a choice
would “evade” the best part. We will conclude this section with a brief synop-
sis of the issues involved in describing spin one-half particles that live in more
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general spacetimes where gravitational effects are not neglected. We will deal
with these issues in detail in the remaining chapters of the book.

A spacetime is a 4-dimensional (second countable, Hausdorff) manifold X
with a “Lorentz metric” g (this is a semi-Riemannian metric with the prop-
erty that each tangent space T,(X) has a basis {eg, e1, ea, es} for which
g(x)(ea,€e3) = nap). Thus, each T, (X) with its inner product g(z) can be
identified with IR''3. The general Lorentz group L therefore acts on the or-
thonormal bases of each T, (X). We are, however, only interested in bases
related by elements of /31. Although one can isolate such a collection of bases
at each T} (X) individually just by selecting an isomorphism onto R, an un-
ambiguous choice over the entire manifold X is possible only if X is assumed
orientable and “time orientable.” We will discuss this latter condition in more
detail in Chapter 3; essentially, one assumes the existence of a vector field V'
on X that is timelike (g(z)(V(z), V(z))) > 0 for each z € X) and so makes
a smooth selection over X of a timelike direction at each point that we may
(arbitrarily) decree “future-directed.” We will adopt both of these assump-
tions and thereby obtain, at each point, a family of oriented, time oriented,
orthonormal bases for the tangent space related by elements of EI.

Remark: We will find that compact spacetimes necessarily violate certain
rather basic notions of causality (they contain closed timelike curves). For this
reason we will henceforth restrict our attention to the noncompact variety.

Now, Lorentz invariance means invariance under EI. When X = R"3, bun-
dles over X are trivial so gauge fields, matter fields, etc., can all be identified
with objects defined on X. Furthermore, each tangent space can be canoni-
cally identified with X itself so LZI acts on X. In the general case, none of
this is true. In particular, choosing Lorentz frames and acting by EI on such
frames cannot take place globally on all of X, but only point by point. To
describe all of this precisely we will build (in Chapter 3) the “oriented, time
oriented, orthonormal frame bundle” of X. This is a principal L’I-bundle

Ll —cx) s x

over X whose fibers consist of the oriented, time oriented, orthonormal bases
for the tangent spaces to X. The action of EI_ on L£(X) will simply carry one
such basis onto another (above the same point in X) and one can make sense
of “Lorentz invariance” for matter fields associated with this bundle by some
representation of ﬁfr.

The frame bundle EI — L(X) — X exists for every oriented, time ori-
ented spacetime and so presents no real obstacle to our program. However,
there is an obstacle (or, rather, “obstruction”). The fibers of £(X) are all iso-
morphic to EI, but the Dirac wavefunction did not arise from a representation
of EI on ©*. Rather, it was determined by the representation D(z:0) g DO,3)
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of SL(2,C) on €* Thus, to regard a Dirac electron as a matter field in the
sense of Section 2.1 it will be necessary to “globalize” over all of X the double
cover

SL(2,0)

Spin

Ly

The frame bundle provides a copy of LI above every x € X so what we need
is an SL(2, C)-bundle

SL(2,C) — S(X) 2% X (2.4.26)

over X and a map of S(X) onto £(X) that is, in effect, the spinor map of
P5'(x) onto P, (z) for each z € X. More precisely, a spinor structure for
X consists of a principal SL(2, C)-bundle (2.4.26) over X and a map

A S(X) — L(X)
such that
Pr(A(p)) = Ps(p)
and
A(p-g) = Ap) - Spin(g)

for all p € S(X) and all ¢ € SL(2,C). The following diagram therefore
commutes.

PS
S(X) x SL(2, C) S(X) X
A x Spin A idy
LXOx L] LX) X

Pr
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It is at this point that we encounter our obstruction. Not every oriented,
time oriented spacetime X admits a spinor structure and, for those which
do not, it is simply not possible to define the Dirac wavefunction for a mas-
sive, spin one-half particle. Confidence in the Dirac equation is such that
this is generally regarded as adequate justification for dismissing as physi-
cally unacceptable any spacetime without a spinor structure. From our point
of view the interesting part of all of this is that the existence or nonexis-
tence of a spinor structure is a purely topological question about X. We will
show that there is a certain Cech cohomology class wo(X) € H?(X;Zy),
called the “second Stiefel-Whitney class” of X, the vanishing of which is
a necessary and sufficient condition for the existence of a spinor structure
on X : we(X) is the obstruction to the existence of a spinor structure (see
Section 6.5).

We will show that all of the spacetimes of interest to us do, in fact, admit
spinor structures. With this the construction of a gauge theory model for
a free Dirac electron proceeds as follows: X is a (noncompact) spacetime
manifold with ws(X) = 0. The vector space V in which the wavefunction will
take its values is €*. The (external) symmetry group G is SL(2,C) and the
representation p of SL(2,C) on C* is

p=D=0q D03 12, C) — GL(TY.

One can define an inner product ( , ) on C* relative to which this repre-
sentation is orthogonal as follows: First define the “twisted” Hermitian form
H: C* x C* — C by

H((Zl, ey 2’4), (U)l, e ,w4)) = leg + ZQIZ)4 + 2’311)1 + Z4IZ)2.
Regarding z, w € C* as column matrices, this is equivalent to

H(z, w) = z"7%w,

0 (os)
ago 0

as on page 96. A simple computation shows that

H(p(9)(2), p(g)(w)) = H(z, w)

for all g € SL(2,C). The required inner product on €C* is then given by

where

(z,w) = %(H(z,w) + H(w, 2)).
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The principal SL(2, C)-bundle over X is a spinor bundle
SL(2,C) — S(X) L% X.
A free Dirac electron is a corresponding matter field, i.e., a smooth map
$:S(X) —C*

that is equivariant, i.e., satisfies

gt 0
dp-g) =g " olp) = ( T) o(p).

0 g
Remarks: These electrons are “free” in the sense that they are not coupled
to an electromagnetic field. Such an electromagnetic field does not live on
the spinor bundle, but rather (as a connection) on a U(1)-bundle over X.
Shortly we will describe how to splice the spinor bundle and the U(1)-bundle
together into a single SL(2,C) x U(1)-bundle on which an interaction can
be described. Notice, however, that our “free” electron is not entirely free if
the underlying spacetime X represents a nontrivial gravitational field. Such
influences enter these considerations in the form of a connection on the spinor
bundle that is essentially the lift of the canonical (Levi-Civita) connection on
the frame bundle (see Section 3.3). With this and the potential function U :
C* — R given by U(z) = 2m/z[|* = $m(z, 2) one can write down an action
whose Euler-Lagrange equations constitute the general spacetime version of
the Dirac equation. The details are available in Section 6.4 of [Bl]. Needless
to say, when X = R"2 and the matter field is pulled back by the standard
global cross-section of the (necessarily) trivial spinor bundle, this reduces to

(720w + im)¢p = 0.

A free Dirac electron can, of course, also be regarded as a cross-section of the
vector bundle associated to SL(2,C) — S(X) — X by the representation
DGO g DO.3) (see pages 49-50). More generally, if p is any representation
of SL(2,C) on some C*, then an equivariant C*-valued map on S(X) (or,
equivalently, a cross-section of the associated vector bundle S(X) x, C*) is
called a k-component spinor field of type p on X. 4-component spinor fields
of type D(z:0) g DO:3) are generally called Dirac spinor fields. 2-component
spinor fields of type D0 or D©:3) are called Weyl spinor fields.

Finally, we outline the “splicing” procedure for building from the spinor
bundle (where electrons live) and a U(1)-bundle (where electromagnetic fields
live) a single SL(2,C) x U(1)-bundle (where both live and therefore can in-
teract). Consider, in general, two principal bundles over the base X:

Gy — P X

Gy s Py 22 X
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Let
Pyo Py ={(p1,p2) € PL X Py : P1(p1) = Pa(p2)}.

Then P o P, is a submanifold of P; x P, and will be the total space of the
spliced bundle. Define
Pio:ProPy, — X

by
P12(p1,p2) = Pi(p1) = Pa(p2)-

Then Pi5 is a smooth map of P o P, onto X. Define a smooth right action
OfGl X G2 on P1 OP2 by

(Phpz) : (91792) = (Pl *g1,pP2 '92)-

Then
G1XG2;>P10P2%X

is a smooth principal G; x Ga-bundle over X.

Next we define maps m; : PLo P, — P; and mp : PL o P, — P5 by
mi(p1,p2) = pi, @ = 1,2. Letting e; and es denote the identities in G; and Ga
we identify {e1} x Gy with G5 and G X {e2} with G;. We then have principal
bundles

Gy PioPy, ™5 Py

and
Gi—= P oP, 22 P,

for which the following diagram commutes:
1 2
I
P 1 PIZ P 2
X

Now, suppose we have connections wy on Py : P, — X and wy on P :
P, — X Identify G, with G x {0} C G1&G» and G with {0} xG> C G &Go.
Then 7fw; is a connection on my : Py o P» — P,, myws is a connection on
m ¢ Pyo Py — Py and miw; @ Tiws is a connection on Pig 1 P o P, — X.

Finally, let V be a vector space and let p; : G; — GL(V) and
p2 : Go — GL(V) be two representations that satisfy

p1(g1) © p2(g2) = pa(g2) © p1(g1) (2.4.27)
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for all g € G1 and go € G5. Then we can define
pP1 X P2 G1 X G2 — GL(V)
by

(p1 x p2)(91,92) = p1(g1) © p2(92) = p2(g2) © p1(91)

and obtain a representation of G; X G5 on V with associated left action on V
given by
(91,92) - € = (p1(g1) © p2(g2))(&)-

Remark: p; and po must commute, i.e., satisfy (2.4.27), to ensure that
p1 X p2 is a representation:

(p1 % p2) ((91,92) (91,92)) = (p1 X p2) (9191, 9295)) =
,01(9193) © Pz(gzglz) = ,01(91) © ,01(9/1) © ,02(92) © ,02(9/2)
= p1(g1) 0 p2(g2) © p1(g1) © p2(95)

= (p1 % p2)(g1,92) © (p1 % p2) (91, 95)-

Now, a matter field on Gy x Gy < P o P, P12 x associated with p1 X pa:
G1 X Gy — GL(V) is amap ¢ : P; o P, — V satisfying

o((p1,p2) - (91,92)) = (97" 92) - & (p1.p2),

h ¢ ((p1-g1.p2-92)) = (p1 (91)) ((p2(95 ")) (& (p1,p2)))-

Now we apply this construction to the following special case. Begin with an
oriented, time oriented spacetime X and a spinor bundle

SL(2, €©) = S(X) 2% x

on X (this will be G; — P; KN X). Let wy be the spinor connection on
S(X) referred to in the Remark on page 117. Take V = €* and let p; be the
representation D(z:9) @ D(:2) of SL(2,C) on C*. Thus,

z21

. I A 0
(p1(g1)) : _<O (ng)—1>

24 24

Z1

for each ¢ in SL(2,C). Next let U(l) — P P2, X be some princi-
pal U(1)-bundle over X and let ws be a connection on it (representing
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some electromagnetic field to which the Dirac electron will respond). Take
p2: U(1) — GL(C*) to be the representation given by

21 21 9271
(p2(g2) | ¢+ |=92| * |=
24 Z4 9224

for each g2 € U(1). Note that p1(g1) o p2(g2) = p2(g2) © p1(g1) as required in
(2.4.27). Thus, we have a representation

p1 X pa: SL(2,C) x U(1) — GL(T*)

given by

(pr x p2)(91,92) | ¢+ | = pi(g1) ©p2(g2)

Now we splice the two bundles together to obtain
SL(2,C)xU(1l) = S(X)o P — X.

A Dirac electron (coupled to the U(1)-potential ws) is then a smooth map
¢ : S(X)o P — C* satisfying

-1

¢ ((p1.p2) - (91,92)) = g5 " (gl _0> ¢ (p1,p2),

0 g/
ie.,

(g192)7 " 0
0 (9192

é(p1-91,P2-92) = ( )T>¢(p17p2),

where g; go is the entrywise product of g; = et with go € SL(2,C). With
the equipment now available one can write down an action functional whose
Fuler-Lagrange equations describe the interaction of a massive, spin one-half
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particle with an electromagnetic field (the details are available in Section 7.2
of [BI]).

As one final illustration of this technique we will sketch an analogous con-
struction for the interaction of a nucleon with a classical Yang-Mills field (for
the details, see Section 7.3 of [Bl]). Here we face the same problem as in the
case of a Dirac electron coupled to an electromagnetic field. A Yang-Mills
field is given by a connection on a principal SU(2)-bundle over spacetime
(Section 6.3 of [N4]), whereas a nucleon (proton/neutron) is a massive, spin
one-half particle and therefore lives in a spinor bundle. There is an additional
complication, however. A nucleon is a proton/neutron doublet, i.e., its wave-
function has a proton component and a neutron component and so must take
its values in V = C* @ C* = C8.

We begin then with an oriented, time oriented spacetime X and a spinor
bundle

SL(2,@) — S(X) 25 X.

w1 is again the spinor connection referred to in the Remark on page 117. Now
take V = C* @ C*, which we identify with the set of (1) with vy,v, € C*.
Letting p = D0 @ D(0:3) we define p; : SL(2,C) — C* @ C* by

B U1 _ (p(gl))(vl)
(mwM)—mwmQJ Qmmw)'

Now let SU(2) — P P2, X be some principal SU(2)-bundle over X and

ws some connection on it (representing the Yang-Mills potential to which
the nucleon is coupled). Define py : SU(2) — GL(C* @ €*) as follows: For

each
(> B
g2 v s
WMmW@=WM%”<m>:<a 6><m>
b2 Y 0 (%)

[ avi+ Buz
o+ vy )
A simple calculation shows that p1(g1) o p2(g2) = p2(g2) o p1(g1) so we have

a representation

p1 X pa s SL(2,C) x SU(2) — GL(C* @ C*).
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Letting
21
v = U1 — z4
U2 w1
w4
we have

(p1 % p2(g1,92))(v) = ( Ezggigggf(ﬁii?&? )

w0 ) [t
(0 (a7 )‘1> '

azy + ﬂ’LU4

(91 0 1) L2 + owr
T\ .

0 (gl ) YZ4 + 511}4

A nucleon field (coupled to an SU(2)-Yang-Mills potential ws) is then a

smooth map ¢ : S(X) o P — €C* ® C* such that

¢ ((p1,p2) - (91,92)) = (91 92 ") - d(p1.p2 ).

Writing ¢ = (i; ) we have

(p (91 ") (¢1(p1 - 91,2 - g2)
< o1(p1 - 91,p2 - G2) +B¢2(p1-91,p2-G92))

$2(p1- 91,02 - g2) >_ (p(gr ") (vd1(p1 - 91,02 - g2)
+0p2 (p1- 91,02 92))

¢1 is called the proton component of ¢, while ¢, is its neutron
component. Note the “mixing” of the proton and neutron components due
to the SU(2)-action.

2.5 SU(2)-Yang-Mills-Higgs Theory on R"

The motivation behind our final example of a classical gauge theory is a
process known as “dimensional reduction.” The example itself is of profound
significance to physics, arises naturally from the pure Yang-Mills theory on
R* that was the subject of [N4]|, provides an extraordinary insight into the
true nature of the Dirac magnetic monopole and gives rise to even deeper
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connections between physics and topology than those we have encountered
thus far. We will begin by simply enumerating, without motivation, the eight
items required (in Section 2.1) for the construction of a classical gauge theory.
Then we will review the structure of pure SU(2)- Yang-Mills theory on R*
and show how our example arises from it. Finally, we will describe a number
of the remarkable properties of the model, both physical and mathematical.
The base manifold is X = IR™ with its usual orientation and Riemannian
metric. For the vector space V we take the Lie algebra su(2) of 2 x 2 complex
matrices that are skew-Hermitian and tracefree. The (positive definite) inner
product on su(2) is given by (A4, B) = —2 trace (AB) (—trace(AB) is the
Killing form of su(2) and the 2 is a matter of convenience). The Lie group G
is taken to be SU(2) and p : SU(2) — G L(su(2)) is the adjoint representation

adg(A) = gAg™

for all ¢ € SU(2) and A € su(2). Note that (ad,(A),ady(B)) =
(9Ag~", gBg~') = —2 trace((gAg~")(9Bg ")) = —2 trace(g(AB)g~!) = —2
trace(AB) = (A, B), as required. Since every bundle over R™ is trivial, we
will trivialize at the outset and take

SU(2) < R" x SU(2) =5 R™
as our bundle, where the right action of SU(2) on R™ x SU(2) is given by
p-g=(zh)-g=(z,hg)
for all p= (x,h) € R x SU(2) and all g € SU(2). There is a natural global
cross-section s : R” — R" x SU(2) given by
s(z) = (z,¢)

where, for convenience, we write e for the identity element in SU(2). Any
other global cross-section then has the form

s9:R" — R" x SU(2)
s9(z) = s(z) - g(x)

= (z,€) - g(x)
= (x,9(x))
for some smooth map ¢g : R™ — SU(2) (Exercise 4.3.5 of [N4]). The cross-
section s9 gives rise to an automorphism of the bundle (i.e., a global gauge
transformation) in the usual way (see page 343 of [N4]):

s(x)-h — s9(x)-h

(z,€) - h — (z,9(x)) - h

(x,h) — (z,9(x)h).
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Thus, one can identify a gauge transformation with a smooth map
g : R™ — SU(2) which multiplies in the fibers on the left.

Because of the triviality of the bundle, any connection w on SU(2) —
R"™ x SU(2) — R™ is uniquely determined by its gauge potential

A= s"w,

which is an su(2)-valued 1-form on R"™. Furthermore, any su(2)-valued 1-form
on R™ is the pullback by s of a unique connection on SU(2) — R"™ x SU(2)
— R"™ (page 333, [N4]). Thus, we may restrict our attention entirely to
globally defined gauge potentials A on IR™. Relative to standard coordinates
on R™ we write

A =s"w = A,dz®,

where each Ay, a = 1,...,n, takes values in su(2) (see (2.5.2) below). A gauge
transformation g : R" — SU(2) gives a new gauge potential

A = (s9)'w
related to A by
A? =g Ag + g dy,

where dg is the entrywise exterior derivative of g : R" — SU(2) and the
products are matrix products (we will do an explicit calculation of this sort
for the “t” Hooft-Polyakov monopole” somewhat later). The curvature §2 of w
is likewise uniquely determined by the field strength

1
F=s'02=dA+ ANA= S Fosdz® Ada?,

where

fag = 3a¢4/3 — 3@Aa + [.Aa,.Ag], a,B=1,...,n.

A gauge transformation g : R" — SU(2) gives a new field strength

FI = (s9)"02
related to F by

FI =g 1Fg.

In this context a matter field is a smooth su(2)-valued map ® on
R™ x SU(2) that satisfies
O(p-g) =g~ " 2(p)
O((x,h)-g) =ady-1(®(x, h))
© (z,hg ) =g~ (2, h)g

for all (z,h) € R™ x SU(2) and all g € SU(2). When, as in this case, ) is the

Lie algebra G of the structure group G and p is the adjoint representation of
G on G, a matter field is referred to as a Higgs field. The triviality of the
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bundle in our present circumstances allows us to identify the Higgs field with
its pullback by the global cross-section s:

op=5"P=>Pos
p(x) = ®(z,¢).
Under a gauge transformation g : R"* — SU(2),

¢? = (s7)"® =g '¢g
because

The next item on the agenda (#7 of Section 2.1) is the potential function
U : su(2) — R. This plays a rather peculiar role in the story we wish
to tell. Initially we adopt what is called the Georgi-Glashow potential
U : su(2) — R given by

U(A) = 2 (A1 - 12,

where A > 0 is a constant and || A||? = (A, A) = —2 trace(A?), noting that
U(g-A) =U(gAg~') = U(A) as required. Shortly, however, we will take A to
be zero and retain only a vestige of the potential in the form of an asymptotic
boundary condition that it imposes on the Higgs field ¢ (see pages 132-133).

In order to describe the appropriate action (#8 of Section 2.1) for our exam-
ple we must anticipate a few results on differential forms that will be proved
later (Chapter 4). We will content ourselves with just a brief description of
those particular items required for the example. We have already introduced
real- and vector-valued O-forms (pages 10 and 12), 1-forms (pages 9 and 12),
and 2-forms (pages 11 and 12). k-forms, for integers k > 3, are defined analo-
gously and all of the familiar algebraic and analytic operations on 0-, 1-, and
2-forms extend to this more general context. For example, a real-valued 3-form
on a manifold X is a map « that assigns to each p € X a real-valued trilin-
ear function oy, on T},(X) x T,,(X) x T,(X) that is skew-symmetric (changes
sign when-ever two of its arguments are interchanged) and smooth in the
sense that, for any Vi, Vo, V3 € X(X), the function a(V1, Vo, V3) on
X defined by (a( V1, Vg, Vi3))(p) = ap(Vi(p), Va(p), V3(p)) is in C=(X).
These arise, for example, as exterior derivatives of 2-forms and wedge prod-
ucts of 1-forms and 2-forms, or of three 1-forms (all of which will be defined
carefully in Chapter 4).

In general, the set of k-forms on an n-dimensional manifold X is denoted
AF(X) and admits a natural C°°(X)-module structure (and so in particular,
is a real vector space). If (U, ) is a chart for X with coordinate functions
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x',..., 2" then any a € A*(X) has a local coordinate expression
1 i1 ix
o =4 Qi dx™ N - Ndx
(summation over 4y,...,5; = 1,...,n), where each «;,..;, is in C*°(U). The

exterior derivative da of & € A¥(X) is an element of A¥T1(X) which, locally,
is given by

1 ) .
da = H(dail'”ik) Adz™ A - ANdx't.

There are no nonzero k-forms on X if k£ > n and, for 0 < k < n, we will show
that the dimension of A*(X) as a C*°(X)-module is (}). Since (,,"x) = (}),
the modules A*(X) and A"~ *(X) are isomorphic. We will find that, when X
is oriented and has a metric (Riemannian or semi-Riemannian), then there is
a natural isomorphism

“ANX) — ATRX),
called the Hodge star operator. Moreover, dim A"(X) = (7) = 1 and, when
X is oriented and has a metric, there is a distinguished generator for A™(X)
called the metric volume form and denoted vol (in standard coordinates on
R™ this is just de! A--- Adz™). In particular, for any o, B € A¥(X), a A B is
in A™(X) and so is a multiple, by some element of C*>°(X), of vol. We denote
this element of C*°(X) by (a, B):

a N 8= {(a,G)vol

This defines an inner product on A*(X) and, when 8 = a, we will write
(a,a) = ||a|®>. In the Riemannian case we will find that
3 = (=1)k=F 3 and that it follows from this that the Hodge star op-
erator is actually an isometry. k-forms that vanish outside of a compact set
can be integrated over k-dimensional manifolds. Indeed, we will find that they
can even be integrated over k-dimensional regions with a sufficiently smooth
(k — 1)-dimensional “boundary” and it is in this context that we will prove a
version of Stokes’ Theorem relating the integral of a (k — 1)-form « over this
boundary to the integral of da over the region it bounds.

Much of what we have just said about real-valued forms extends easily to
vector-valued forms by simply doing everything (evaluation at tangent vectors,
exterior derivative, Hodge star, etc.) componentwise relative to some basis for
the vector space (we will show that it all turns out to be independent of the
choice of basis). There are a few troublesome items (e.g., wedge products)
that we will treat carefully in Chapter 4 and simply illustrate here for the
particular vector space of interest in our example i.e., su(2). We take as a
basis for su(2) the set {11, 7%, T3}, where

1 1 1
T1:—§’1:0'1, ng—iidg, T3:—5i0'3,
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oo 1Y [0 —i b [0
Yl1r 0 ) 20 o) Bl <1

are the Pauli spin matrices. It is easy to see that {T1,T5,T5} is orthonormal
with respect to the inner product (A, B) = —2 trace(AB) on su(2). Then
any su(2)-valued k-form ¢ on R™ (e.g, A or F) can be regarded as a matrix
of complex k-forms

1. 1 p3i 2+ pli
= OOT, = — =" S ( 2.5.1
¢ =¢"Ty = —5¢"(i0a) 2( ol e (2.5.1)

and

where @', ¢?, and ¢? are in A*(R"). Alternatively one can write

a 1 a 7 %
(P :H(pilu.ikdml/\'.'/\dmk7 a:17""n
and then
a 1 a i1 ik
@ = Ta: nglllkdl' A ANdx Ta
= L (8 T dait A A dat
L T da A e
1 il ik
P = 15 Piremin dz™ A - A dat, (2.5.2)
where
Piy-ei = <p?1-"ikTa
3 . 2 1 :
2 _<»01,21~~'L'k + Spllllk,l' _Spg)llk i
is a smooth map into su(2) for each i1 ..., ix =1,..., n.

We will, in Chapter 4, discuss various natural ways of defining a wedge
product for matrix-valued forms such as these. From our point of view at the
moment, the most useful such notion can be described as follows: The wedge
product of two complex-valued forms is obtained by multiplying the forms as
if they were complex numbers, but with real and imaginary parts multiplied
by the ordinary wedge product of real-valued forms, i.e.,

(@' + %) A (W' + %) = (@' AP — @2 AY?) + (' AP + P2 AYY)i

Now, if ¢ and 9 are both su(2)-valued and written as in (2.5.1), then ¢ A4
is obtained by simply forming their matrix product, with entries multipled by
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the complex wedge product described above. We will illustrate the procedure
with an example that will also allow us to write out our action functional. We
consider a k-form ¢ with values in su(2) and written in the form (2.5.1) and
will compute ¢ A *¢@, where * is the Hodge dual of ¢, computed componen-
twise (i.e., entrywise). Thus,

A 1 QOgi QOQ—FQDli *(1037: *902+*§01i
PN P=T . . , .
4\ =+ pli — % —*8024'*%01% —*p4

—p* AP’ (@*8) A ("> + 7" i)
+(p* + ') —(p* + ')
1 N="¢% + "' i) AN )
(e etd) (—¢* + ')
AP i) — (7 1) A+ o' i)
/\(_*<P2+*<Pl Z) _902/\*903

Each entry is computed in the same way. For example,
—PPNTR + (9% + @ i) A (= " NTp'h)
= —[|¢’|I*vol — [|¢*||*vol — [|¢!||*vol
+ ((p* ")vol — (o', ¢*)vol)i
= —(l'I” + ?l? + lle*[*)vol
and similarly for the rest. In particular, the (2,2)-entry is the same so
~2trace( A *¢) = ("2 + 922 + [l* | vol.
We define
lell? =l II” + lle?1? + |
so that

—2trace(p A ") = ||¢|/*vol. (2.5.4)

Remark: More generally, if ¢ and 9 are any two su(2)-valued k-forms
on R™ and {Ty,75,7T3} is any orthonormal basis for su(2) and if we write

@ =T, and ¥ = " T,, then we can define (@, ) = (o', ") + (P2, P?) +
(3, 9%) and show, as above, that

—2trace(p A 1) = (p, 1) vol.
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With the machinery we have assembled thus far we can write out the Yang-
Mills-Higgs action functional A(A, ¢) for our example:

A(A 9) = /n (— trace(F A *F) — trace(d* ¢ A dA¢)
+2 (ol - 1)?)

1 2 A 12
5 | (171 + 10491

A
+ 2 I]2 = 1)) da’ A nda,

(2.5.5)

where d4¢ = d¢ +[A, ¢] is the covariant exterior derivative of the Higgs field
¢. We observe first that A(A, ¢) is gauge invariant, i.e., that the effect of a
gauge transformation g : R” — SU(2) (A — A, F — F9 and ¢ — ¢9)
is to leave the integral unchanged. We have already seen that F9 = g=! Fg
and ¢9 = ¢~ '¢g and we show now that

dA’ g9 :g_l(dA(b)g (2.5.6)

as well (we will need to use a few simple algebraic properties of d, e.g., the
product rule for matrix products, that will be proved in Chapter 4). Indeed,
d* ¢ = do + [ A, ¢] implies

g7 (44 0)g =g dog + g7 [Adlg
and

d* 99 = dg? + [AY,¢7] = d(g‘lqbg) + [9‘1-«49 +g 'dg. g ¢9}
= d(9*1 ¢g> + {sflv‘lg,g*1 ¢>g} + Ltfldg,sf1 ¢>g]
=g '[Adlg+ d(g_l ¢g) - [g‘ld%g_l ¢g}
=g '[A, dlg+ g "d(dg) +dg " dg
+9 'dgg o9 —g 'dgg 'dg
=g '[A dlg+g ' ddg+ g " dog
+dg " dg+g " dgg T o9 — g " ddg
=g '[Adlg+g " dog+dg  dg+g " dgg og

=g A @lg+g tdpg=g" (dA ¢)g
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because

gilg =id = gilngrdg*lg =0
=g 'dg=—dg g
=g 'dgg " ¢g = —dg " ¢g.

Gauge invariance of the action will therefore follow if we can show that
llg=t @gl* = ||| for any su(2)-valued form . But if we write ¢ = T,
then g~' g = ¢ (97! Tug) and, since (¢~'Ag, g~ ' Bg) = (A, B),{g~ Ty,
g 'Tyg, g ' T3g} is also an orthonormal basis for su(2) so this is clear (see the
Remark on page 130).

We are interested in finite action, stationary configurations (A, ¢), i.e.,
solutions to the Euler-Lagrange equations for the action (2.5.5) for which
A(A, @) < co. As it happens, no such solutions exist when n > 4 (see [JT)).
When n = 2 such solutions do exist and they are called vortices. These are
studied exhaustively in [JT], but we will have no more to say about them.
When n = 4 any such solution is gauge equivalent to a pure Yang-Mills field
(A = 0,6 = 0) of the type discussed in [N4]| (we will briefly review this
material shortly). Our primary concern is with the case n = 3 where finite
action, stationary configurations are, for reasons we hope to make clear, called
monopoles. In fact, we intend to discuss only a special case in which just
a vestige of the Georgi-Glashow potential survives. This special case arises
in the following way: The requirement that A(A,¢) < oo implies that, as
|z| — oo in R?,

H}'H 50 (2.5.7)
Hd%H 50 (2.5.8)

and, at least if A # 0,
H¢>H L (2.5.9)

Indeed, it is shown in Chapter 4, Sections 10-15, of [JT] that each of these
limits is achieved uniformly. Now, when A\ = 0 there is no reason to suppose
that finite action implies ||¢| — 1 as |z| — oco. However, [JT] also shows
that, even in this case, there is some constant ¢ > 0 such that [|¢]] — ¢
uniformly as |z| — oo and that if ¢ # 0, one can rescale in R?® to obtain
a new configuration (A'(z),¢'(z)) = (¢t A(c'z), ¢t ¢(c'z)) which is
a finite action stationary point for the action A with A\ = 0 and satisfies
[¢']] — 1 uniformly as |z| — oo. In effect, one loses nothing, even in the
A = 0 case, by restricting attention to those configurations for which (2.5.7),
(2.5.8) and (2.5.9) are satisfied. This, then, is precisely what we intend to.
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Remark: Before abandoning the self-interaction term, however, we point
out some general features of the action (2.5.5). In particular, we note that
there are some obvious absolute minima. Indeed, A(.A, ¢) is obviously zero
whenever A = 0 and ¢ = ¢¢ is a constant in su(2) with [[¢o|| = 1. Such an
absolute minimum is called a ground state for the system. The corresponding
quantum state of lowest energy is called a vacuum state and physicists perform
perturbation calculations about such vacuum states. The point here is that
such vacuum states are not unique (as long as A = 0, any ¢g € S? C su(2)
will give rise to such a state). A specific choice of such a ¢q is said to break
the symmetry from SU(2) to U(1l) and we wish to very briefly explain the
terminology (see Section 10.3 of [Bl] for more details). A gauge transformation
g :R3 — SU(2) acts on ¢ by ¢ — ¢9 = g~ ! ¢g. If the ground state is to
be gauge invariant, then we must have ¢g=' ¢y g = ¢o and this occurs only
for ¢ in the isotropy subgroup of ¢q in SU(2) under the adjoint action. Now,
we claim that this isotropy subgroup is a copy U(1). To see this, identify
su(2) with R? and SU(2)/+ id with SO(3) (page 88). Then the adjoint
action of SU(2) on su(2) corresponds to the natural action of SO(3) on R?
(this is proved, although not stated in these terms in Appendix A to [N4]).
But this natural action of SO(3) on R? (rotation) is transitive on S? C R?
(page 27) Now, if H = {g € SU(2) : g7'¢og = ¢o}, then (since SU(2)
is compact), SU(2)/ H = S? (Remark on page 27). Thus, dim H = 1. But
H is closed in SU(2) so it too is compact and H = U(1)(S! is the only
compact, connected 1-manifold; see Section 5-11 of [N1]). The ground states
of our SU(2) Yang-Mills-Higgs theory are therefore invariant only under a
U (1) subgroup of SU(2). This is an instance of the phenomenon of spontaneous
symmetry breaking in which a field theory with an exact symmetry group G
(e.g., SU(2)) gives rise to ground states that are invariant only under some
proper subgroup H (e.g., U(1)) of G.

With these few remarks behind us we now turn to the case (A = 0) of most
interest to us. More precisely, we consider the action

A(A,9) = /1113 ( — trace(F A *F) — trace(d¢ A *dAgb))

. (2.5.10)
=5 [ (11 + 1 ol dt mda® ms®
2 Jrs

and take as our configuration space

C=1¢(A0):A(A,¢) <oo, lim sup |1—|¢f]| =0 (2.5.11)
(the second condition reflecting our decision to restrict attention to finite
action configurations for which |¢|| — 1 as |z| — oo in R?). Writing out

the Euler-Lagrange equations for the action (2.5.11) yields what are called
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the Yang-Mills-Higgs (YMH) equations

AR F — [d‘A(;S7 ¢]
{*dA Ctho— : (2.5.12)

The configuration (A, ¢) must also satisfy the following Bianchi identities:

{dAf =0 (2.5.13)

a4 dh¢ = [F, ¢]

Thus we are looking for solutions to (2.5.12) that live in C. We shall find
some interesting ones, but not by studying (2.5.12) directly. As it happens,
there is a simpler set of first order equations whose solutions necessarily also
satisfy (2.5.12) and, in fact, give the absolute minima of the action (2.5.10).

Remark: This is entirely analogous to the situation encountered in [N4],
where the (anti-) self-dual equations on R* gave the absolute minima of the
Yang-Mills action. Shortly we will review that situation and find that there is
a closer connection than simple analogy.

The best way to see where these equations come from is as follows: We denote
by (, ) the inner product we have defined on su(2)-valued forms on R?
(Remark, page 130). Notice that, on R3, F and *d“¢ are both 2- forms and
(since the metric on IR? is Riemannian), ||[d¢||? = ||*d¢||>. Now notice that

e e i R

= (F.F)+ ("d'o, "d")
= (F=rao,F 1oy + 2(F 1dhe)
~ |7 - *d%”z +2(F,"d%0)
and, similarly,
I1F]2 + de‘quz ~ |7+ *qusz —2(F,"d4e),
It follows that (A, ¢) achieves an absolute minimum when
F =+*d"¢. (2.5.14)

These are the (Bogomolny) monopole equations and any configuration
(A, ¢) which satisfies them also satisfies the YMH equations (2.5.12) (either
observe that an absolute minimum for A(A,¢) is necessarily a stationary
value, or simply substitute F = +*d“*¢ into (2.5.12) and use the Bianchi
identities (2.5.13)). For the record we write out these equations in standard
coordinates on IR?, using a formula for the Hodge dual of a 1-form on R?
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that we will prove in Chapter 4. With A = Ay dz* and F = %}'Z-j dxt A dad
(2.5.14) becomes

3
Fij =+ (O é+ A, @), 4,5=1,2,3, (2.5.15)
k=1

where ¢, is the Levi-Civita symbol (anti-symmetric in ¢ j k and €123 = 1).
We will have something to say shortly about why these are called “monopole
equations. First we wish to give some indication of how the example before us
now actually arises quite naturally out of the pure Yang-Mills theory on R*
discussed in [N4]. This is the n = 4 case of the model we have constructed
when, in the action (2.5.5), A = 0 and ¢ = 0. In this special case the action
(which now depends only on \A) is called the Yang-Mills-action and written

2

IM(A) =-— /]R4 trace(F A *F)

(2.5.16)
1
= 5/ |F|? dzt A da? A da® A da?.
]R4

The Euler-Lagrange equations now become the Yang-Mills equations
dA*F =0, (2.5.17)
while the Bianchi identities become
dAF =0. (2.5.18)

Now notice that if we have a potential A for which the field strength F is
self-dual (SD)
*F=F, (2.5.19)

or anti-self-dual (ASD)
“F = —F, (2.5.20)

then the Bianchi identity (2.5.18) implies that F necessarily satisfies the Yang-
Mills equations (2.5.17). Such potentials A are called SU(2) instantons on
R* and, in [N4], a number of examples (called the BPST instantons) were
described. Written in quaternionic notation (i.e., identifying R* with H and
su(2) with the Lie algebra Im H of pure imaginary quaternions) these can be

written q n
A n =Im| ————=d s 2.5.21
A, (q) ()\2 |q TL|2 q) ( )

where A > 0 and n € H are parameters called the scale and center of the
instanton, respectively. The corresponding field strengths are

)\2
5 dg A dg. (2.5.22)

Pl = G
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These are ASD and satisfy

1 9 48)\2
NF (@) = 2.5.2
5 1Fan (@)l DZ+lq—n) (2.5.23)
and
YM(A,,) = / L dq® dq* dg? dg® = 8n°. (2.5.24)
’ rt (A + g —nf?)*

Notice that all of these potentials have the same Yang-Mills action (total field
strength). For a fixed center n, || F ,(¢)||* has a maximum value of 96/)\? at
g =n and, as A — 0, this maximum value approaches infinity in such a way
that the integrals over R* remain constant at 872

The fact that all of these BPST potentials A, ,, have the same Yang-Mills
action has a much more profound significance than may be apparent at first
glance. It was shown in [N4]| (see also Examples 3 and 4, pages 40-42, of
Chapter 1) that each A, ,, is the pullback to R* via stereographic projection
of a connection wy , on the Hopf bundle SU(2) — S7 — HP'. Thinking
of HP! = S* as the one-point compactification of R*, one can reverse one’s
point of view here and say that, by virtue of the asymptotic behavior implicit
in the fact that YM (A, ) < 00, each A, ,, “extends to the point at infinity.”
Indeed, Uhlenbeck’s Removable Singularities Theorem asserts that, if A is an
SU(2) gauge potential on R* with YM(A) < oo, then A always “extends to
the point at infinity” in the sense that there exists a unique SU(2)-bundle over
S% and a connection w on it such that A = (s 0 ¢~ 1)*w, where s is a cross-
section of the bundle defined on the complement of some point in S* and ¢ is
a stereographic projection to R*. The specific bundle to which the potential
A “extends” is, moreover, determined by the value of YM(.A). It is essential
to understand precisely what is being asserted here so, before returning to the
Bogomolny monopole equations, we will elaborate.

According to the Classification Theorem (page 34), the set of equivalence
classes of principal SU(2)-bundles over S* is in one-to-one correspondence
with the elements of the homotopy group m3(SU(2)) = 73(S3) = Z. There
are various ways of associating with each SU(2)-bundle over S* an integer
that characterizes it up to equivalence, but from our point of view the most
useful of these arises in the theory of characteristic classes. We have already
had one brief encounter with characteristic classes (the first Chern class, in
Section 2.2) and will return to the general theory in Chapter 6. For the present
we will content ourselves with a brief, informal description of those aspects of
the subject relevant to characterizing a principal SU(2)-bundle

SU(2) < P 25 g

over S* up to equivalence.
Choose any connection w on the bundle and let §2 denote its curvature
(we will prove in Chapter 3 that connections exist on any smooth principal
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bundle). The local field strengths F = s* w for various cross-sections generally
do not agree on the intersections of their domains and so do not piece together
into a globally defined 2-form on all of S4. Indeed, we know that if s9 is
another cross-section, then F 9 = g~ ! F g on the intersection. However, certain
algebraic combinations of the local field strengths can be found which do agree
on the intersections and so do piece together into globally defined forms on
54, Essentially, all that is required is a symmetric, multilinear function on
su(2) that is ad-invariant, i.e., takes the same values at A and g~ Ag for all
A € su(2) and g € SU(2). The trace is an obvious choice and this gave rise, in
Section 2.2, to the first Chern class which, for U(1)-bundles over spacetime, is
the cohomology class of the electromagnetic field strength. For SU(2)-bundles,
however, the local field strengths take values in su(2) where everything has
trace zero so this will not get us very far. The trace of the product would be
the next likely candidate and this gets us very far indeed. We define a 4-form
on all of S* by decreeing that, relative to any local cross-section, it is given
by

1 -
@trace(.’F N F)

(the 8% is a normalizing constant whose purpose we will describe shortly).
Now, a priori this is a complex 4-form on 54, but it can be shown to be real-
valued (because F is skew-Hermitian). Being a 4-form on the 4-dimensional
manifold S%, it is also closed (i.e., has exterior derivative zero) and therefore

determines a de Rham cohomology class
1 - -
er(P)= ¢ [trace(}'/\ F)| e HL (5. (2.5.25)

Remarkably, this cohomology class does not depend on the initial choice of the
connection w from which it arose; it is a characteristic class for the bundle.
¢o (P) is called the second Chern class of the bundle. Any representative
of the class ¢ (P) is a 4-form on the compact 4-manifold S* and so can be
integrated over S*. It will follow from Stokes’ Theorem that two forms in the
same cohomology class have the same integral so, in effect, we may integrate
co (P) over S*. The result is written

(PS4 = / e(P) = 8% /S trace(F A F) (2.5.26)

and called the second Chern number of the bundle (physicists call
—c2(P)[S%] the topological charge or instanton number of the bundle).
The giz ensures that co(P)[S?] is an integer (not obvious, but true) and it
is this integer that labels the equivalence classes of SU(2)-bundles over S*.
More precisely, two principal SU(2)-bundles over S* are equivalent if and only
if their second Chern numbers are equal.
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To relate this to our gauge potentials on IR* recall that there is a stereo-
graphic projection ¢, defined at all but one point of S4, that is an orientation
preserving (conformal) diffeomorphism onto IR*. The integrals we define will
be invariant under such maps and unaffected by the omission of one point
so ¢2(P)[S*] can be computed by integrating over R* the pullback of giy
trace(.’i-" A .7:-) by ¢. Pullback commutes with trace and the wedge product
and (@ 1)*F = (o 1)* (5*2) = (so ¢ 1)* 2 = F is a gauge potential on
R*. Thus,

e (P)[SY] = —

=352 trace(F A F). (2.5.27)
R4

Now here’s the good part: If A is an ASD potential on RR*, then
*F=—-F so

IMA) = —trace(F A *F)

4

/IR (2.5.28)
= / trace(F A F) (ASD,).
R

4

If this is finite, the Removable Singularities Theorem assures us that A ex-
tends to some principal SU(2)-bundle over S*. The Chern number of this
bundle can be computed from any connection on it so we might as well use
the extension of \A. Then, comparing (2.5.27) and (2.5.28) gives

co(P)[SY] = 8% YM(A)  (ASD). (2.5.29)

The Yang-Mills action of A (i.e., its total field strength) is directly encoded
in the topology of the bundle to which A extends as its Chern number. Since
the Yang-Mills action is determined by the asymptotic behavior of the field
strength F as |z| — oo in R*, we find that it is this asymptotic behavior that
determines the bundle to which A extends. This phenomenon of boundary
conditions on physical fields manifesting themselves as topology will be a
recurrent theme here. Notice, in particular, that, since the Chern number
of an SU(2)-bundle over S* is an integer, the possible asymptotic boundary
conditions for finite action, ASD potential on R* fall into countably many,
discrete “topological types.”

Remark: We have already seen that all of the BPST potentials A, ,, are
ASD and have Yang-Mills action 8 72. They must, of course, have the same
Yang-Mills action since they all extend to the same bundle, i.e., the Hopf
bundle (which we now see has Chern number 1).

In order to establish contact with the Bogomolny monopole equations we
consider an arbitrary potential A = A, dz® on R* with field strength F =
3 Fup dz® Ndz® and use (6.4.4) of [N4] to write the components of the Hodge
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dual *F as

4
* T 1 .
]:aﬁ = 5 (Szleaﬁ'y&]:aﬂu aaﬁ: 17273747
v,0=

where €,8+5 is the Levi-Civita symbol (totally anti-symmetric in o 5+ ¢ with
€1234 = 1). Then the (anti-) self-duality equations take the form

4
N 1 N
faﬁ = :F§ Eé leaﬁ'yé -7:(157 0476 = 17 27 3a4' (2530)
Y,0=

Using ¢, j and k for indices taking the values 1, 2 and 3 one finds (by just
writing them out) that all of these equations are contained in the following:

3
Fij = izeijk]:—kéla i,j=1,2,3, (2.5.31)
k=1

where ¢;;;, is totally anti-symmetric in ijk and €123 = 1. For example, taking
a=3and 8 =41in (2.5.30) gives

4
A 1 A 1 . .
i =F5 > e Fs=7F 5 {63412-7:12 + €3421F21
v,6=1
1 A . N
=F3 [263412}—12} = Fegq1aF12 = £eqra3Fi2
= +e103F 02

which is equivalent to

Fio =t enFay

and this is (2.5.31) with ¢ = 1 and j = 2. Similarly, taking & = 1 and g = 2
in (2.5.30) gives

Fl2 = Fe1234F31 = £ €123 F3

which is also (2.5.31) with ¢ = 1 and j = 2.

Thus, the (anti-) self-duality equations on R* take the form (2.5.31). Finite
action solutions to these equations are the instantons discussed earlier. We
now wish to seek solutions to (2.5.31) that are static, i.e., for which the Aq
are independent of 2*. Naturally, no such solution can have finite action on R*
(unless it is zero) and so cannot be an instanton. For A, ’s that are independent
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of 2%, (2.5.31) becomes

3
Fij==+ €ijuFia
k=1

=4 iﬁijk <8k¢44 — 04Ay, + {Aszlél])
k=1

Fy=+ iezjk (akju n [/lk,,fu]), ii=1,2,3 (2.5.32)

k=1

(you may wish to glance back at (2.5.15) if you’re wondering where all of this
is going).

Now we “reduce to R®” as follows: Fix some value z§ of 2* and consider the
submanifold R? x {23} of R* (which we henceforth identify with IR?). Restrict
our trivial SU(2)-bundle over R? to this R?® and obtain a trivial SU(2)-bundle
over R3. Let Ay, Ay and Ag be the restrictions to R? of Ay, A; and As (all
of which are assumed independent of x*). Then

A= .A1d$1 + AQdeQ + A3d$3 = .Azdl‘z

is a gauge potential on IR® and the corresponding field strength
F = %]:ijdxi Adz? has components F;; = 0;A; — 0;A; + [A;, A;j] that are just
the restrictions to R? of the f'ij, 1,7 = 1,2,3. Note that A4 does not enter
into either the potential or the field strength on R3. However, if we define
¢ : R3 — su(2) by K

¢ =As|R?,

then the time independent, (anti-) self-duality equations (2.5.32) on R* be-
come (when restricted to R?) the Bogomolny monopole equations

3
=+ ein(Ond + [Ar, ¢]), i,j=1,2,3. (2.5.33)
k=1

Thus, an SU(2) Bogomolny monopole on IR3 is essentially just a static,
(anti-) self-dual gauge potential on R*. We intend to describe the geometry
and topology of these monopoles in more detail, but first we will exhibit a
concrete example that will, in some sense, bring us full circle. We began (in
Chapter 0, [N4]) by thinking about Dirac’s magnetic monopoles and finding
that they were most naturally modeled by connections on U(1)-bundles over
52, In particular, the monopole of lowest strength was identified with the
natural connection on the complex Hopf bundle. Seeking generalizations we
looked at the natural connection on the quaternionic Hopf bundle and found
lurking there a BPST instanton. Now we find that a “static instanton” is to
be identified with a particular type of Yang-Mills-Higgs field on R? which we
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have (for reasons that no doubt remain obscure) called a monopole. To under-
stand the terminology and to see Dirac monopoles in an entirely new light we
will describe now the t’Hooft-Polyakov-Prasad-Sommerfleld monopole,
which is an exact solution to the equations (2.5.33). For this we will need some
notation. First, in R? we will write

r = (2, 22, 2°)

r=lz| = /(@")? + (2?)? + (27)?
n'=a'/r, i=1,2,3 (r#0)
di = (dz', dz?, dz®)

and, in su(2),

1
Ta:fiicra, a=1,2,3
T: (T17T2aT3)'

In addition we set

ﬁ~f:n1T1 + 2T+ 02Ty =nT,
AxT= (N2 T3 —n®To,n3T) —n' Ty, n' Ty —n?TY)
and
(ﬁxf) di = (n* Ty —n®Ty)dat + (n® Ty — n' Ty) da?
+ (n' Ty —n2Ty) da®.

Our objective is to find (A(z), ¢(z)) which satisfies (2.5.33) and has the re-
quired asymptotic behavior (||¢]| — 1 as r — 00).

Although the monopole equations (2.5.33) are substantially less complicated
that the full Yang-Mills-Higgs equations, they are still far beyond the means
of elementary techniques. To reduce the level of difficulty a bit more requires
a guess (physicists prefer the term Ansatz) as to the form one might expect
for a solution. Here’s the one that worked for t’Hooft and Polyakov (some
rationale for the Ansatz is discussed in Section 4.2 of [GO]): We will seek
functions f(r) and h(r) satisfying

@ — 1 as r— o0 and f(0)=0, (2.5.34)
and
h(r)y— 0 as r— oo and h(0)=1, (2.5.35)
such that
¢ (z) = @ (ﬁ : f) - %x T, (2.5.36)
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and

A(z) :m(ﬁxf).di«*

' (2.5.37)

3
1—h(r S
= T() ; €qij &) dx' T,

give a solution (A, ¢) to (2.5.33).

Remark: The conditions f(0) = 0 and h(0) = 1 are intended to give ¢(x)
and A (x) a chance of being smooth at the origin.

Substituting (2.5.36) and (2.5.37) into (2.5.33) (with the minus sign) gives the
following system of ordinary differential equations for f(r) and h(r):

r Z—h =—hf
d; (2.5.38)
o (n2

Now make the change of variable
—f=14rF, h=rH

to obtain the new system

dH

— =HF
dr

dF

i & 3
dr

for F' and H. Observe that it follows from these equations that F? — H? is
constant since

d dF dH

— (F? - H? =2F — —2H —— =9FH? - 2H(HF) =0.
dT‘( ) dr dr ( )
1 2 R 1 2 2 1]
Butsince,forr>0,FQ—HQ:M—fzf_Ff(i)_F(i) L
2 r2 2 r\r r r2

,
and this is to approach 1 as r — oo, we must have
F? - H? =1.

To get solutions f and h satisfying f(0) = 0 and h(0) = 1 we take for F' and
H satisfying F? — H? = 1 the following:
F(r) = —cothr and H(r) = cschr.

Then
f(r)y=rcothr —1 and h(r)=rcschr

and one can verify directly that these are smooth (even at r = 0, where
they take the required boundary values) and satisfy (2.5.38). Thus, our field
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configuration (A, ¢) is given by

—

b () = (cothr - 1) T =

r

1
r
(— — cschr) 7 X T

1 /1 .
- - - h aij d lTa
, (’I" CSC. T‘) E € J.’E T

a=1

(cothr - 1) x* T, (2.5.39)
r

(2.5.40)

Remark: The same calculation for (2.5.33) with the plus sign gives the
same result except that the sign of ¢ is changed.

The exact solution (A, ¢) given by (2.5.39) and (2.5.40) is remarkable for
a number of reasons (quite aside from the fact that it is an exact solution
which is more than one generally has a right to expect). The form of the thing
itself is extraordinary for its “mixing” of the spatial and internal directions.
For example, (2.5.39) describes a Higgs field which, in the z-direction in
R3, a = 1,2, 3, has only an internal 7®-component. It is, in some strange way,
“radial” (Polyakov called it a “hedgehog” solution). Another feature, and one
that will be particularly significant quite soon, is that, despite appearances,
the component functions of ¢ and A are smooth (in fact, real analytic), even
at the origin. For example,

1 1 /rcoshr 1 /r+ ,r + ,r + -
cothr — — = — - —1)=- 71
r 1\ sinhr T r+3!r3+5!r5+ :
L1+ g+ 4rit- -
= 1.2 1.4 -1
r\l+gretgrt+-
1 11\,
(1t (z-5) "+ )

(by long division) and this is indeed analytic at » = 0. Computing the deriva-
tive of coth r—% one finds that it is positive. Moreover, lim, o, (coth r— %) =
1 so one obtains the following picture of ||¢||:

| ool

|| 9(r) || = coth r — 1

0 r

The configuration (\A, ¢) is a globally defined, smooth object on all of IR3.
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But how did configurations such as this come to be called “monopoles”?
This is not entirely clear from the “hedgehog” form in which we currently
have the solution written, but will become clear after an appropriate (local)
gauge transformation. We intend to define a gauge transformation on an open
subset of R® which, at each point in space, rotates the Higgs field (in the
internal space su(2) at that point) from its “radial” direction to a direction
parallel to the internal T3-axis. One should keep in mind that a gauge trans-
formation is assumed to change only the appearance, not the physics of field
configurations. Our gauge transformation will be a map ¢ from an open subset
of R3 into SU(2) and its effect on ¢ and A will be, as usual,

¢ — ¢ =g 'og
A — A =g Ag+g 'dg.

Specifically, in terms of spherical coordinates (r, ¢, 6) on R3, we let

P a0 P
cos 5 —e Vsing
g(x) = _ o o . (2.5.41)
et sin = cos —
2 2
To compute ¢9 we proceed as follows:
- 1 (f(r) Fr) o1 a
=g g =g <:2)x T, )g= %(9 Y (2T,) g)
(1) ag 1 Lf(r) oy 1
:77"2 T (g Tag) :757,—7”2 T (g Jag).
Now, notice that, for any ¢ = (7% i), a € R, in SU(2),

gl = (%_i) and
R 0 1 B —af—af  a?—p?
e A PR e U S S T
S 0 -1 y af—af —a?—p?
g gm0 1 0 9= B2+a? —aB+ap

ot 0\ [a*=BB 208
g loag =gt 9= 2af i e
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COS g —e ¥ sin g
Now, with g = (7% 5) = we have
€% sin g cos f
2 2

—af —af = —a(B+ 8) = - cos £(2Re(8))

1
= 2cos L sin ¥ cosd =sinpcosf = r
2 2 r

a? — 32 = cos? g — e~ 2 gin? g

= cos? g — (cos 20 — i sin 26) sin® %

= <COS2 2 cos20sin f) + i sin 20 sin® b
2 2 2
i(af — aB) = ia(B — B) = ia(—2iIm(B))
=2aIm (f) = 2cos g(sinﬂsin g)
2

. . z
=sinpsinf = —
T

—a? — B* = (—cos? % — cos 20 sin? g) + i sin 20 sin® %

2 2 2 P . 2P
- = COS™ — — 8 -
o’ — B 5 in 5

x3

:Cosgp:—

r

200 = 2cos 2 (—e*w sin f) = —e ¥sing
2 2
= —cosfsiny + 4 sinf sin p.

We need just the (1,1) and (1,2) entries of ¢9 so we compute as follows: The
(1,1) entry of (g to,.g) is

x! (sin ¢ cos 0) 4 22 (sin @ sin §) + 2 cos ¢

1 2 3 2
:xl <x ) +m2 (:E ) +:I;3 (I ) - ; -
r r r r
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The real part of the (1,2) entry of 2%(¢~'o,g) is

z!(cos? % — cos 20 sin? g) + 2%(— sin 26 sin? g) + 23(— cos fsin )
= (rsin ¢ cos ) cos? g — (rsin g cos @) cos 26 sin® g

— (rsin @ sin @) sin 26 sin? g — 7¢0os pcosfsin g

= TSI Ccos D) B COs @

1 1
— rsingcosf(1 — 2sin? 0) (2 — QCOngJ)
. .9 1 1 .
— 2rsin psin® 0 cos 0 R 4 — rcos pcosfsing

1 1
= §rsinapc059+ §rsin¢cos<pcose

1 1
— (rsingcos @ — 2rsin p cos fsin? 0) (2 ~3 cosap)

1 1
— 2rsin p cos fsin® @ (2 — 2cos<p> — 1 cos pcos fsin

1 . 1
= irsmcpcos@—k§rsmg0coscpcosé’
. 1 1 .
— (rsingcos ) 3~ 50089 — 7sin ¢ cos p cos

1 1
= iT‘SlncpCOS@*§TSIHQDCOS<,0COSO

1. 1
firsmgaCOSHJrirsmcpcosgacosﬂ
= 0.

The imaginary part of the (1,2) entry of (g~ to,g) is shown to be zero in

the same way so the (1,2) entry itself is zero. Since ¢9 takes values in su(2)

we have
g__}-f(r) r 0 __E.M 1 0
qb_2zr2<0—r>_ 211"(0_1)

@9 = <cothr - i) T;. (2.5.42)

Thus, as promised, our Higgs field is now aligned along the third isospin
axis T3 in the internal space at each point of R3. As to the gauge poten-
tial LAY, we will again need the (1,1) and (1,2) entries in g~ ' Ag + g~ 'dg.
First observe that
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~ L (1=h(r) < o
1 o 1 7
g Ag=y (73 Z €aijr’dz'Ty | g

a=1

3
= 177”7};@) Z(eaijdezi) (gilT,,,g)

a=1
3

L—hr Zemj:cjdx gloag)

1,1-hr)
2 72 =
% 1 Th [ (23dz? — 22da®) (g_lalg)
+ (2tda® — 23dat) (g oag)
+ (2?dzt — xlde)(g_lagg)]

Notice that the (1,1) entry of g~1.Ag is zero:

L.1-h(r) 37 2 2,3 a! 1.3 3.1 z?
i [(m da® — x°dx?) - + (zdz® — z°dx”) -
23
+(2?dzt — z'dx?) (r)]
= _71.77‘ [$1x3dx2 — 2 2?da? + 2t alda? — 2?atdat
r
+ 2223dat — xlxgdxﬂ

Thus, the (1,1) entry of LAY is the same as the (1,1) entry of g~!dg (and so,
in particular, does not depend on the gauge potential A).

Let g = (_? 5) with « real and depending only on ¢ and /5 depending only

B o
on ¢ and . Then g~ ! = (g 75) and
a,dp Bepdp + Bodl
dg = _ _
—Bodp — Bedf o de
SO
1 o —p a¢d<p Bg&d@ + Bod0
g~ dg =

B « —deap — Bpdb a,dp
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The (1,1) entry of g~ 'dg is

aa,dp + BByde + BBedf

s P (L
= cos 5 ( 251n2>d<p
. 1
+ (*6710 sin %) < ’02 cos 5) dy
+ (—e*w sin g) (—ze ¥ sin = ) de
L. ¢
——ismicos—d@—i—z 5
= isin? 2do
2
1,
= 51(1 — cos p)db.

Thus, A7 has the form

A9 ( 14(1 — cosp)db —_— )
1 (=(1—cosp)dd)i —_—
T2 S S
which we write as
1{ —3(2)i(1 - cosyp)dd —_—
9_ _= 2
AT= 73 ( S -

A similar calculation for the (1,2) entry gives (LA9)! and (.A9)2

below.

(69) = (6" =

(¢9)% = m = cothr — E
T T
(AN = —h(r)(sin O dp + cos O sin ¢ d)

= —rcschr(sin® dy + cos 6 sin ¢ db)
(A9)? = h(r)(cos O dp — sin §sin ¢ db)
= rcschr(cos 6 de — sinfsin ¢ df)

(A7) = —(1 — cos p)db.

1
sin £ cos —dgo + 4 sin? —d9

(2.5.43)

as shown

(2.5.44)
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Now for the good part. We have already observed that (A, ¢) is a globally
defined, smooth field configuration on all of R3. As r — oo (i.e., as seen
from a distance), the Higgs field approaches the constant value T3 (because

fr) — 1), whereas (A?)! and (A%)? approach 0 (because h(r) — 0),

r
while (A7), which does not depend on r, remains fixed at —(1 — cos )df. As
seen from infinity the potential function A in this gauge assumes the form

1 [ —3(2)i(1 - cosp)dd 0
0 1(2)i(1 — cos p)db

which is essentially just the Im C-valued 1-form

1,...
—5(2)1(1 —cos p)do

and this is precisely the potential for a Dirac monopole of magnetic charge 2
(see page 68). Seen from afar, the (nonsingular) t’ Hooft-Polyakov monopole
looks like a Dirac monopole. The “string singularity” (page 4, [N4]) of the
Dirac monopole now shows up in the fact that our gauge transformation g
(defined in terms of spherical coordinates on IR3) is singular on the nonpositive
x3-axis.
Remark: The essential point to keep in mind here is that, in classical elec-
trodynamics, monopoles are (but certainly need not be) “put in by hand,”
whereas, in SU(2) Yang-Mills-Higgs theory, they arise of their own accord as
solutions to the field equations.

Since the t’Hooft-Polyakov monopole satisfies F = *dA
the field strength F entirely from d“¢. In gauge s9,

¢ one can compute

d4p = do + A, ¢]

=d (@T;;) + {A“Ta, fS”)Tg]
(82) 2o L e
(

- ) @[Alm,ﬂg] + ATy, T3] + AT, T3]

=d

|
u

r

I
Qu

(T> Ts + fir) [—A'T, + AT1]

r

") a2, - A1T2)+<aarfi)>d 7,

~

ﬁ ‘

= (cothr — ) (AT, — Ang) + (1 — csch? r) drTs

r2
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1
d4¢ = (coth r— r) (reschr)[(cos 0 dp — sinfsin ¢ d6)Ty
+ (sin 6 dy + cos 6 sin ¢ d6)T] (2.5.45)

1
+ (2 — csch? r) drTs
r

Let us return to an arbitrary configuration (A, ¢) satisfying the monopole
equations F = +*d“¢. We have already seen (page 134) that for such a
configuration

2 * A
| F 12+ [[ado | = +2(F,"d*s )

SO

1
A(A9) =5 /]R (| F|1* + || d4o|*) dz' A da? A da®
- i/ <7, g4 >dx1 Ada? A di?
]RS
— :F/ 2trace(.’F/\**dA¢)
]RB

= :F/ 2trace(.’F'/\ dAgb)
IRS

which we now write as

A(A, ¢) =F /]R3 Tr(F A dA9) (monopole), (2.5.46)

where Tr = 2 trace. Computing this integral for the t’"Hooft-Polyakov monopole
(by writing it as [, Tr(*d4¢AdA¢) = — [ps | d46 ||? do' Adz? Adz® and using
(2.5.45)) gives a value of 4w. For any configuration (A, ¢) € C satisfying the
monopole equations (2.5.14) we define the monopole number N (A, ¢) by

N(A,¢) = % /}RS Tr(F A d4e). (2.5.47)

There are alternative ways of computing N (A, ¢) (several of which are dis-
cussed below) that make it clear that N (A, ¢) is actually an integer. Indeed,
such an integer-valued monopole number can be defined in a much more gen-
eral context. In [JT] it is shown that ;- Jre Te(F A dA¢) is well-defined and
integer-valued for any (\A, ¢) € C that is a critical point for the action A given
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by (2.5.10). Then |Groi2| shows that it is not even necessary to assume (A, ¢)
is a critical point. More precisely, if

1
A(A, ¢) = 2/11{3 (| FI1? + | d1¢ ||?) dz' A da? A da®

and

C = {(A7¢):A(A,¢) < oo,Rlim sup ’1— H(;S||| :0}7
|z |>R
then, for any (A, ¢) € C,

N(A, ) = i /}R Tr (F A dA9)

is a well-defined integer called the monopole number of (\A, ¢) (even though
we do not assume that (A, ¢) is a solution to the monopole equations).

Remark: The results of [Groi2] are actually much more general than this,
but these will do for our purposes. Much of what we have to say also extends
to the A > 0 case which we abandoned on page 133 (see [JT| and [Groil]).

We will now describe some alternative ways of computing N (A, ¢) that
shed much light on its topological significance. First we think of f]R3 as
limg_ oo fl"ﬁ <R and apply Stokes” Theorem to each flr <R’ For this we first
note that

Tr (F A dA¢) = d(Tr(¢F)), (2.5.48)

where ¢F is a matrix product. To see this note that Tr(d¢) = Tr(d¢ +
[A, ¢]) = Tr(de)+ Tr([A,¢]) = Tr(dp) because any commutator has trace
zero (Tr(AB)= Tr(BA)). Now, using a few simple computational facts that
we will establish in Chapter 4,

d(Tr(¢F)) = Tr(d(¢F)) = Tr(d*(¢F))
= Tr(¢pdAF + d¢ A F) (“Product Rule”)
= Tr(d*p A F) (Bianchi identity)
= Tr(F Ad?),

where the last equality follows from the fact that d*¢ A F and F A dA¢ differ
by a bracket, which has trace zero. This proves (2.5.48) and Stokes’ Theorem
(Section 4.7) gives

/|w|<R Tr(FA dA¢) - /|w|<Rd (Tr(oF)) = /I—R Tr(¢F).
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Writing S% for the set of points in R? with |2 | = R we obtain
R

N(A,qﬁ):i/]RBTr(fAd%): lim 1/| |<RT1“(.7'-/\CZ'A¢)

4T R—so0 41
1
N(A ¢)= lim —/ Tr (¢F ). (2.5.49)
R—o0 4T 52,
Since limpr— 0 SUP| ;> |1 — || @ ||| = 0, there exists an Ry < oo such that

[ ¢(x)| > 3 for all z with |2 | > Ry. For any such z we define

$(z)=¢() "¢ (2)

and, if R > Ry,
ér = Pls2.

These are smooth maps on their domains and they map into S?u@) (the unit
2-sphere in su(2) = R?3). One can show (see [JT| and [Groi2|) that ¢ can be
replaced by ¢ in (2.5.49), i.e.,

N(A,¢) = lim i/s Tr( ¢F)

R— o0 4T 2
R

1 (2.5.50)
= lim — T (¢ F).
/S 16l Tx(6)

R—so0 47

The reason for preferring the maps qg and é r can be seen as follows: Each
ér can be regarded as a map from S? to S? and so determines an element
[gZA) r] of the homotopy group m5(S5?). Since  is smooth for R > Ry, ¢r varies
smoothly with R > Ry so this homotopy class is independent of R > Ry
and we will denote it simply [¢]. We claim that [¢] is also gauge invariant,
i.e., that if g : R® — SU(2) is a gauge transformation and ¢ = g~ 'dg,
then, on | x| > Ry, || ¢ | 71¢9 is well-defined and homotopic to || ¢ ||~1¢. It is
well-defined because || ¢ || = || g ég || = || ¢ || which is nonzero on |z | > Ry.
On the other hand, since R? is contractible, g is homotopic to the map that
sends all of R? the identity e in SU(2) (Exercise 2.3.6, [N4]). Thus, on |z | >
Ro, [ ¢7[I7'¢? = [[¢ "' (g~ '¢g) is homotopic to [ ¢~ (e " de) = @[ '¢
so [¢9] = [¢4] as required.

Each map QASR can be regarded as a map from S? to S? and therefore has
a Brouwer degree deg(¢r) (see Section 5.7 or Section 3.4 of [N4]). Since the
various maps qASR,R > Ry, determine the same homotopy class in mo(S52),
they have the same degree. Remarkably, this degree actually coincides with
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the monopole number, i.e.,
N (A, 9) = deg (9r) = deg (|6 0ls3) (R > Ro) (2:5.51)

(see [JT] and [Groi2]). Notice that deg(||¢||’1¢\s;z?) depends only on ¢
and, indeed, only on its asymptotic behavior. Even more, it depends only
on the “homotopy type of its asymptotic behavior” (if you get my drift).
The monopole number distinguishes “homotopy classes” of Higgs fields. These
classes are stable in the sense that a continuous perturbation of the field can-
not change the class (physicists would say that an infinite potential barrier
separates fields with different monopole numbers). Mathematically, there is
a natural topology on the configuration space C with path components la-
beled by the integers and such that two configurations lie in the same path
component if and only if they have the same monopole number (see [Groi2]).

We point out that there is an explicit integral formula for calculating the
degrees (monopole numbers) in (2.5.51) that is sometimes more manageable
than those in earlier formulas:

N(A,6) = ——~ Tr<¢§d¢% A dé) (R > Ry). (2.5.52)

47 S%

We'll do this calculation for the t” Hooft-Polyakov monopole. From (2.5.39)
and the fact that || ¢(z) || = coth 7 — L we conclude that, on 5%, (R > Ry),

FYRY P B L
Tr)=mn- = —dg = ——%
R 2R —z2 4zl —z33
Thus,
do A do
1 dz>i dz? + dzx'i dz>i dz? + dz'i
AR? \ _dx? 4 da'i —da3i —da? + daVi —da3i
1 dzt A dx?4 —dz' A da® 4 da? A daBs
2R? \ dz! A da® + dz? A dzi —dzt A dz?i
and so
. R 1 34 22+ xti
do Ndp =——=
peasee 4R3 ( —z% + 2l —x3i

dzt A dz?i —dx! A dx® + dz? A dxPi
dzt A da?® + da? A dads —dz' A daz?i '
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The (1,1) entry is

E [(—x?’dxl A da? + z?dat A da® — xtda? A dac?’)

+ (Jcldac1 Adx3 + x2dx? A da;?’) z] .
and the (2,2) entry is
M%g [(xdel Adaz? — ztda? A dz® — 2Pdzt A da?)

— (:cldosl A dx® + x2dx? A dxg) z] .
Thus,
Tr (dngAﬁ A quS) = 2trace (g{)d(;@ A dé)
= —% (xldx2 Ada?® — 2?dat A da® + 23dat A dacQ) .

We will learn how to integrate such a 2-form over S% in Chapter 4 (indeed,
we will find that the restriction of z1da? A dx® — 22dxt Ada® + x3dat A da® to
S? is just the standard volume (i.e., area) form on S?). Once the machinery

is all in hand we will find that one can calculate such things by simply doing
what comes natural. In this case, one introduces spherical coordinates

! = Rsinpcosf
x? = Rsin psinf
x3 = Rcos g
with 0 < 0 <27 and 0 < ¢ < 7, computes
ztda® A dx® = (Rsinpcosf) d (Rsingsing) A d(Rcosp)
= R3sin ¢ cos A(cos @ sin Odyp + sin @ cos 0dB) A (— sin pdyp)
= —R3sin® p cos? 0dO A dyp

and similarly for the remaining terms. The result is

I

Tr(osdwdq%)z—/ sin ¢ dop A df
(0,7)x(0,27)

27 T
= —/ / sin ¢ dpdf
0 0
= —4r.

2
R



2.5. SU(2)-Yang-Mills-Higgs Theory on R"™ 135

Thus, for the t” Hooft-Polyakov monopole,

N(A,¢) = —iﬂ Tr(ésdq%Ang)) — 1.

4 5112{

Remark: Changing the sign of ¢ (but leaving A alone) gives a configuration
which is a solution to F = *d“¢ (see page 144) and has monopole number
—1.

The behavior of the Higgs field on large 2-spheres S% therefore captures
the topological type of the configuration. There is yet another way of seeing
this that is reminiscent of our earlier experience with instantons (where the
topological type was to be found in the Chern class of a certain bundle). To
see this we again fix

(A, 9)eC= {(A, ¢): A(A,¢) < oo, lim —sup [1— || = 0}
X |z|>R

and select Ry < oo such that ||¢(z)| > 3 on |z| > Ry. Define
¢=gl7"¢: R® — {w: [a < Ro} — SZ,2)

and, for each R > Ry,
<5R = <ZA5 52t Sp — Sgu(2)‘

Now we fix some R > Ry. ¢ is the pullback by the standard cross-section of
an equivariant map ® : R3 x SU(2) — su (2). The restriction of the trivial
SU(2)-bundle over R? to S% is the trivial SU(2)-bundle over S%:

SU(2) < S% x SU(2) L5 §3.

Let ®r = g2 . 51(2) and b = |®r| @5 Both are equivariant and ®p
takes values in Sfu@). Furthermore, ¢E r is the pullback to 512{ by the standard

cross-section of ® . Thus, ¢p, is the standard gauge representation for a Higgs

field on the trivial SU(2)-bundle over S with values in SZ, ).

2
su(2)

see pages 132-133). The isotropy subgroup of ¢g (with respect to the adjoint
action of SU(2) on su(2)) is a copy of U(1) in SU(2) (pages 132-133). One

can show that @;1((;50) is a submanifold of S% x SU(2) (because by is a

submersion at each point of ® (¢o)) and, furthermore

Now, select some ¢y € S (a “ground state” for the “virtual potential”;

(i) for each z € S%, P~ (z)N ‘i’;(%) #0, and



136 2. Physical Motivation

(ii) for p € ®5 (do) and g e SU(2),
p-ge <i>1;1 (po) iff geU(1) (isotropy subgroup of ¢g).
From these it follows that
Pl@r (60): @ (60) — 5%

is a principal U(l)-bundle over S% (where the action of U(1) on <i>;%1(¢0)
is just the original SU(2)-action on S% x SU(2), but with p restricted to

@;1(%) and g restricted to U(1) C SU(2)). This U(1)-bundle over S% is

called a reduction of the structure group of SU(2) < S% x SU(2) N S% to
U(1). Recall that principal U(1)-bundles over spheres are characterized up to
equivalence by their 15 Chern number (see pages 63-64 and 68 of Section 2.2).
The result of interest to us is the following: The 1% Chern number of

L1 PlERi )
UQl) = ®x (¢o) —— Sk

is the monopole number N (A, ¢) of the configuration (A, d).

Since the Chern class can be computed from any connection on the bundle,
the proof amounts to finding such a connection that arises naturally from the
original Yang-Mills-Higgs potential. We will briefly illustrate how this is done
(the following is a special case of Proposition 6.4, Chapter II, of [KN1]):
We have a connection on SU(2) — RR3? x SU(2) — R3. Its restriction to
SU(2) < % x SU(2) 2+ S% is a connection which we will denote w. Since
U(1) is a subgroup of SU(2), u(1) is a subalgebra of su(2). Now, we have an
ad-invariant, positive definite inner product

(A, B) = —2trace(AB)

on su(2). Let u(1)* be the ( , )-orthogonal complement of u(1) in su(2). Then
su(2) = u(1) @ u(1)* and u(1)* is also ad-invariant (we let pu : SU(2) —
GL(u(1)*) be the induced representation). If ¢ : @;1(%) — 5% xSU(2) is the

L1
inclusion map, then t*w is an su(2)-valued 1-form on @, (¢g) and therefore
splits

V'w =wo +,

where wy is u(1)-valued and ~ is u(1)*-valued. It’s easy to see that wy is a
connection 1-form on

~—1 P"i’l_ql(@))

U(1) = @5 (d0) Sk
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(and ~ is “tensorial of type p”). Computing the 15* Chern number of this
bundle from wq gives the expression (2.5.52) for N (A, ¢).

2.6 Epilogue

We hope by now to have satisfied the curiosity of those who may have won-
dered how such apparently abstruse mathematical notions as spinor structures
and characteristic classes might arise in the study of the world around us. We
will have one more serious encounter with this in the Appendix, but it is time
now to put aside the informal, heuristic, discussions that have characterized
this chapter and deal honestly with these notions for their own sake. The
remainder of the book is intended to do just that. Certainly, one need not
demand any physical motivation to study and appreciate the rather beautiful
mathematics to follow. Nevertheless, it is pro-foundly satisfying that the phys-
ical motivation exists and, as the concepts are made precise and the theorems
are rigorously proved, we recommend a periodic dip in the murkier waters
of physics (the journal Communications in Mathematical Physics is fine for
browsing). It lends perspective.
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Frame Bundles and Spacetimes

3.1 Partitions of Unity, Riemannian
Metrics and Connections

An n-dimensional smooth manifold X is locally diffeomorphic to R™ and
the study of such manifolds generally necessitates piecing together well-
understood local information about R"™ into global information about X. The
basic tool for this piecing together operation is a partition of unity. In this
section we will prove that these exist in abundance on any manifold and use
them to establish the global existence of two useful objects that clearly always
exist locally (Riemannian metrics and connection forms). The same technique
will be used in Section 4.3 to obtain a convenient reformulation of the notion
of orientability while, in Section 4.6, a theory of integration is constructed on
any orientable manifold by piecing together Lebesgue integrals on coordinate
neighborhoods.

We begin with a purely topological lemma. A family {A, : « € A} of
subsets of a topological space X is said to be locally finite if each € X has
a neighborhood U such that U N A, # () for at most finitely many « € A.

Exercise 3.1.1 Show that, if iAa : a € A} is locally finite and A, denotes
the closure of 4, in X, then {A, : a € A} is also locally finite.

Recall (Section 1.4, [N4]) that a subset U of X is relatively compact if its
closure U is compact and that X itself is said to be locally compact if it is
Hausdorff and each point in X has a relatively compact open neighborhood.
If X is also second countable (i.e., has a countable basis for its topology), then
it has a countable basis of relatively compact open sets (Lemma 1.4.9, [N4]).
Manifolds are, in particular, locally compact, second countable topological
spaces. Finally, recall (Section 4.3, [N4]) that, if ¢/ and V are two covers of X,
then V is said to be a refinement of i/ if every V € V is contained in some
Uclu.

Lemma 3.1.1 Let X be a locally compact, second countable topological space.
Then any open cover of X has a countable, locally finite refinement consisting
of relatively compact open sets.

Proof: Let {By, Ba, ...} be a basis for the open sets of X with each B; com-
pact. We begin by constructing an auxiliary countable cover {W;, Wa, ...}
of X consisting of relatively compact open sets and with the property that

W; C Wiy for each i = 1,2,... . Set W; = B; and assume (for the in-
ductive construction) that W1, ..., W,, have been defined so that W; is open
G.L. Naber, Topology, Geometry and Gauge fields: Interactions, 139
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and relatively compact for i < n and W; C Wy, for i < n — 1. Since W,
is compact it is contained in a finite union of the B;. Let i, be the least
positive integer greater than or equal to n such that W,, C By U--- U B;, .
Set Wn—i—l = B1 U---u Bin~ Then Wn+1 is open, Wn - Wn+1 and W7L+1 =
ByU---UB;, = BiU---U B,;n is compact so the induction is complete and
we have a sequence {W7,Wa, ...} of relatively compact open sets and with
W; € Wiy for each i = 1,2,.... Since W; contains the union of the first i
elements of {By, Ba, ...}, Uio; Wi =X and {W;, W, ...} is a cover of X.

Exercise 3.1.2 Show that each of the sets Wa, Wy — Wa, Wy — Ws, ...,
W; — Wi_1,... is compact, each of the sets W3, Wy — Wy, W5 — Wa, ...,
Wit1 — Wi_a, ... is open, and

Wy C Wy
Wi — Wy CW, — W,
Wy — W3 C W5 — Ws

Wi = Wiy CTWipr —Wig

With this auxiliary cover in hand we can now prove the lemma. Let U/ =
{Us : @ € A} be an arbitrary open cover of X. Define Uy = {U,NW3 : o € A}
and, for i > 3, Uy = {Uy, N (Wip1 — W;_2) : @ € A}. Then Us covers Wo
and, for i > 3, U; covers W; — W;_1. Let Vs be a finite collection of ele-
ments of Us that cover Wy and, for i > 3, let V; be a finite collection of
elements of U; that cover W; — W;_;. Finally, let V = UEQ V;. Then V is
a countable family of open sets in X. Each element of V is contained in
some U, as well as in some V_Vj so that V refines U and the elements of V
have compact closure. To see that V is a cover, let = be an arbitrary el-
ement of X. Select the least integer ¢ > 1 such that z € W,;. If i = 1,
or 2, then € Wy and therefore in some element of V,. If ¢+ > 3, then
x € W; — W;_1 so x is in some element of V;. This also implies that V is
locally finite since any z € X is in one of the compact sets Wy, W5 — Wh, . ..

and the corresponding open set Ws, Wy — Wi,... is an open neighbor-
hood of x which, by construction, intersects only finitely many elements
of V. |

For any real-valued function f on a topological space X we define the sup-
port of f, denoted supp f, to be the closure in X of the set of points on which
f is nonzero, i.e.,

supp f = {w € X : J(z) 7 0}.

Thus, f is identically zero on X — supp f, but may be zero at some points of
supp f as well. Now we return to the manifold setting. A (smooth) partition
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of unity on the n-dimensional smooth manifold X is a collection {¢, : v € C}
of smooth, non-negative real-valued functions on X such that

1. Each supp ¢, is compact.
2. {supp ¢, : v € C} is locally finite.
3. Foreachz € X, > . ¢,(2) = 1.

Remark: Notice that, by #2, each z € X has a neighborhood on which at
most finitely many of the ¢, are nonzero so the sum in #3 is a finite sum. The
fact that the sum is 1 implies that the sets supp ¢,y € C, cover X. Moreover,
since the ¢, are assumed non-negative, we must have 0 < ¢ () < 1 for each
reX.

Ifu = {U, : « € A} is an open cover of X, then the partition of unity
{¢4 : v € C} is said to be subordinate to U if each supp ¢, is contained
in some U,. We wish to prove that any open cover of any smooth manifold
has a (countable) partition of unity subordinate to it. For this we will need to
use the fact that manifolds have rich supplies of smooth real-valued functions.
More precisely, we will appeal to the following two results, both proved in
[N4].

Lemma 3.1.2 Let X be a smooth manifold, U a coordinate neighborhood in
X and Ag and Ay disjoint closed subsets of U. Then there exists a smooth
function f: U — R satisfying 0 < f(x) <1 for allx € U, Ag = f~(0) and
A= f7H(1).

This is Exercise 5.4.4 of [N4]. The following is Lemma 5.4.2 of [N4].

Lemma 3.1.3 Let W be an open subset of the smooth manifold X and p a
point in W. Then there exists a non-negative, C* function g on X that is
1 on an open neighborhood of p in W and 0 outside W (g is called a bump
function at p in W).

With these we can prove our major result.

Theorem 3.1.4 Let X be a smooth manifold and U = {U, : o € A} an
open cover of X. Then there exists a countable partition of unity {¢r}r=1,2....
subordinate to U.

Proof: It will clearly suffice to find such a partition of unity subordinate to
any refinement of U so, by intersecting with the coordinate neighborhoods in
some atlas for X, we might as well assume at the outset that each U, is a
coordinate neighborhood. For each x € X we can select an open neighborhood
of x whose closure is contained in some U,. Let &’ be the open cover of X
consisting of all of these neighborhoods. By Lemma 3.1.1, there is a countable,
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locally finite, open refinement V = {Vj }p—12.. of U’ with each Vi, compact.
Thus, V is also a refinement of I and, morcover, each Vj is contained in
some element of U. By Exercise 3.1.1, {Vk}k:LQ.“ is also locally finite so, to
complete the proof, it will suffice to find a partition of unity {¢y }r=12... with
supp ¢ = Vj, for each k =1,2,....

For each k = 1,2, ... select a(k) € A such that V}, C Ua(k)- Then Uy — Vi
is a nonempty, proper closed subset of Uy (1 so, by Lemma 3.1.2, there is a non-
negative smooth function f; on Uy k) with (f7) ' (0) = Uy ) — Vi. From this
we construct a non-negative smooth function f; on X with f,- 1(O) =X-V;
as follows: For each p € V}, select a non-negative bump function g, which
is 1 on a neighborhood U, of p in Uy and 0 on X — U, x). Cover Vi by
finitely many of these neighborhoods Up,, ..., Uy, and let g = g,, + -+ gp,.
Then g is C* on X, nonzero on Vi and 0 on X — Ugx). Define f on X
by

fe(@)g(x), r € Ug(r)

fk(x) = .
0, re X — Ua(k)

Exercise 3.1.3 Show that f; is a well-defined smooth map on X with
[N 0) =X — V.

From Exercise 3.1.3 we conclude that supp fx = Vj. Thus, {supp fith=12..
is locally finite so we can define a smooth real-valued function f on X
by

fl@) =" fal@)
k=1

for each x € X. Moreover, since every « € X is in some V;, f(x) > 0 for each
r € X. Thus, for each £ = 1,2,..., the function ¢, : X — R defined

by
Ji(2)
or(z) =
=
is non-negative, C*°, has supp¢p = suppfr = Vi and satisfies
Y peq k(z) =1 for each x € X as required. [ |

The functions in a partition of unity are required to have compact support.
On occasion it is convenient to drop this requirement.

Corollary 3.1.5 Let X be a smooth manifold and U = {U, : a € A} an
open cover of X. Then there exists a family {¢po : o € A} of smooth,
non-negative real-valued functions on X such that supp ¢, C U, for each
a € A, {suppg, : a € A} it is locally finite and, for each x € X, Y oo,
st (x) =1.
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Proof: Choose a countable partition of unity {Q%}k:lg’m on X subordinate

toU. Define ¢, to be identically zero if no ¢}, has support in U, and, otherwise,
let ¢, be the sum of the ¢} with support in U,,.

Exercise 3.1.4 Show that {¢, : « € A} has the required properties. |

Exercise 3.1.5 Let X be a smooth manifold, U an open subset of X and A a
closed subset of X with A C U. Show that there exists a smooth, real-valued
function ¢ on X satisfying 0 < ¢(x) < 1 for each x € X, ¢(z) = 1 for each
x € A and ¢(x) = 0 for each © € X — U. Hint: Consider the open cover
{U, X — A} of X and use Corollary 3.1.5.

We conclude this section with two important applications of Theorem 3.1.4.

Theorem 3.1.6 Any smooth manifold X admits a Riemannian metric.

Proof: Observe first that if (U, ¢) is a chart on X, then the open submanifold
U of X admits a Riemannian metric (e.g., ¢* g, where g is the standard
metric on @(U) C R"™). Now, let {(Ua,¢a) : @ € A} be an atlas for X.
By Theorem 3.1.4 there is a countable partition of unity {¢}r=12.. on
X subordinate to {U, : a € A}. For each k = 1,2,... choose a(k) € A
such that supp ¢r C Uqr). Then {Uq)tr=1,2,... is a countable subcover of

{Uqs : € A}. On each Uy select a Riemannian metric g, and define g by

oo
g9=> gy
k=1

More precisely, we define g as follows: For each p € X and all v, w € T,(X)
we let

9(p)(v,w) =Y dr(p)gr(p)(v, w), (3.1.1)
k=1

where it is understood that, if p & supp ¢, then the term ¢x(p)g,(p)(v, w)
is taken to be zero (¢ (p) is zero, of course, but g, (p) will not be defined if
P & Us(ry)- Thus, the sum is finite.

Each g(p) defined by (3.1.1) is clearly symmetric and bilinear. Moreover,
g(p)(v,v) >0 and, if v # 0, g(p)(v,v) > 0 since no term in the sum (3.1.1)
is negative and at least one must be positive if w = v. Thus, each g(p)
is a positive definite inner product on T,(X). All that remains is to prove
smoothness and this we may do locally. Fix a p € X. Then p has an open
neighborhood that intersects only finitely many of the sets supp ¢. Intersect
this neighborhood with all of the corresponding U, (x) containing p to obtain
a coordinate neighborhood U of p. Restrict to U the coordinates z',..., 2"
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of any one of these coordinate neighborhoods U, (x). Then, on U, the sum
9= 10y Pk9y deﬁnlng g is finite, each ¢ is a C'*° function of xl, R
and each g, (72, 525) is C* so g(52, 72) is C* for 4,j = 1,...,n. Thus,
g is smooth on U as required. |

An analogous argument establishes the existence of a connection form on
any smooth principal bundle.

Theorem 3.1.7 Any smooth principal bundle G — P 25 X admits a con-
nection.

Proof: First note that if (U, ) is a chart for which U is a trivializing

neighborhood, then the trivial bundle G — P~1(U) 2, U admits a con-
nection. Indeed, if ¥ : P~1(U) — U x G is a trivialization, 7 : U x G — G
is the projection and @ is the Cartan 1-form for G, then 7@ is a (flat) con-
nection form on U x G (Exercise 6.2.12, [N4]) so U*(7*@) = (1o ¥)*O is a
connection form on P~*(U) (Theorem 6.1.3, [N4]).

Now let {(Uq, po) : @ € A} be an atlas for X with each U, a trivializing

neighborhood for G — P P X Let {dK}=1,2... be a countable partition of
unity subordinate to U = {U, : a € A}. For each k, choose a(k) € A such
that supp ¢x € Uqg(ry- Then {Uqy(ry}r=1,2,... is a countable subcover of U. For
each k, let wy be a connection form on P- L(Uy) and define

= (¢ o P) wp.
h=1

More precisely, for each p € P and all v € T,(P) we set

=" 6u(P®)wi(p)(v), (3.1.2)
k=1

where it is understood that, if P(p) & supp ¢x, then the term ¢ (P (p))w(p)
(v) is taken to be zero. Note that (3.1.2) does, indeed, define a G-valued 1-
form on P since, at each p, the sum is finite and G is a real vector space.

Exercise 3.1.6 Show that w is smooth.

We show that w is a connection form by proving

o,w = ady-1 ow (3.1.3)

for all g € G and
w(A#)=A (3.1.4)
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for all A € G. (3.1.4) is easy because

w(p)(A%(p) = > o(P(p))wr(p)(A* (p))
k=1
=> ou(P(p) A= (Z ¢k(7)(29))> A
= Pt
—1A=A

(3.1.3) follows from the linearity of ad,-:. Indeed, for g € G, p € P and
vE T;DAg—l(P),

as required. |

3.2 Continuous Versus Smooth

We begin by using the material in Section 3.1 to prove that continuous maps
between open subsets of Euclidean spaces can be arbitrarily well approximated
by smooth maps. Indeed, we prove a bit more.

Theorem 3.2.1 Let U be an open subset of R™,V an open subset of R™
and h : U — V a continuous map. Suppose Uy is an open subset of U,
A C Uy is closed in U and h| Uy is smooth. Then, for any continuous function
€ : U — (0,00), there exists a smooth map f : U — V such that

1. |If(z) = h(2)]| < e(x) for every z € U.
2. f(z) = h(x) for all x € A.
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Proof: We ask the reader to take the first step.

Exercise 3.2.1 Show that it is enough to prove that, for every continuous
€: U — (0,00), there is a smooth map f : U — R™ satisfying (1) and (2).
Hint: Assume this has been proved and consider

¢(z) = min {e(x), %dist (h(z), R™ — v>} ,

where

dist (h(z), R™ = V) =inf {||h(z) —y|| : y e R™ = V'}.

Now, h and € are continuous on U and U — A is open. For each fixed p € U— A,
the function [|h(p) — h(x)|| is continuous and takes the value 0 at p. Since
€(p) > 0 there is an open neighborhood U, of p in U — A on which ||h(p) —
h(z)|| < e(x). Consider the open cover of U consisting of Uy together with all
of the U,, p € U— A. Corollary 3.1.5 gives a family {¢o}U{¢, : p € U— A} of
smooth, non-negative functions on U such that supp ¢9 C Uy, supp ¢, C U,
for each p € U — A, {supp ¢o} U {supp ¢p: p € U — A} is locally finite and,
for each z € U, ¢o(x) + > ,cy_a ®p(x) = 1. Since h is smooth on Uy and
supp ¢g C Uy we can define a smooth function f : U — R™ by

f@)=¢o (@) h(@)+ > ¢p(x)h(D)

peU—-A

Notice that

h(z)=|¢o(x)+ > ¢p(x) ]| h(z)

peU—A
=0 (@ h(@)+ Y p(2)h(x)
peU—-A
f(x) =h@)= D (@) (h(p) — h(x)).
peU—-A
Exercise 3.2.2 Show that f satisfies (1) and (2). |

Corollary 3.2.2 Let U be an open subset of R™, V an open subset of R™
and h : U — V' a continuous map. Then h is homotopic to a smooth map
f:U—V.

Proof: For each z € U let e(z) = § dist (h(x), R™ — V) (see Exercise 3.2.1).
Then the open ball U, (h(z)) of radius €(z) about h(z) is contained in V' for
each x € U. By Theorem 3.2.1, we can select a smooth map f : U — V with
|f(x) — h(x)| < e(z) for each x € U. In particular, since f(x) € Ucy)(h(x))
and this ball is convex, (1 —t)h(x) +t f(x) is in Uc,)(h(z)) and therefore in
V for each ¢ in [0, 1]. Thus,
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F(z, t) =1 —=t)h(z) +t f(x), ze€U, tel0,1],
defines a homotopy from h to f. |

Corollary 3.2.3 Let U be an open subset of R", V an open subset of R™
and fo, f1 : U — V two smooth maps that are homotopic. Then there exists
a smooth map F : U x R — V with F(z,0) = fo(x) and F(x,1) = fi(z) for
each x € U (F is called a smooth homotopy from fy to f1).

Proof: By assumption, there exists a continuous map G : U x [0,1] — V
with G(z,0) = fo(x) and G(z,1) = fi(x) for all © € U. By Exercise 3.1.5,
there exists a smooth function ¢ : R — R with 0 < ¢(¢) < 1 for each t € R,
¢(t) = 0 for each ¢t € (—o0, 1] and ¢(t) = 1 for each t € [£,00). Now define
H:UxR-—V by

H(z, ) = G(z, 6(t))

for each (x,t) € U xR. Note that H is continuous and satisfies H(x,t) = fo(z)
for all t < & and H(x,t) = fi(z) for all t > 2 and for all z € U. In particular,
H is smooth on the open set Uy = U x (—00, 3) UU x (£, 00). Furthermore,
A =U x {0,1} is a closed subset of the subspace U with A C Uy. According
to Theorem 3.2.1, there exists a smooth map F' : U x R — V that agrees
with H on U x {0, 1} and this clearly has the required properties. |

These last few results have interesting applications, a few of which we will see
in Chapter 5.

Remarks: Each of the results we have proved in this section for open sub-
manifolds of Euclidean space can be generalized to arbitrary smooth man-
ifolds, but the proofs often require substantial machinery. For example, in
proving that any continuous map h : X — Y between smooth manifolds
is homotopic to a smooth map f : X — Y, the family of balls U, (h(z))
covering the image of h which appeared in the proof of Corollary 3.2.2 must
be replaced by a “tubular neighborhood” and the existence of these is nontriv-
ial. A good reference for this and many analogous approximation theorems is
[Hir|. Another important result of this same sort concerns cross-sections of

principal bundles. Suppose G — P P, X is a smooth principal bundle and
suppose there exists a continuous map s. : X — P such that P o s, = idx
(i.e., a “continuous cross-section” of the bundle). Then one can show (Theo-
rem, Section 6.7, Part I, of [St]) that there must exist a smooth cross-section
s : X — P (“arbitrarily close” to s. and, if s. is smooth on an open set
U C X and A is closed in U, agreeing with s. on A). The proof requires
only tools that we now have at our disposal, but the argument given in [St|
is so thorough that we will simply refer the reader to this classic exposition
for details. An immediate consequence is that, if a smooth principal bundle is
trivial as a C%-bundle, then it is trivial as a C*°-bundle. Here is another: Let

G P2 Xbea CP-principal bundle in which it just so happens that G
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is a Lie group, X and P are smooth manifolds and P as well as the action of

G on P are smooth. Then G <+ P ——» X is a smooth principal bundle (i.e.,
has smooth local trivializations). One need only apply the result from [St] to
each trivialization.

We conclude with two more items of this same sort. Given a smooth man-
ifold X, a Lie group G, an open cover {V;}jc; of X and a family {g;;} of
smooth maps from nonempty intersections V; N V; into G satisfying the co-
cycle condition, it is a simple exercise to trace through the proof of the (C?)
Reconstruction Theorem (Theorem 4.3.4, [N4]) and show that the resulting
bundle admits a natural smooth structure (if such an exercise does not appeal
to you, see Proposition 5.2, Chapter I, of [KIN1|). One thereby obtains the ver-
sion of the Reconstruction Theorem recorded on page 34. Similarly, the proof
of the (CY) Classification Theorem for principal G-bundles over S™ (Theo-
rem 4.4.3, [N4]) shows that the equivalence class of such a bundle is uniquely
determined by the homotopy type of its characteristic map T = gy |S™™!
from the equator S”~! C S™ into G. If G is a Lie group one can choose a
smooth map homotopic to T" and use this as a characteristic map to build
a G-bundle over S™ (Lemma 4.4.1, [N4]). This latter bundle is smooth (by
the smooth Reconstruction Theorem) and equivalent to the original bundle
so every equivalence class contains a smooth bundle. In this way one arrives
at the smooth version of the Classification Theorem, as stated on page 34.

3.3 Frame Bundles

We begin by constructing, for any smooth manifold X, a principal bundle
whose fiber above any x € X consists of all the ordered bases for the tangent
space T,;(X) at x. The group is GL(n,R) and the action is the natural one that
carries one basis onto another. Additional structures on X (e.g., a Riemannian
metric) distinguish certain bases for the tangent spaces (e.g., orthonormal)
and “reduce” the structure group GL(n,R) to some subgroup (e.g., O(n)).

If X is an n-dimensional smooth manifold, then a frame at x € X is an
ordered basis p = (by,...,by,) for T,(X). Any such frame p gives rise to a
linear isomorphism

p:R" — T,(X)

defined by
p(ei):bia i=1,...,n,

where ¢; = (1,0,...,0),...,e, = (0,0,...,1) is the standard basis for R".
Conversely, every isomorphism p:R" — T,(X) gives rise to a frame p =
(b1,...,bn) = (p(e1),...,p(en)). It is often convenient to identify a frame

p with its corresponding isomorphism p. We denote by L(X), the set of all
frames at x € X and let L(X) = U, cx L(X),. For each p € L(X), € L(X)
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we define Py, (p) = « and thereby obtain a surjective map Py, : L(X) — X.
Next we define a right action o : L(X) x GL(n,R) — L(X) of GL(n,R) on
L(X) as follows: For each (p,g) € L(X) x GL(n,R), with p = (by,..., b,) €
L(X), C L(X) and g = (¢°;) € GL(n,R), we let o(p,g) = p- g be the frame
(131, ce I;n) at x, where

bj=big';, j=1,....n (3.3.1)
Formally, we may write
gll DY gln
(by---by)=(by---by) | : : (3.3.2)
gnl P gnn

and from this it is clear that p- (g1 g2) = (p-¢1) - g2 and p - id = p. Moreover,
by definition, Pr(p - g) = Pr(p) for all p € L(X) and g € GL(n,R). It will
be useful to have a description of this action when a frame is identified with
an isomorphism p : R" — T,(X). Thus, we identify any g € GL(n,R)
with an isomorphism g : R" — R" given by

g(e;) :eigij, j=1,....n, (3.3.3)
so that
gh 9%
(g(ei) - -g(en)) =(e1--en) | ¢ : . (3.3.4)
9" 9"

Then the frame p - g corresponds to the isomorphism
p-g=pog:R" — Tu(X) (3.3.5)
since . . ‘ A
(BOQ) (ej) = pleig’y) = plei)g’; = big'; = b;
forj=1,...,n.

Our objective now is to provide L(X) with a topology and manifold struc-
ture in such a way that, with the action o described above,

GL(n, R) — L(X) 2% X

is a smooth principal GL(n,R)-bundle over X, called the (linear) frame
bundle of X. Toward this end we let (U, ) be any chart on X with coordinate
functions z,..., 2™ Define ¢: P, (U) — ¢(U) x GL(n,R) as follows: Let
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p=(b1,...,by) be a frame at « = P (p) € U. For each j =1,...,n, write

0
Ozt

b;

Aij (p)-

The matrix
Ap) = (4',(0)

is nonsingular so we may set

@(p) = (p(z), Ap)). (3.3.6)

Now, ¢ is clearly one-to-one and any A € GL(n,IR) corresponds to some frame
at each = € U so ¢ is a bijection of P; '(U) onto ¢(U) x GL(n,R). Moreover,
»(U) x GL(n,R) is an open set in R™ x R" =~ R"". We define a topology
on L(X) by declaring that a subset U of L(X) is open if and only if, for each
chart (U, ) on X, gUNP; (U))is open in G(P; ' (U)) = ¢(U) x GL(n,R).

Exercise 3.3.1 Show that the collection of all such subsets U of L(X) does,
indeed, define a topology for L(X) and that, if (V) is any chart for X, then
P, (V) is open in L(X).

Next we consider two charts (U, ¢) and (V) for X with coordinate func-
tions b, .., 2" and y', ..., y", respectively, and with U NV # (). Then ¢ and
¢ are both defined on P, (U N V), which is open in L(X). We compute

bod i p(UNV) x GL(n,R) — »(UNV) x GL(n,R).

Let ((z',...,2™),(A%;)) be in (UNV) x GL(n,R). Then =" ((z*,...,z"),
(A7})) is the frame p = (by,..., b,) at x = o~ (z!, ..., 2") satisfying

b; =

i
oz,

Moreover, ¥(p) = (4(x), (BY})) = (0 = 1)(a', ..., a"), (B,)), where

ol .
bjzay,IB_]v .7:17 y
But
_ 0| (0] 0y ko O] (08
bj = Ok xAj = <8yi xax’“(x)> A% = oy |, 8$k(x) i
SO 8
B, = (@) A%, i j=1,...n

i Yk
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Thus,

(Po6™) (@ oam), (A7)

_ ((1/}0@—1)(;51,...,35”), (gg;(x)Akj>> ,

which, in particular, is C*. Reversing the roles of ¢) and @ we find that 1po@™
and @ o 1[1’1 are inverse diffeomorphisms and we will use this fact to provide
L(X) with a differentiable structure.

First we show that, for any chart (U, ) on X, the map ¢ : Pgl(U) —
©(U) x GL(n,R) is a homeomorphism (so that, in particular, L(X) is locally
Euclidean). We need only show that ¢ is continuous and an open map. For the
latter, we let W be an open set in P, *(U). Since P; ' (U) is open in L(X), W
is open in L(X) so (W NP; (U)) = @(W) is open in o(U) x GL(n,R),
as required. To prove continuity we let Z be open in ¢(U) x GL(n,R). To
show that »~1(Z) is open in P, '(U) we let (V,1)) be an arbitrary chart for
X with U NV # 0. We must show that ¢ (¢—1(Z) NP, (V)) is open in
(V) x GL(n,R). But

Be N (2)NPIV)) = d (27 (2) NP U NP(V))

(3.3.7)

1

(
(

=3(¢7 (2N (eUNV) x GL(n.R)))
(

(0@ )(2N (W NV) x GL(LR)))

1

which is open because 7]; o~ is a diffeomorphism.

Exercise 3.3.2 Show that L(X) is Hausdorff and second countable.

We have thus far shown that L(X) is a topological manifold of dimen-
sion n + n? and that {(P;'(U),$) : (U,¢) is a chart for X} is an atlas for
L(X). We provide L(X) with the differentiable structure determined by this
atlas. Next we show that, with this differentiable structure, the projection
Pr : L(X) — X is smooth. For this it will suffice to show that, for
any chart (U,¢) on X, the coordinate expression ¢ o Pr o $~ 1 is C*°. But
poProg t((at,...,2"),(A%)) = (z',...,2™) so this is clear.

Exercise 3.3.3 Show that the right action o : L(X) x GL(n,R ) — L(X)
defined above is smooth.

To complete the proof that GL(n,R ) — L(X) PL, X is a smooth principal
GL(n,R)-bundle we need only exhibit local trivializations. For each chart
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(U, ) on X we define
®: P, (U) — U x GL(n,R)

as follows: For p € L(X), C P;'(U),

(3.3.8)

Then @ is a diffeomorphism and we need only check that A(p-g) = A(p)g
for all p € P, (U) and g € GL(n,R). Let p = (by,...,b,) € L(X),, where
x € U. Then A(p) = (A%;(p)), where

Now, p-g = (51,...,37,), where Bj = big5,j = 1,...,n, 50 A(p - g) =
(A%5(p - g)), where

b; = Ali(p-g).

9
Bxi T

But then

- 0
bj = brg"; = 5=| A'k(p)g";
implies

Ali(p-g) = A%(p)g";, dj=1,...,n

Since the right-hand side of this last equality is the (i, j)-entry in the matrix
product A(p)g we have A(p - g) = A(p)g, as required.

Notice that, if ® is the trivialization arising from (U, ), with coordinate
functions z',..., 2" and ¥ is the trivialization arising from (V1)) with coor-
dinate functions y',...,y" and if UNV # 0, then it follows from (3.3.7) that
the transition function gy : UNV — GL(n,R) is just the Jacobian of the
coordinate transformation, i.e.,

wvole) = (55

(Lemma 4.2.1, [N4]).
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A local cross-section s : U — L(X) of the frame bundle assigns to each
x € U a frame s(x) = (by(z),...,b,(z)) at  and is called a (linear) frame
field, or moving frame, on U.

Exercise 3.3.4 Show that each b;(z), ¢ = 1,...,n, defines a smooth
vector field on U and conclude that X is parallelizable (Exercise 5.8.17,
[N4]) if and only if its frame bundle is trivial (admits a global cross-
section).

Any Lie group is parallelizable (Exercise 5.8.17, [N4]) so, in particular, S!
and S have trivial frame bundles. S7 is not a Lie group, but is close enough
(via Cayley multiplication) and turns out to be parallelizable. It is a deep
result of Bott and Milnor that S', S% and S7 are the only parallelizable
spheres.

Next we consider a number of vector bundles associated with the frame
bundle by various representations of GL(n,RR). First consider the natu-
ral representation p : GL(n,R) — GL(R"™) of GL(n,R) on R™ given
by p(g)(v) = g-v = gv, where v € R" is written as a column ma-
trix and gv denotes matrix multiplication. The associated vector bundle
L(X) x, R™ is called the tangent bundle of X and is denoted T'(X).
The terminology would seem to suggest a bundle whose fibers are the tan-
gent spaces to X and we would like to spend a moment showing that
T(X) is just that. First select (arbitrarily) some frame at each z € X
and thereby identify each tangent space T,(X) with R"™. Any other frame
at x then corresponds to a basis for R™ and any two such bases are re-
lated by a unique element of GL(n,R). Now, the vector bundle associ-
ated to GL(n,R ) — L(X) P, x by p is a quotient of L(X) x R"
(see the construction in Section 6.7, [N4]). An element of L(X) x R"
is a pair (p,v), where p = (by,...,b,) is a frame at P(p) = z and
v o= : is now identified with the tangent vector at x whose com-
ponents relative to {b1,...,b,} are vl ... v" (v = v'b;). The action of
GL(n,R) on L(X) x R™ whose orbit space is the vector bundle T(X) is
given by

(pv)-g=(-g, g " v).

Now, p - g is the new frame at x given by
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and ¢! - v is given by
A1 1 o 1\ * 1
v g1 9n v
on gnl . gnn "
911 T gnl vl
gln gnn o™
Observe that 0',...,0" are precisely the components of v'b; relative to
by,..., b, since

b, = (ga70")(bsg’ ) = (9"1907 0" bp = 640" by = v° by

Thus, an equivalence class
o] ={(p-9,97" -v): g € GL(n,R)}

is just the set of all possible descriptions of some fixed tangent vector at x.
Note that, despite the ultramodern attire, this is just a dressed-up version of
the “old-fashioned” view of a vector as a collection of n-tuples, one for each
basis, related by the transformation law p.

A vector field on an open subset U of X can now be identified with a
local cross-section V' : U — T'(X) of the tangent bundle. Equivalently (Sec-
tion 6.8, [N4]), one can identify V with an R"-valued map on P;*(U) that
is equivariant, i.e., satisfies V(p-g) = g~! V(p) for each p € PL_l(U) and
g € GL(n,R).

Similarly, if one defines a representation p: GL(n,R ) — GL(R™) by
0p(9)(0) = g-0 = (¢g7)710, where § € R" is written as a column matrix and
(g7)7'0 denotes matrix multiplication, then the associated vector bundle is
called the cotangent bundle and denoted T*(X). A 1-form can then be iden-
tified with either a cross-section of 7% (X) or an R"-valued map on L(X) that
is equivariant with respect to this representation (8(p-g) = g7 6(p)). Tensor
bundles (and their cross-sections, or equivariant maps, called tensor fields)
arise in exactly the same way by making other choices for the representation p.

If an n-dimensional manifold X has a Riemannian metric g defined on
it, then a frame p = (by,...,b,) at © € X is orthonormal if g(b;,b;) =
dij,%,J = 1,...,n. Such frames are related by elements of the orthogonal group
O(n) € GL(n,R) and we wish to build an “orthonormal frame bundle” with

group O(n) analogous to the linear frame bundle GL(n,R) < L(X) Pr,x.
However, we will need the construction in the indefinite case as well so we
begin by generalizing what we know about the positive definite case. Most of
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the proofs are virtually identical and so will be left to the reader in a sequence
of exercises.
On R"™ we will denote by ( , )x,0 <k < n, the standard inner product of

index n — k. Thus, if {ey,...,e,} is the standard basis for R", z = z’e; and
y = y’e;, then
(@, Yo =y + - F by =T ety = ety

where

ik 0
n= ()= _ .
0 —id(n—k)x (n—k)

Equipped with this (indefinite) inner product, R™ will be denoted R*m"~*.
When k = n we naturally write R™" = IR"™. The case of particular interest to
us will be k = 1, n > 2. R»~! is called n-dimensional Minkowski space.
For reasons that we will discuss later, R"? is called Minkowski spacetime.

Exercise 3.3.5 Show that a linear transformation A : R¥"~% — RFn—k
satisfies (Ax, Ay)y, = (z,y) for all 2,y € R¥"~* if and only if its matrix with
respect to {ej,...,e,}, also denoted A, satisfies ATn A = n. Hint: Mimic the
proof of (1.1.24) in [N4].

Motivated by Exercise 3.3.5 we define the semi-orthogonal group
O(k,n — k) by
Olk,n— k) = {A €GL(,R): ATnA = n}.

Exercise 3.3.6 Show that O(k,n — k) is, indeed, a group under matrix mul-
tiplication and that det A = +1 for every A € O(k,n — k).

The subgroup
SO(k,n — k) = {A € O(k,n—k): det A = 1}

is called the special semi-orthogonal group. Of course, when k = n we
write O(n,0) = O(n) and SO(n,0) = SO(n). We will have more to say
later about O(1,3), called the general Lorentz group and denoted £, and
SO(1,3), called the proper Lorentz group and denoted L.

Exercise 3.3.7 Show that, for any 6 € IR, the matrix

cosh 0 0 0 —sinh @
0 1 0 0
L(0) =
0 0 1 0
—sinh @ 0 0 cosh 6

is in £+.
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Exercise 3.3.8 Let S,, denote the set of symmetric elements of GL(n,R)
and define a map f : GL(n,R) — S, by f(A) = ATy A. By mimicing the
arguments for O(n) on page 257 of [N4], show that f is a smooth map, n € S,
is a regular value of f and

O(k,n — k) = f~(n).

From Exercise 3.3.8 (and Corollary 5.6.7, [N4]) we conclude that O(k,n—k)
is a submanifold of GL(n,R) = R™ of dimension n? — in(n + 1) =
in(n —1). Since matrix multiplication on G£(n,R) is smooth, O(k,n — k) is
a Lie group.

Remark: In the positive definite case (k = n), the orthogonal group O(n)
is compact (because the rows of any A € O(n) must form a Euclidean or-
thonormal basis for R" so O(n) C R™ is bounded). This is not the case
when 0 < k < n, e.g., the elements of O(1,3) described in Exercise 3.3.7 form
an unbounded set.

Since the determinant function on GL(n,R) is continuous and
SO(k,n — k) = O(k,n — k) Ndet (0, 00), the special semi-orthogonal group
is an open submanifold of O(k,n — k) and therefore is also a Lie group.

Since SO(k,n — k) is an open submanifold of O(k,n — k), the Lie algebras
so(k,n — k) and o(k,n — k) are the same. One determines this Lie algebra in
precisely the same way as for O(n) and SO(n).

Exercise 3.3.9 Mimic the arguments on pages 279-280 of [N4] to show that
so(k,n —k) = o(k,n — k) = {A € GL(n,R) : AT = —nAn}.

Now, a metric g on an n-manifold X is said to be semi-Riemannian of
index n — k if, at each x € X, the inner product g, has index n — k. Then a
frame p = (by,..., b,) at x is orthonormal if

1,  i=j=1,... .k
9,(bi,bj)=ni;=q-1, i=j=k+1,....n.
0, it

We denote by F(X), the set of all orthonormal frames at = and let F(X) =
Uzex F(X)g. For each p € F(X), € F(X) we let Pr(p) = = and thereby
obtain a surjective map
Pr:F(X)— X.

Next we define a right action o : F(X)xO(k,n—k) — F(X) of O(k,n—k) on
F(X) as follows: For each (p,g) € F(X)xO(k,n—k), withp = (by,...,b,) €
F(X), C F(X) and g = (¢%j) € O(k,n — k), we let o(p,g) =p-g € F(X),
be the frame (b1, ..., by,) at 2, where

bj:bigij, jzl,,’n
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Notice that this frame is, indeed, orthonormal by Exercise 3.3.4 and that
o is a right action for precisely the same reason that the analogous map on
L(X)xGL(n,R) is aright action (see (3.3.2)). By definition, Pr(p-g) = Pr(p)
for all (p,g) € F(X)xO(k,n—k). Just as for L(X) it will sometimes be conve-
nient to identify an orthonormal frame p with the corresponding isomorphism
p: REn—k — T,(X).

We wish to show that
O(k,n — k) — F(X) 25 X

is a smooth principal O(k,n — k)-bundle over X, called the orthonormal
frame bundle of X (corresponding to the metric g). The arguments are
essentially identical to those given for the linear frame bundle GL(n,R) —

L(X) PL, X except that the local coordinate frame fields {5%,..., 52} must
be replaced by local orthonormal frame fields {E, ..., E,}. The existence of
these is proved in the positive definite case in Proposition 5.11.3 of [N4]. We
will leave it to the reader to supply the necessary refinements of the argument

in the indefinite case.

Exercise 3.3.10 Let X be a smooth n-manifold and g a semi-Riemannian
metric of index n — k,0 < k < n, on X. Show that, for each zq € X, there
exists a connected open neighborhood U of xy in X and smooth vector fields
Eq,...,E, on U such that

9., (Ei(x), Ej(x)) = nij, 4,5=1,...,n,

for all € U. Show, furthermore, that, if X has an orientation p, then one
can ensure {Eq(x),...,E,(z)} € p, for each x € U. {E4,..., E,} is referred
to as an (oriented) orthonormal frame field on U.

Now, given a chart (U,p) for X we may shrink U if necessary and

assume that it has defined on it an orthonormal frame field {E4,..., E,}.
Define ¢ : P (U) — o(U) x O(k,n — k) as follows: Let p = (b1,...,b,) be
an orthonormal frame at @ = Pp(p) € U. For each j = 1,...,n we write

Then the matrix A(p) = (A%;(p)) is in O(k,n — k) so we may set

@(p) = (p(x), A(p)).

@ is clearly one-to-one and any A € O(k,n — k) corresponds to some
orthonormal frame at each x € U so @ is a bijection of P5*(U) onto the
open set p(U) x O(k,n — k) in R™ x O(k,n — k). Now, define a topology on
F(X) by declaring that a subset U of F(X) is open if and only if, for each
(U, ), @UNPR'(U)) is open in G(P5' (U)) = ¢(U) x O(k,n — k).
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Exercise 3.3.11 Show that the collection of all such subsets U of F/(X) does,
indeed, define a topology on F(X) and that, if (V) is any chart for X, then
P (V) is open in F(X).

Next let (U, ) and (V,%) be two charts on X with U NV # () and with
orthonormal frame fields {Eq,..., E,} and {F4,..., F,}, respectively. For
each x € UNV we write

Ei(z) =N (2)Fj(z), i=1,...,n,

where A;7 (z) = g, (Ei(z), Fj(z)).
Exercise 3.3.12 Show that

Yol ipUNV)xOk,n—k) — pUNV)xO(k,n—k)

is given by
(q;og)—l) ((xl,...,xn),(Aij))
= (Wer @' o™, (A (@)4%)),
where z = o~ 1(a, ..., a").

In particular, it follows from Exercise 3.3.12 that 1 o @1 is O so, reversing

the roles of ¥ and @, we find that ¥ o ! and po)~! are inverse diffeomor-
phisms.

Exercise 3.3.13 Use this fact to show that ¢ : P (U) — ¢(U)xO(k, n—k)
is a homeomorphism.

Since O(k,n — k) is locally Euclidean, it follows from Exercise 3.3.13 that the
same is true of F'(X).

Exercise 3.3.14 Show that F(X) is Hausdorfl and second countable.

Exercise 3.3.15 Provide F/(X) with the differentiable structure determined
by the atlas {(Pn'(U),¢) : (U,¢) is a chart on X} and show that Pr :
F(X)— X and o : F(X) x O(k,n — k) — F(X) are smooth.

Exercise 3.3.16 For each chart (U,¢) show that the map ® : Pp*(U) —
U x O(k,n — k) defined by

® = (¢! oidon-r)) oP

is a local trivialization and that, if ¥ is the analogous trivialization arising
from (V,v) with U NV # 0, then the transition function gyy : UNV —»
O(k,n — k) is given by gyu(z) = (A, (x)).
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This completes the construction of the orthonormal frame bundle
O(k,n—k) — F(X) 25 X
for any semi-Riemannian manifold X and we now have every confidence that

the reader can take the next step without assistance.

Exercise 3.3.17 Let X be an oriented semi-Riemannian manifold of index
n — k. Construct, in detail, the oriented, orthonormal frame bundle

Pr
SO(k,n — k) = F (X) — X.

Being a Lie group S® has a trivial linear frame bundle. It is instructive, and
will be useful somewhat later, to explicitly construct a cross-section of the
oriented, orthonormal frame bundle, thereby showing that it is trivial as well.

Exercise 3.3.18 Show that it will suffice to define smooth vector fields
Vi, Vy and V3 on S* with the property that, for each p € S, {V1(p),
Va(p), Vs(p)} is an oriented, orthonormal basis for T),(S?).

The procedure for constructing the vector fields described in Exercise 3.3.18
is quite simple. Regard S? C R* = H as the unit quaternions. For each p € S3,
the tangent space T,,(S?) can be identified with a subspace of T),(R*) and this,
in turn, is canonically identified with R* itself. Viewed in this way, T},(S?) is
just the subspace of T),(IR*) = R* consisting of those v = (v°,v1,v% v?) with
(v,p) = 0, i.e., withv?p® + vip! +v?%p? + v3p® = 0. Now, select a point, say
po = (1,0,0,0), in S* and let

€1 = (07 17 Oa 0)7 €2 = <0a 07 1) 0)7 €3 = (07 0) 07 1)
be the standard basis for T}, (S%). We “rotate” this basis to each p € S3 by
quaternion multiplication, i.e., we define
Vl(p)zeip, Z:1,2,3

Evaluating these quaternion products gives the components of V;(p) in
T,(8%) C T,(R*) = R* in terms of the coordinates of p.
(_plv pO, _p37 p2)

Va(p) = (=p°, p°, °, —p") (3.3.9)

Vip) = (—p*, =1, 0", p°)
Notice that (V;(p),p) = 0,i = 1,2,3, so these are indeed vectors in T,(S?).

Furthermore,

for each p so { V1(p), Va(p), V3(p)} is an orthonormal basis for T),(S%) (the
metric on S? is the restriction to S* of the standard metric on R*). Now,

<
S
—
=
S—
I
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an ordered basis for T),(S?) is in the standard orientation for S* if and only
if one obtains an oriented basis for R* by adjoining to it (at the beginning)
the “position vector” p (this is a special case of Exercise 4.3.7 which may be
consulted, and solved, at this point). Thus, all that remains is to show that
the determinant of the matrix

p° P p? P
_nl 0 3 2

P P P P (3.3.10)
—p p p —p
P _p? Pt P

is positive. One can compute this directly or argue indirectly as follows: Since
the rows of (3.3.10) are orthogonal unit vectors in R* the matrix itself is
an orthogonal matrix and so has determinant +1 at each p € S®. But the
determinant function is continuous and S® is connected so the determinant of
(3.3.10) is either 1 for all p € S® or —1 for all p € S3. Since this determinant
is obviously 1 when p = (1,0,0,0) € S? the result follows.

We will have occasion somewhat later to introduce yet one more frame
bundle (the “oriented, time oriented, orthonormal frame bundle” of a “space-
time” manifold). For the present we will conclude this discussion with a
few remarks on some topics we will not pursue in any depth here. Accord-
ing to Theorem 3.1.7, any principal bundle has connections defined on it.
and this is true, in particular, for the frame bundles we have constructed.
A connection on the linear frame bundle GL(n,R) — L(X) — X is called
a linear connection on X and these are of fundamental importance in the
study of the geometry of X (see Chapter III of [KN1]). If X admits a Rie-
mannian or semi-Riemannian metric, then there is, among these linear con-
nections, a distinguished one called the Levi-Civita connection (or Rie-
mannian connection) that is adapted to the metric structure. The study
of this connection is the vast and beautiful subject of (semi-) Riemannian
geometry. Although this is not our subject here we intend to borrow one of
its results. Moreover, the Levi-Civita connection plays a role in defining the
Seiberg-Witten equations which we will sketch in the Appendix so a brief tour
of the definition is probably in order (for details one can consult [Bl], [O’N],
or [KN1|). We consider a smooth n-manifold X and its linear frame bundle
GL(n,R) — L(X) — X. A connection w on L(X) is a gl(n,R)-valued 1-
form on L(X) which we describe as follows. Let EY be the n x n matrix for
which the entry in the ¢*" row and ;™ column is 1 and all other entries are 0.
Then w can be written as w = wj. E!, where each wé is a real-valued 1-form on

L(X). Similarly, the curvature £2 = dw + 1[w, w] can be written 2 = .Q;Ef,
where each .Q; is a real-valued 2-form on L(X). Thus,

i i % k
2, = dw; + wi, Awy.
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If U is a coordinate neighborhood in X with coordinates z',...,z" and Sy :
U — L(X) is the corresponding cross-section

SU<.’E) = (81(.’)’;), ey 8n<$)),

then the pullback wy = (Sy)*w can be written
wy = (Su)*'w = ((Sv)*wi) B = ([pda’ ) B}

for some smooth functions I ;k on U (called the Christoffel symbols for w
in the coordinate neighborhood U). Similarly,

P 1 ,
2y = (Sy)* 2 = ((Sy)" 2)E] = (2(R;kldx’f A dml)Eg)
for some smooth functions R; o on U. Unraveling the definitions gives

Rjw = 0k — Ol + I Ty, — T i

for i,j,k,l=1,...,n.

Now suppose that X has a metric g of index n — k and consider the
orthonormal frame bundle O(k,n—k) — F(X) — X.If X is also oriented we
have an oriented, orthonormal frame bundle SO(k,n—k) — F(X) — X as
well. It is not difficult to see that any connection on F'(X) or Fy (X) extends
uniquely to a connection on L(X) (page 158 of [KN1]), but it is not true
that every connection on L(X) restricts to a connection on F(X) or Fy(X)
because a connection on L(X) takes values in gl(n,R) and not necessarily in
o(k,n — k) = so(k,n — k); those that do are called metric connections on
L(X). The so-called Fundamental Theorem of Riemannian Geometry
states that there is a unique metric connection on L(X) that is also symmetric
in the sense that ij = F,ij for all 4,5,k = 1,...,n in any local coordinate
system. This is called the Levi-Civita connection and denoted wrc (the
same terminology and notation is used for its restriction to either F(X) or
F.(X)). One can show that wyc is characterized by the fact that, in any local
coordinate system, the Christoffel symbols are given in terms of the metric
components by

I, = 29 NOkgsi + 0jak — Dugjk)

for i,j,k,l = 1,...,n. All of the usual objects of study in (semi-)
Riemannian geometry are defined in terms of the Levi-Civita connection. For
example, R;kl are the local components of the Riemann curvature tensor,
R = Rfkj are the components of the Ricci tensor, and R = g** R, is the
scalar curvature.
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When we define the Cech cohomology groups of a manifold in Chapter 6
we will require the notion (and the existence) of “simple covers” for a smooth
manifold. The sort of cover we have in mind is illustrated for the circle S*
below.

Uy

U;

Here we have an open cover U = {Uy, Us, Us} that is locally finite (actually,
finite in this case), each element of which has compact closure and which
has the property that any nonempty finite intersection of its elements is dif-
feomorphic to the Euclidean space of the same dimension as the manifold
(U1,Us,Us, Uy NUy, Uy N U3, and Uy N Uz are all diffeomorphic to R). In
general, a simple cover of an n-manifold X is a locally finite open cover
U = {Us}aea such that any nonempty finite intersection of its elements is
diffeomorphic to IR™. Simple covers are generally not that easy to find, but
they always exist. Indeed, the following is essentially Theorem 3.7, Chapter IV,
of [KN1].

Theorem 3.3.1 Let X be an n-dimensional smooth manifold. Then any open
cover for X has a refinement that is a countable simple cover of X.

Exercise 3.3.19 Find a simple cover for the torus S' x S'.

If X has a finite simple cover, then it is said to be of finite type. Certainly,
any compact manifold is of finite type, but so is R™.

3.4 Minkowski Spacetime

As we mentioned earlier the indefinite inner product space R is called
Minkowski spacetime and the associated semi-orthogonal groups O(1,3) and
SO(1,3), called the Lorentz group and the proper Lorentz group, respectively,
are denoted £ and £ . In this section we will examine these objects in some-
what more detail and have a bit to say about their physical interpretation
(also see Chapter 2).
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Remark: A much more thorough study of both the mathematics and the
physics is available in [N3].

We will bow to the generally accepted conventions of physics and use
(20,21, 22, 23), rather than (2,22 23 2%), for the standard coordinates in
R'3 and will drop the subscript 1 on the inner product ( , );. Thus, if

{eo, e1,e2,e3} is the standard basis with x = 2%, and y = y’eg, then

(z,y) = 2%° — 2'y! — 2%y? — 23y3 = g2y’

where
1, a=p=0
Nag = § —1, a=p=1,2,3.
0, a#p

In particular, {eg, €1, €2, e3} is an orthonormal basis for R*3. We will denote
by @Q : RY? — R the quadratic form Q(z) = (x,z) associated with (, ).

The elements of R!3 are called events and should be identified intuitively
with idealized physical events having no spatial extension and no duration,
e.g., an instantaneous collision, or explosion, or an instant in the history of
some point particle. The coordinates (2, x!, 22, 23) of such an event are to be
regarded as the spatial (z!, 22, 23) and time (2°) coordinates assigned to that
event by some inertial observer with z° measured in units of distance, i.e.,
light travel time (1 meter of time, or 1 light meter, being the time required
by a photon to travel 1 m in vacuo). The observer can then be identified with
{eo, €1, €2,€3}. Another inertial observer is identified with another orthonor-
mal basis {ég, é1, 2,63} (we assume the basis elements are always numbered
in such a way that (é.,€és} = 1a3). For any such basis there will exist a linear
transformation L : R — RY3 with Lé, = e, for a = 0,1,2,3 so that L is
an orthogonal transformation of R'3, i.e.,

(L, Ly) = (z,y)
for all z,y € RY3. Writing
€5=Aa5ém 5:0,172,3,

we obtain a matrix A = (A%g)a,=0,1,2,3 (the matrix of L™! relative to {é,})
which must be in £. If z € RY and = = 2%, = 2“é4, then

% =A%, a=0,1,2,3, (3.4.1)

is the coordinate transformation between the two observers. The condition
(€q,e3) = Nop implies that A must satisfy

AW Al 5ap = Nap, @, B8 =0,1,2,3. (3.4.2)
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In particular, when o« = 8 = 0, this gives
(AOO)Z _ (A10)2 _ (A20)2 _ (A30)2 -1

SO
A% >1 or A%< -1 (3.4.3)

Those elements of £ for which A%y > 1 are called orthochronous and the
set
£l ={AerLy A% >1}

is called the proper orthochronous Lorentz group. For physical reasons
that we will discuss shortly we will consider only those inertial observers
(orthonormal bases) related to the standard basis by an element of EI. We
call such bases admissible.

If gravitational effects are assumed negligible, then the Minkowski
inner product (, ) on R*3 has something physically significant to say about
relationships between events. Consider, for example, two events xg, r; € R'3
and the displacement vector x = z; — xy between them. Suppose that
Q(z) = 0. Then, if we write z = (Az)eq,

(Azh)? + (Ax?)? 4 (Az?)? = (AzY)? (3.4.4)

and the same equation is satisfied in any other orthonormal basis. Conse-
quently, the spatial separation of the two events zy and x; is numerically
equal to the distance light would travel during the time lapse between them.
The two events are “connectible by a light ray.” In this case, = is said to be
null, or lightlike. With z( held fixed the set of all z; for which z = z; — xg
is null is called the null cone, or light cone, at z( because of the formal re-
semblance of (3.4.4) to the equation of a right circular cone in R®. A straight
line which lies entirely on such a null cone is called a worldline of a photon
and is thought of as the set of all events in the history of some “particle of
light.”

Suppose instead that Q(z) = Q(z1 — zo) > 0. In this case we say that x is
timelike and, in any orthonormal basis, we have

(Ax')? 4+ (Az?)? + (Az?)? < (AxY)? (3.4.5)

(z is “inside” the null cone at zp). Then the spatial separation of xg and
is less than the distance light would travel during the elapsed time between
them so it is possible for some material particle (or observer) to experience
both events without violating the speed limit imposed on such particles by
special relativity. A straight line joining two such events is called a timelike
straight line, or a worldline of a free material particle and can be
identified intuitively with the set of all events in the history of an unaccelerated
material particle that experiences both events.
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If Q(x) = Q(xr1 — x0) < 0, then x = z1 — 2 is said to be spacelike and
lies outside the null cone at zg. No known physical agency can experience
both xy and x7 since, to do so, such an agency would have to be transmitted
at a speed greater than that of light. A smooth curve in R"? is said to be
spacelike, timelike, or null if its tangent vector at each point is spacelike,
timelike, or null, respectively.

Theorem 3.4.1 Suppose x is timelike and y is either timelike, or null and
nonzero. Let {eg,e1,ea,e3} be any orthonormal basis for RY? with x = 1%,
and y = y’es. Then either

1. 2% > 0 in which case (z,y) >0, or

2. %0 < 0 in which case (x,y) < 0.

Proof: By assumption, (z,7) = (2°)2 — % .- % > 0 and (y,y) =
(y*)? — -4 > 0, where we have written & - Z for (z!)? + (22)% + (2%)? and
similarly for y. Thus, (2°y°)% > (- Z)(7- ¥) so

2% > V(T 2) (7 ) (3.4.6)

Now, for any real number t,0 < (ty' + )% + (ty? + 22)% + (ty® + 2%)?, ie.,
(7Pt +2(Z - §)t + (- T) > 0. The discriminant of this quadratic in ¢ must
therefore be less than or equal to zero and this gives (7 - Z)(7- 7) > (% - 7).
Combining this with (3.4.6) yields

|2%°| > |7 - ] = |='y" + 2%y + 297 (3.4.7)

In particular, 2°y° # 0. Suppose that 2%y > 0. Then 2%¢y° = [2%9°] >
loly! + 229% + 2393 > 2ty + 22y + 239 so (x,9) > 0. On the other hand,
if 299° < 0, then (z,—y) > 0 so (z,y) < 0. [ |

Exercise 3.4.1 Show that if a nonzero vector in R"? is orthogonal to a
timelike vector, then it must be spacelike.

If Q(z1 — xp) = 0, then zy and z; lie on the worldline of a photon so one
of them can be regarded as the emission of a photon and the other as its
subsequent reception somewhere else. We assume that admissible observers
are related by orthochronous elements of £ so that all of them will agree on
which is which.

Exercise 3.4.2 Let A = (A%g)a,5=0.1,2,3 be an element of £. Show that the
following are equivalent.

(a) A is orthochronous (i.e., A% > 1).

(b) A preserves the time orientation of all nonzero null vectors, i.e., if z =
z%, is nonzero and null, then z° and 2° = A°32” have the same sign.

(¢) A preserves the time orientation of all timelike vectors.
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Notice that Exercise 3.4.2 does not assert that admissible observers agree on
the temporal order of xg and x if 1 — zq is spacelike and, indeed, they need
not.

Exercise 3.4.3 Show that if A € £ is orthochronous, but det A = —1 (see
Exercise 3.3.6), then

1 0 0 0
0 1 0 0
A
0 0 1 0
0 0 0 -1

. 4

isin L.

Since the matrix in Exercise 3.4.3 simply reverses the orientation of the spatial
axes, our assumption that admissible observers are related by elements of LI
essentially amounts to the requirement that no one’s clock runs backwards

and no one uses “left-handed” spatial coordinates. Henceforth, we will refer to
the elements of El simply as Lorentz transformations.

Exercise 3.4.4 Show that if (R’;); j—123 is an element of SO(3), then

0 0 0

(R'})

o O O =

isin EI. Show also that the collection of all such elements of [,I is a subgroup
R of [,I (called the rotation subgroup of [,I)

If two observers are related by an element of R, then they differ only in having
spatial coordinate axes that are rotated relative to each other.

Exercise 3.4.5 Let A = (A%g)q,5=0,1,2,3 be an element of [ZI_. Show that the
following are equivalent.

From the point of view of physics, the elements of R are rather dull. On the
other hand, the matrices L(6),0 € R, described in Exercise 3.3.7 are clearly
in Ei(coshG > 1) and these are not at all dull. Physically, they correspond
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to inertial observers whose spatial coordinate axes are parallel and whose
relative motion is along their common x!-, #'-axis with speed 3 = tanh 6 (see
Section 1.3 of [N3]). These Lorentz transformations L(6) are called boosts
aan, in some sense, contain all of the interesting kinematical information in
L.

Theorem 3.4.2 Let A be an element of L'I. Then there exists a real number
0 and two rotations Ry and Ry in R C EI such that

A= R L(6)Rs.

The intuitive content of this result is quite simple. The Lorentz transformation
A from the frame of reference of observer O; to the frame of reference of
observer O can be accomplished in three stages: Rotate O;’s spatial axes so
that the x!'-axis coincides with the line along which the relative motion takes
place. Boost to a new frame whose spatial axes are parallel to the rotated
axes of 01 and at rest relative to O,. Finally, rotate these new spatial axes
so that they coincide with those of Os. For a detailed algebraic proof see
Theorem 1.3.5 of [N3].

Remark: One can use the decomposition in Theorem 3.4.2 to define a defor-
mation retraction of EI onto SO(3) and conclude that these two have the same
homotopy type (Lemma 2.4.9, [N4]). Indeed, one can show more. EI is actu-
ally homeomorphic to SO(3) x R? (there is a nice proof of this on pages 73-74
of [B]]). From either of these it follows that Wl(ﬁi) >~ (SO(3)) = Zy (Ap-
pendix B of [N3]). We will need this fact only for motivational purposes in Sec-
tion 6.5 and so will not give the details here. However, we make the following
observation. On pages 92-93 we exhibited two smooth loops Ry (t) and Ra(t)
in SO(3) corresponding to a continuous rotation about the z-axis through
27 and 4m, respectively, and showed that they represent the two equivalence
classes in 7 (SO(3)) = Zs. The same two curves, now thought of as loops in
R C EI as in Exercise 3.4.4 represent the two classes in m (EI) > 7.

We have already described (on pages 101-103) an alternative model of
Minkowski spacetime as the real linear space H of 2 x 2 complex Hermi-
tian matrices with @ given by the determinant (and (, ) thereby determined
via the Polarization Identity). This view of R'? is particularly convenient for
describing the double cover

Spin : SL(2,C) — L]

of L‘I. This, the reader may recall, was required to produce a (“2-valued”) rep-

resentation of EI that is the appropriate transformation law (under change
of inertial frame of reference) for the wavefunction of a spin % particle

(Section 2.4). We also briefly alluded (on pages 113-115) to the difficulties
involved in generalizing these considerations to the situation in which gravi-
tational fields are not negligible so that IR' is no longer an accurate model
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of the “event world” and must be replaced by a spacetime manifold. It is to
these objects that we now turn our attention.

3.5 Spacetime Manifolds and Spinor
Structures

Unlike electromagnetic fields which, as we have seen (Sections 2.2, 2.3 and 2.4),
fit very nicely within the framework of Minkowski spacetime (as 2- forms),
gravitational fields stubbornly refuse to be modeled in R'3. The reason is
quite simple (once it has been pointed out to you by Einstein). An elec-
tromagnetic field is something “external” to the structure of space-time, an
additional field defined on and (apparently) not influencing the mathematical
structure of R'3. Einstein realized that a gravitational field has a very special
property which makes it unnatural to regard it as something external to the
nature of the event world. Since Galileo it had been known that all objects
with the same initial position and velocity respond to a given gravitational
field in the same way (i.e., have identical worldlines) regardless of their ma-
terial constitution (mass, charge, etc.). This is essentially what was verified
at the Leaning Tower of Pisa and contrasts rather sharply with the behav-
ior of electromagnetic fields. These worldlines (of particles with given initial
conditions of motion) seem almost to be natural “grooves” in spacetime which
anything will slide along if once placed there. But these “grooves” depend on
the particular gravitational field being modeled and, in any case, R"3 simply
is not “grooved” (its structure does not distinguish any collection of curved
worldlines). One suspects then that R3 itself is somehow lacking, that the
appropriate mathematical structure for the event world may be more complex
when gravitational effects are non-negligible.

To see how the structure of R"? might be generalized to accommodate the
presence of gravitational fields let us begin with a structureless set X whose
elements we call “events.” One thing at least is clear: In regions that are dis-
tant from the source of any gravitational field, no accomodation is necessary
and X must locally “look like” IR''3. But a great deal more is true. In his now
famous “Elevator Experiment” Einstein observed that any event has about it
a sufficiently small region of X which “looks like” R'3. To see this we rea-
son as follows: Imagine an elevator containing an observer and various other
objects which is under the influence of some uniform external gravitational
field. The cable snaps. The contents of the elevator are now in free fall. Since
all of the objects inside respond to the gravitational field in the same way
they will remain at relative rest throughout the fall. Indeed, if our observer
lifts an apple from the floor and places it in mid-air next to his head it will
remain there. You have witnessed these facts for yourself. While it is unlikely
you have ever had the misfortune of seeing a falling elevator you have seen
astronauts at play inside their space capsules while in orbit (i.e., free fall)
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about the earth. The objects inside the elevator (capsule) seem then to con-
stitute an archetypical inertial frame (they satisfy Newton’s First Law). By
establishing spatial and temporal coordinate systems in the usual way our
observer thereby becomes an inertial observer, at least within the spatial and
temporal constraints imposed by his circumstances. Now picture an arbitrary
event. There are any number of vantage points from which the event can be
observed. One is from a freely falling elevator in the immediate spatial and
temporal vicinity of the event and from this vantage point the event receives
inertial coordinates. There is then a local inertial frame near any event in X.

The operative word is “local.” The “spatial and temporal constraints” to
which we alluded in the preceding paragraph arise from the nonuniformity of
any gravitational field in the real world. For example, in an elevator which
falls freely in the earth’s gravitational field, all of the objects inside are pulled
toward the earth’s center so that these objects do experience some slight
relative motion (toward each other). Such motion, of course, goes unnoticed
if the elevator falls neither too far nor too long. Indeed, by restricting our
observer to a sufficiently small region in space and time these effects become
negligible and the observer is indeed inertial. But then, what is “negligible” is
in the eye of the beholder. The availability of more sensitive measuring devices
will require further restrictions on the size of the spacetime region which “looks
like” R'3. Turn of the century mathematical terminology expressed this fact
by saying that any point in X has about it an “infinitesimal neighborhood”
which is identical to R!3. Today we prefer to say that X is a 4-dimensional
smooth manifold, each tangent space of which has the structure of R"3.

A spacetime is a 4-dimensional smooth manifold X with a semi-Riemannian
metric g of index 3 (called a Lorentz metric). Thus, for each x € X there
exists a frame p = (bg, b1, ba, b3) at x such that

]_7 a:ﬁ:o
9.(ba,bg) =nap =14 -1, a=083=1,23. (3.5.1)
0, a# B

For simplicity we will occasionally write g, as (, ), or even ( , ). A tangent
vector v at x is said to be spacelike, timelike, or null if (v, v), is < 0,> 0,
or = 0, respectively. The null cone at z is the set of all null tangent vectors at
. A smooth curve in X is spacelike, timelike, or null provided its tangent
vector is spacelike, timelike, or null, respectively, at each point.

Remark: Although we have thus far thought of Minkowski spacetime R
as a vector space, this is a luxury we have been permitted because its struc-
ture as a spacetime manifold is so simple. The underlying 4-manifold is, of
course, R* so that, in particular, all of its tangent spaces are canonically
identified with R?* itself. Thus, defining a constant Lorentz metric g on R3
by specifying that its components relative to the standard global chart are
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Jap(x) = gm(a%k,;7 %\m) = 1) for each z € R is tantamount to defining
the Minkowski inner product on R*. We shall feel free to think of Minkowski
spacetime in whichever of these ways is convenient at the moment.

The most serious obstacle to the general study of spacetime manifolds is
their overwhelming number and diversity. Smooth 4-manifolds are, to say
the least, plentiful and almost all of them admit Lorentz metrics. Indeed, a
Lorentz metric can be defined on any noncompact 4-manifold and a compact
4-manifold admits a Lorentz metric if and only if its Euler characteristic (see
Section 5.7 or Section 3.4 of [N4]) is zero (see [O’N]).

Remark: Compact spacetimes are of no real interest anyway since they al-
ways contain closed timelike curves and these do violence to our most cherished
notions of causality (see [N2]). In effect then, anything that could possibly be
a spacetime, ¢s a spacetime.

There are two ways around this difficulty. One can impose additional restric-
tions on the structure of a spacetime in an attempt to eliminate “unphysical”
behavior. A number of such restrictions are easily formulated (we will intro-
duce one shortly) and the study of the manifolds that satisfy these conditions
has led to some spectacular results (e.g., the Singularity Theorems of Penrose
and Hawking discussed in [HE], [Pen], [O’N] and [N2]). Alternatively, one
can restrict attention to spacetime manifolds that arise in physics by solving
the field equations of general relativity for more or less realistic distributions
of mass/energy. We will describe a few such examples shortly, but our real in-
terest here (and in Chapter 6) is in an essentially global, topological question
about spacetime manifolds. The question (introduced in Section 2.4) is this:
On which spacetime manifolds is it possible to introduce a meaningful notion
of a “spin % particle” ?

According to Dirac a spin % particle is characterized by the fact that its
wavefunction transforms under a certain (reducible) representation of the dou-
ble cover SL(2,C) of ,CI. Now, each tangent space T,(X) to a spacetime
manifold X has an inner product ( , ), of index 3 giving it the structure
of Minkowski spacetime. In particular, its orthonormal bases are related by
elements of £. We are, however, interested only in bases related by elements of
EI. We must therefore choose, consistently over all of X, a family of bases for
each T, (X) that are related by the A € £ satisfying det A = 1 and A% > 1.
This is possible only if X is orientable and has, moreover, some global notion
of “time orientation” (see Exercise 3.4.2). To define such a notion we proceed
in the manner familiar for smooth surfaces in R? (which are orientable if and
only if they admit a smooth, nonzero field of normal vectors).

We say that a spacetime X is time orientable if one can define on it a
smooth vector field T which is everywhere timelike ((T'(x), T'(x)), > 0 for
each x € X). X is time oriented if a specific choice of such a vector field has
been made. One then thinks of T as “pointing toward the future” (keeping
in mind that the designation “future” is now entirely arbitrary and would be
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reversed if we choose —T rather than T to time orient X). Motivated by
Theorem 3.4.1 we then say that a tangent vector v € T, (X) which is either
timelike, or null and nonzero, is future directed if (T(x), v), > 0 and past
directed if (T'(x), v), < 0. The same terminology is used for smooth curves
that are either timelike or null (and, in the latter case, have nonzero tangent
vector at each point).

If X is an oriented, time oriented spacetime, then an oriented, time ori-
ented, orthonormal frame at © € X is a frame {bg, b1, ba, b3} in T,(X)
that is consistent with the orientation of X, satisfies (b, bg) = 1as and for
which the timelike vector by is future directed. Exercise 3.3.10 guarantees the
existence of local oriented, orthonormal frame fields on any oriented semi-
Riemannian manifold so, in particular, each o € X has about it a connected
open neighborhood U on which there exist smooth vector fields Eq, E1, F>
and E5 with {Eq(x), E1(x), Eso(x), E3(x)} an oriented orthonormal frame for
each x € U. Now, Ey(z) is timelike for every z € U and, if T is the vector
field that time orients X, (Eo(x), T(x)) is never zero (Exercise 3.4.1) and so
has the same sign everywhere on U. If this sign is positive, {Eq, E1, Eo, E3}
is a local oriented, time oriented, orthonormal frame field on U. If the sign is
negative, {—E,, E1, E2, E3} is a local oriented, time oriented, orthonormal
frame field on U. In any case, such things always exist and the construction

P
of SO(k,n—k) — F(X) —% X in Exercise 3.3.17 can be repeated verbatim
to yield the oriented, time oriented, orthonormal frame bundle

£l ox) s x

with group ﬁi. As we argued in Section 2.4 (pages 114-115) the object re-
quired to describe wavefunctions of spin% particles on X is a lift of this bundle
to a principal SL(2, C)-bundle over X. More precisely, a spinor structure
for X consists of a principal SL(2, C)-bundle

SL(2,@) — S(X) 2% X

over X and a map A : S(X) — L(X) such that Pz(A(p)) = Ps(p) and
Ap-g) = A(p)- Spin(g) for all g € SL(2,C). In Section 6.5 we will determine
a necessary and sufficient condition (on the topology of X) for the existence
of such a spinor structure.

We will conclude this section with a number of examples of spacetime man-
ifolds. We have been guided in the selection of these examples by the desire
to illustrate the concepts we have introduced in a context as free of techni-
cal obfuscations as possible without wandering into the realm of physically
meaningless examples contrived solely for pedegogical purposes. Some of the
examples are of great physical significance, while others are primarily of histor-
ical interest, but all of them have played a role in the development of general
relativity.
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As we have already mentioned, the simplest example of a spacetime is R 3
itself. Here the underlying 4-manifold is IR*. The standard coordinate func-
tions (corresponding to the chart idrs+ : R* — RY3) are denoted 0, 21, 22
and 3. We define the Lorentz metric g on R"3 by specifying its components
Jap relative to this global chart. For any p € R, T,(R"?) is spanned by

{a%ohn %‘pv 8%2|P’ %\p} and we define

0

0
Gap(p) = g, (835&

’ B
paz

) = Nas a76207172a37
p

where
1, a=p=0
77015: _15 a:B:1a2a3'
0, a# B

Thus, the gop are constant and, identifying each T),(R"®) with R* via the
canonical isomorphism, we have, in effect, just introduced the Minkowski inner
product on R*. Relative to the basis {dz® ® dz® : «, 8 = 0,1,2,3} for the
covariant tensors of rank 2 on R!*3, the metric for R*3 is given by

3
g = 1ag dz® ® de? = dz® @ da® — Zdzi ® dz’.
i=1

To ease the typography we will often write the coordinate velocity vector
fields 52 as 0a, a = 0,1,2,3. The standard orientation for R'® is the
one that assigns to each p € R'3 the orientation for T,(IR'?) contain-
ing {9o(p), 01(p), D2(p), d3(p)} and we will time orient R'3 with the vector
field 9y. Thus, a tangent vector v = v*9,(p) € T,,(IR'3) which is either time-
like (g,(v,v) = (v7)* — (v1)* = (v*)% = (v*)* > 0) or null (g, (v,v) = (v°)* —
(v1)? — (v*)* = (v*)? = 0) and nonzero is future directed if g, (do(p), v) = v*
is positive. Since any principal bundle over R?* is necessarily trivial, this is
true, in particular, for the oriented, time oriented, orthonormal frame bundle

of R1:3.

Exercise 3.5.1 Introduce spherical coordinates (t, p, ¢, ) on RY3 as follows:
Define a map from

(t, p, &, 0) € (—o0, ) x (0, c0) x (0, 7) x (—m, )
to R"3 by

0 —¢
1

x
T = psin ¢ cos b

22 = psin¢siné

z3 = pcos .
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Show that the Jacobian of the map is p?sin ¢. Use this fact to show that the
map is a diffeomorphism onto an open set in R*3. What open set? The inverse
of this map is therefore a chart on R"3. Denote the coordinate velocity fields
for this chart 0;,0,,0s and 0y and compute the components of the metric in
this chart (i.e., g(0¢, 0:), g(0, 0,), etc.) to show that

g=dt®@dt —dp®dp— p*(dp @ dp + sin® ¢ df @ d).

Finally, alter the domain of the mapping in such a way as to obtain charts
that cover as much of R as possible.

Exercise 3.5.2 Introduce advanced and retarded null coordinates v and w
on RY3 by letting v =t + p and w =t — p (so that v > w). Thus,

1
p= 5 —w)
p=209
0 —

Show that the Jacobian of the map is identically equal to % so that the trans-
formation (v, w, ¢,0) — (t, p, ¢, ) is nonsingular wherever it is defined. Show
that, in these coordinates, the metric is given by

1
g=dv®dw— Z(U —w)*(dé ® d¢ + sin® ¢ df @ df).

In particular, g(9,, 9y) = g(Ow, Ow) = 0 so v and w are null coordinates.
Convince yourself that the following describes a physical procedure for ob-
taining the coordinates v(p) and w(p) for an event p € RY3: Find a light ray
that is “incoming” to the origin and experiences p and take v(p) to be the
arrival time ¢ of the ray at the origin. Next, find a light ray that is “outgoing”
from the origin and experiences p and take w(p) to be the departure time ¢
of the ray from the origin.

Our next example is still topologically trivial, but is geometrically much
more interesting. The Einstein-deSitter spacetime £ is the simplest of all
the cosmological models to emerge from general relativity and is defined as
follows: As a smooth manifold, £ is just the open submanifold (0, 00) x R? of

R*. The restriction of the standard chart on R* to (0,00) x R? gives global

coordinate functions on € that we will continue to denote (29, 2! 22 2?).

Thus, at each p = (2% 2',22,2%) € £ the tangent space T,(€) is spanned

by {90(p), 1(p), D2(p), d3(p)} which, as for R}, we take to be an oriented
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basis. We will define the Lorentz metric g for £ by giving its components gqg
relative to this global chart. Specifically, at each p = (20, 2!, 22, 23) € &,

1 , a=0F=0
Gap(D) = gap(a®, 2t 22, 2%) = { (203, a=8=1,2,3. (35.2)
0 , a#p
Thus,
3
g = dz® @ da® — (2°)*/3 Z de' @ da’ (3.5.3)
=1

50, if v = v*9,(p) and w = W, (p) are in T),(£), we have
g,(v,w) = O — (2943 (vt + v2w? + viw?), (3.5.4)

where ¥ is the “time coordinate” of p (the “height” of p if we picture the x°-
axis in (0,00) x IR? vertically, as we generally do). One must show, of course,
that (3.5.3) does indeed define a Lorentz metric on €. Since smoothness of
the component functions (3.5.2) is clear on #° > 0 we need only produce a
frame (bg, by, by, b3) at each p € € such that (3.5.1) is satisfied. But for this
one need only define

bo = do(p)
b; = (2°)723 8,(p), i=1,2,3.

Observe that the vector field dy on £ is everywhere timelike and so may be
used to time orient €. At each p = (20,21, 22,2%) € £ the null cone consists

of all v = v*0,(p) satisfying
(’1}1)2 + (,U2)2 + (U3)2 _ (.770)_4/3(’00)2,

which one can interpret geometrically as saying that the null cones in £
“get steeper” as p “gets higher,” i.e., as time goes on. Since £ is diffeomor-
phic to R? its oriented, time oriented, orthonormal frame bundle is trivial.

Remark: The physical significance of the Einstein-deSitter spacetime as
a cosmological model is discussed at great length in [SaW]. This is not our
concern here so we will content ourselves with a few observations on the proper
way to view £ without any real attempt at justification.

The vertical straight lines a(t) = (¢, a8, 23,23), where 0 < t < oo
and (z},2,23) € R? is fixed, are clearly future directed, timelike curves
in £ These are to be interpreted as the worldlines of the galaxy clus-
ters of our universe. The “displacement vector” v between two events with
the same 2° on two different vertical worldlines is spacelike and satis-

fies |[v]| = (—(v,v))2 = K(2°)*/3, where K is a positive constant (here



3.5. Spacetime Manifolds and Spinor Structures 175

we have in mind two “nearby” worldlines so that v, which actually lies
in a tangent space to &£, can be thought of as “joining” the worldlines).
Observe that ||v||, which is regarded as the distance between the two galaxy
clusters at the “instant” x° in the given global coordinate system, satisfies
o) = 2K(u®) =13 > 0 and %HUH = —2K(2°)7%? < 0 so that these
clusters are receding from each other (the universe is expanding), but at a de-
creasing rate. Finally, we remark that one can define, on any semi-Riemannian
manifold, a real-valued function S called the “scalar curvature” which is re-
garded as a gross numerical measure of the extent to which the manifold
is “curved” at each point. In spacetime manifolds this measures the overall
strength of the gravitational field at each point. In £ the scalar curvature is
given by S = 3(2°)72 which becomes unbounded as 2 — 0, i.e., as one
recedes into the past. Moving backward in time along the worldlines of the
galaxies one approaches the “missing” 3-space z° = 0 where the curvature
would have to be infinite. This is the mathematical representation in £ of the
“big bang” (notice that it is not a point).

Exercise 3.5.3 Show that the cubic curve A(t) = (t3/5,3t/5,0,0),
0 <t < oo is a future directed null curve in £. Note: This is actually what is
called a null “geodesic” in £ and, from it, one can obtain all the null geodesics
of &; see pages 133 and 162 of [SaW].

Our first topologically nontrivial example is called de Sitter spacetime,
denoted D and defined as follows: Consider the 5-dimensional Minkowski space
RY4. As we did for Minkowski spacetime we now regard R'* as a semi-
Riemannian manifold with constant metric g given, in standard coordinates,

by
4

g=da’ ®da" = da' @ da’.
i=1
The map Q : R* — R given by Q(z) = (z,z) = (2°)% — (21)? — (2?)? —
(3)? — (2*)? is obviously smooth and has —1 as a regular value so Q~*(—1)
is a 4-dimensional smooth submanifold of R"*. As a manifold, D is just this
smooth submanifold of R4, i.e.,

D= {(xo,xl,xz,gc?’m‘l) e RM:
(.761)2 + ($2)2 + ($3)2 + (564)2 o (560)2 _ 1}

By suppressing two spatial dimensions one can visualize D as a hyperboloid
of one sheet (keeping in mind that the cross-sectional “circles” at constant x°
are really S%).

Lemma 3.5.1 D is diffeomorphic to R x S3.
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Proof: The maps f : R x S? — D and g : D — R x S? defined by
Ftyh w2 vt yt) = (t, (L+ 32yt (L4 82)2y2, (1+ 627y, (1 + t2)%y4) and

g(a,zt 2% 2% at) = (xov 1+ (@®)?) " Fat, (1 + (2°)?) 222,
(14 (29" 22%, (1+ (x0)2)—%334)
are inverse diffeomorphisms. o

To obtain a Lorentz metric g on D we will identify the tangent spaces
T,(D), p € D, with subspaces of T,(R!?) and restrict g to these subspaces
(more precisely, g = ¢*g, where ¢ : D < R is the inclusion). This restriction
g is clearly symmetric and bilinear at each point, but it is not obviously
nondegenerate nor is it clear that it has index 3. To prove this we introduce
a vector field grad @ on R'* defined, relative to standard coordinates, by

grad Q(p) = 22°8(p) — 22" 01(p) — 22°0a(p) — 22°05(p) — 22" Da(p)

for each p = (20, 2!, 22,23, 2%) € RV

Exercise 3.5.4 Show that, at each p € D,gp(grad Q(p), gradQ(p)) = —4
and Qp(grad Q(P), v) =0 for each v € Tp(D) C Tp(]RlA)'

It follows from Exercise 3.5.4 that the restriction of g to each T,(D) is non-
degenerate (if there were a vector in T,(D) orthogonal to every other vector
in T,,(D), then, being orthogonal also to grad Q(p), it would be orthogonal to
everything in 7,,(R**)). Thus, g is a metric on D and we need only show that
it has index 3. But g has index 4 and, at any p € D, U(p) = 1 grad Q(p)
is orthogonal to T),(D) and satisfies g,(U (p), U(p)) = —1 so this is clear (an
orthonormal basis for T,(D) together with U (p) is an orthonormal basis for
T,(R"*)). The existence of the globally defined unit normal field U on D also
provides D with the orientation and time orientation we require for D.

Exercise 3.5.5 Show that the following defines an orientation p on D: At
each p € D, an ordered basis {bg, b1, ba, bs} for T),(D) is in p, if and only if
{bg, b1, bs, b3, U(p)} is in the standard orientation for T),(R?*) = T, (R?).

Exercise 3.5.6 For each p € D define

V(p) = 0o(p) +g(U(p), do(p)) U (p).

Show that V(p) € T,(D) and g(V(p), V(p)) > 0. Conclude that D is time
oriented by V =0y 4+ g(U,dy) U.

Exercise 3.5.7 Use the oriented, orthonormal frame field { V1, Vo, V3} for
S3 constructed in Section 3.3 (see (3.3.9)) and the timelike, future directed
vector field V' on D constructed in Exercise 3.5.6 to show that the oriented,
time oriented, orthonormal frame bundle of D is trivial.
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We introduce coordinates £, ¢, 0, t on D as follows: Define a map 7 from
R* into R"* by

2% = sinh ¢

z! = sin & sin ¢ cos § cosh t

z? = sin & sin ¢ sin @ cosh t

23 = sin & cos ¢ cosh ¢

zt = cos € cosh t.

Then (21)2+(22)%?+(23)?+ (2*)? — (2°)? = 1 so the image of 7 is in D. For each
fixed t in (—o0,00), x!, 2%, 2% and z* parametrize the 3-sphere of radius cosh ¢
and covers the entire 3-sphere for £, ¢ and 0 restricted to0 < { <m,0< ¢ <7
and 0 < 0 < 27. With these values of £, ¢ and 6 and —co < t < co, T maps
onto D.

Exercise 3.5.8 Compute the 5 x 4 Jacobian matrix of 7 and show that it
has rank 4 on each of the following regions in R*.

0<e<m, 0<o<m, 0 <6< 2m, —00 <t < oo
0<é<m, 0<o<m, —rT <0<, —0<t<oo

Show also that 7 is one-to-one when restricted to either of these regions and
conclude that the inverse of each of these restrictions is a chart on D.

Exercise 3.5.9 Show that, relative to the coordinates &, ¢, 6, ¢t on D, the
metric g takes the form

g = dt ® dt — cosh?t (dg ® dE + sin? £(d¢ ® d + sin? ¢pdo ® de)).

Remarks: The deSitter spacetime can be regarded as an empty space so-
lution to the Einstein field equations with nonzero cosmological constant (see
Section 5.2 of [HE]). In this universe the spatial cross-sections (¢ = constant)
are 3-spheres whose radii vary with time (at time ¢ the radius is cosht). Our
final example of a spacetime describes an analogous “static” universe. Since
the details are virtually identical to those above for D we will leave them to
the reader as exercises.

The Einstein cylinder spacetime C is the submanifold of R'* consisting
of all (20, 2!, 22 23 2%) satisfying (z1)? + (22)? + (2®)? + (2%)? = 1 with
the Lorentz metric g obtained by restricting the metric g of R"* to this
submanifold.

Exercise 3.5.10 Show that, thus defined, C is, indeed, a spacetime manifold.

Exercise 3.5.11 Show that C is diffeomorphic to R x 3.
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Exercise 3.5.12 Show that C is orientable and time orientable and that its
oriented, time oriented, orthonormal frame bundle is trivial.

Exercise 3.5.13 Show that one can introduce coordinates &, ¢, 60, ¢t on C by

20 =t

z! =sinésin ¢cos 0
x? = sinsin ¢sin 0
z® = sin& cos ¢

xzt =cos &

(same restrictions as in Exercise 3.5.8) and that, relative to these coordinates,
g=dt®dt — (d§ ® dé + sin? £(dp ® do + sin? ¢df de)).

Exercise 3.5.14 Find a few spacelike, timelike and null curves in C.
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Differential Forms and Integration

Introduction

Physics is expressed in the language of differential equations (e.g., Maxwell,
Dirac, Yang-Mills, Einstein, etc.). Differential equations live on differentiable
manifolds and differentiable manifolds have topologies that influence not only
the solutions to differential equations defined on them, but even the type of
equation that one can define on them. At some naive level then it is perhaps
not surprising that topology and physics interact. The profound depth of this
interaction in recent years, however, has made it abundantly clear that the
naive level is not the appropriate one from which to view this.

It is remarkable that the deep connection between topology and the differ-
ential equations of physics can be made quite explicit. The bridge between
the two subjects is the notion of an elliptic complex of differential operators
on a manifold and its corresponding cohomology. There is, in fact, an explicit
formula (the Atiyah-Singer Index Theorem) relating the analytic properties of
the differential operators in such a complex to the topology of the underlying
manifold. This is, unfortunately, quite beyond our level here, although the
object will arise again in the Appendix. We will, however, in this chapter con-
struct the simplest example of an elliptic complex (the de Rham complex) and,
in the next, study its cohomology. In Chapter 6 we will use the information
thus accumulated to construct the characteristic classes that have, at least
informally, put in an appearance in our earlier discussions of electromagnetic
and Yang-Mills fields (Chapter 2).

4.1 Multilinear Algebra

In this section we assemble the algebraic machinery required to build the
objects of interest to us. Since much of this is a straightforward general-
ization of results we already have available for 0-, 1- and 2-forms we in-
tend to leave many of the routine verifications to the reader in the form of
exercises.

Let E denote a real vector space and k > 0 an integer (more generally, one
can take F to be a module over a commutative ring with identity). A map A
from Ex---x E (k factors) to IR is k-multilinear if, for each ¢ with 1 <7 <k
and each a € R,

/ /
A, .., 0i+ 05, 0k) = A, .oy U4y o 0k) AV, o 00, V)
G.L. Naber, Topology, Geometry and Gauge fields: Interactions, 179
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and
A(vy, ..o avs, .. v8) = aA(vy, oo U5y, )

for all vy,...,v;, v}, ..., v, in E. The set T*(E) of all such multilinear forms
is a real vector space with pointwise operations:

(A+ B)(v1,...,v;) = A(v1,...,v5) + B(vr, ..., k)
(aA)(vy,...,vk) = a(A(vy,...,v)).

Note that T1(E) is the dual space E*. For convenience we will take 7°(E) =
R. The elements of 7*(E) are called covariant tensors of rank k (or simply
k-tensors) on E. If T : E; — FE>5 is a linear transformation we define the
pullback map

T Tk(EQ) — Tk(El)

for any k as follows: If A € T¥(Ey), the T*A € TF(E;) is given by
(T*A)(0n, .., v3) = A(T(wr), ..., T(en)).

Exercise 4.1.1 Show that if A € T*(E), then the following three conditions
are equivalent:

(a) A is zero whenever two of its arguments are equal, i.e., if 1 < 4,
j < kand ¢ # j, then A(vq,...,v;,...,05,...,0,) = 0 whenever
v = Uj.

(b) A changes sign whenever two of its arguments are interchanged (and
the remaining arguments are left fixed), ie., A(vy,...,
VjyeoosViyeny U) = —A(V1, .00, U4y o, 0,0, V).

(c) If o € S is any permutation of {1,...,k} and (—1) is its sign (1 if
o is an even permutation and —1 if ¢ is an odd permutation), then
A(vo(l)a R Uo’(k)) - (7]‘)0 A(Ulv R Uk)'

An A € TF(E) that satisfies any (and therefore all) of the conditions in
Exercise 4.1.1 is said to be skew-symmetric and the set A¥(E) of all such is a
linear subspace of 7*(E). Note that A'(E) = T'(E) = E* since the conditions
are satisfied vacuously. For convenience, we take A°(E) = TY(E) = R. The
elements of A¥(E) are called k-forms on E. An A € T*(E) which takes the
same value whenever two of its arguments are interchanged (or, equivalently,
whenever its arguments are permuted) is said to be symmetric and the
collection of all such is likewise a linear subspace of T*(E).

For any A € T*(E) and B € T'(E) we define the tensor product A® B €
TkJrl( E) by

(A ® B)(’Ul, coo s Uk Ukt1y e - o 7Uk+l) = A(’Ul, e ,’Uk) B(Uk+1, .. -,Uk+l)-
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Exercise 4.1.2 Show that A ® B is, indeed, in 7**! (E) and prove each of
the following properties of the tensor product.

(a) (A1 +A2)®B=A4, @ B+ A, ®B

(b) A® (B1+ B2) = A® B1+ A® By

(c) (aA)®B=A® (aB)=a(A® B) (a€R)
(d) A®(BeC)=(A®B)aC

(e) T*(A® B) = (T*A) @ (T*B).

Also, find an example to show that B ® A is generally not equal to A ® B.

Because the tensor product is associative (Exercise 4.1.2 (d)) one can un-
ambiguously define the tensor product A; ® --- ® A,, of any finite number of
tensors on .

Lemma 4.1.1 Let {e1,...,e,} be a basis for E and {e', ... e"} its dual basis

for E*(e'(ej) = 8';). Then, for any k, {e" @ ---@e'* : 1 <iy,...,0p <k} is

a basis for T*(E). Moreover, any A € TF(E) can be uniquely written as
A=A . i e @ @k (summation convention)

where A;,...;, = A(ei,, ... ei,). In particular, dim T*(E) = nk.

Exercise 4.1.3 Prove Lemma 4.1.1. Hint: The n = 2 case is
Lemma 5.11.1, [N4].

In particular, any o € A¥(E) can be expanded as in Lemma 4.1.1. However,
the €' ® --- ® e’ are not skew-symmetric, in general, so these do not give a
basis for A¥(E). To produce such a basis we introduce a “skew-symmetrized”
tensor product. Suppose a € A*(E) and 8 € A'(E). We define their wedge
product aAS as follows: If k = 0 or I = 0 (or both), we simply let A3 = af.
If £ > 0and [ > 0 we define

(@A B) (i, Vg) k'l'z 7 (a®p) ( V(1)) U(k-‘rl))

klll Z (“a 1)»---ava(k))

X ﬂ (va(k+l)7 s 7v0(k+l))7

where the sum is over all permutations o € Si4; of {1,...,k+1}.

Exercise 4.1.4 Write out each of the following special cases and show that,
in each case, a A 3 is skew-symmetric.

(a) If « € AY(E) and 8 € AY(E), then
aANf=a® - R a.
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(b) If « € AY(E) and 3 € A%(E), then

(A B)(v1,v2,v3) = a(v1)B(v2,v3) — a(v2)B(v1, v3)
+ a(v3)B(vy,v2).

Showing that, in the general case, a A S is skew-symmetric and deriving
the basic properties of the wedge product takes a bit of work. To facilitate
the arguments we introduce some notation. If ¢ € Sj is a permutation of
{1,...,k} and (v1,...,vx) is any k-tuple we will write

U'(’l)l,...7’l)k) = (’l}a(l),...7vg(k)> (4.1.1)
for the rearranged k-tuple.

Exercise 4.1.5 Show that if 0,p € S are two permutations of {1,...,k},
then

a-(p-(vl,...,vk)> =(pooa)-(vi,...,v)

for any k-tuple (v1,...,vg).

Now define, for any A € T*(E), a multilinear function Alt(A) on E x---x E
(k factors) by

AIE(A) (v1, ..., 0p) = % S 17 A (v o) (4.1.2)

‘o€ Sk

Thus, in particular, if o € A*(E) and 8 € A/(E), then
(k+ )

k!
Lemma 4.1.2 Let k > 0 be an integer. Then

1. Ae TH(E) = Alt(A) € AF(E).

2. a € AF(E) = Alt(a) = a.

3. AeTFE)= Alt(Alt(A)) = Alt(A).

ahp= Alt(a® f). (4.1.3)

Proof: (3) obviously follows from (1) and (2). To prove (1) we observe first
that Alt(A) is clearly multilinear so Alt(A) € T*(E). To prove that Alt(A)
is skew-symmetric we verify (b) in Exercise 4.1.1. Thus, we fix 7 and j with
1 <1i,j < k and show that interchanging the i** and j*" arguments changes
the sign of Alt(A). Assume, without loss of generality, that 1 <14 < j < k and
let (ij) be the permutation of {1,...,k} that switches ¢ and j, but leaves the
others fixed. Thus, for any k-tuple (a,b,...,c), (ij) - (a,b,...,c) has the i‘"
and j* slots switched while the others are left fixed. Moreover, as ¢ varies
over all the permutations in S, so does o’ = (ij) o &, but (—1)7" = —(—1)°.
Thus,
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I X
= —% (71)0 A(O’ (’Ul, y Uiy » Ujs 7vk))
= —% (—1)0/ A(O'/ . (Uh y Uiy y Ujs 7’U7€))

o’

= —Alt(A)(v1,..., Vi, V5, V).

Remark: Notice that the factor 7; played no role in the proof of (1). This
is not the case, however, for the proof (2).

To prove (2) we begin with an o € A¥(E). Observe first that, for any o € Sk,

a(a . (Ul,...,vk)) =(-1)7a(v1,...,0%).

(Exercise 4.1.1 (¢)). Thus,
Alt (@) (v, ... 0p) = klz ( 111,...,11;0)
= Z (=) (=1)7 a(v1, ..., vE)

1
=7 (k'a(vl,...,vk)) = a(vy,...,vg)

as required (notice that the 7; is essential here). [ |

From Lemma 4.1.2 (a) and (4.1.3) we conclude that, if o € A¥(E) and 3 €
AYE), then a A B € AFTI(E). To establish the basic properties of the wedge
product we need two more technical results.

Lemma 4.1.3 Let A € T*(E) and B € T'(E) and suppose Alt(A) = 0. Then
Alt(A® B) = Alt(B® A) = 0.

Proof: Begin by writing
(k + l)'Alt(A ® B) (”Ul, ‘e a'Uk—l-l)
= Z (=17 A(Uou), e 7Ua(k)> B(Ua(k+1)7 e 7'Uo—(k+l)>-

0 € Skt
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Now let G={0 € Sgyi:0(i) =1, i=k+1,....k+1}.
Exercise 4.1.6 Show that Y . (=1)7 A(vy(1),-- Vo)) B(Vor1)s -- -
Vo(kt1)) = 0.

Next suppose g € Sk — G. Consider
000G ={opoo:0€ G}

Observe that G N (g0 G) = () since if 7 were in G N (0go @), then 7 = opoo
for some o € G and therefore g = 7o~ ! would imply that og is in G, which
it is not. Now,

Y (-1 (4®B) (T (v, ... ,vw))

TEopo G

= Z (=1)70°7 (A®B)<(ao o U)(Ul,...,vk+l))

ceG
= Z (—1)00 (—1)0 (A® B) (O’ . (0’0 . (’Uh e ,ka) ))
celG
Let oo - (v1y..,0k41) = (Wiy..., Wk, Wht1, ..., W) Then this last sum
becomes
(=1)7° Z (-1)7 A (wa(1)7 e ,wa(k)) B (wcr(k+1)7 e ,wg(k+z))
oceG

which is zero by Exercise 4.1.6. Thus,
> )TA@B) (7 (1) ) =0,
TEopoG

Next, suppose 01 € Sip41— (G U 0goG) and let 010G = {010 0 : 0 € G}.
As above, GN (010 G) = 0.

Exercise 4.1.7 Show that, moreover, (o1 0 G) N (o9 o G) = 0.
Now, exactly as above, we have
> () (A@B) (7 (1, s vin)) = 0.
TE€o010G

Since Sj; is finite we may continue in this way, splitting Sk into finitely
many disjoint subsets, the sum over each being zero. Thus,

> (1) (A@B) (T-(vl,...,vk+l)> -0

TE Skt
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so Alt(A® B) = 0. Replacing G by G’ ={c € Sk, :0() =1, i=1,...,k}
the same argument shows that Alt(A ® B) = 0. |

Lemma 4.1.4 Let a € A¥(E), 3 € AY(E) and v € A™(E). Then
Alt(a® Alt(8 ® 7)) = Alt(a ® S ®7) = Alt(Alt(a ® B) @ 7).
Proof: First observe that

AlL(AL(B ®7) — B®7y) = Al(Alt(B ® 7)) — Alt(B® 7)
=Al(B®v) — Alt(B®~v) =0

by (3) of Lemma 4.1.2. Thus, by Lemma 4.1.3
0=Alt(a® [A(B®7y) = B®@ 1))
=Alt(a®@Al(BRY) —a® B ®7)
= Alt(a @ Alt(B®7)) — Alt(a @ S @)

which proves the first equality. The second equality is proved
analogously. ]

Theorem 4.1.5 Let a,at,a? € AF(E), B,8',8% € AYE), v € A™(E) and
a € R. Then

I (@' +a®)AB=a'AB+a?AB

2. aN(Br+B2)=anB +anp?

3. (aa) AB = a A (aB) =a(a A B)

4 Bha=(=D)"anp

5. (@AB) Ay =an(BAy)=EHEE Alt(a® B @A)

6. If T : Ey — Ey is a linear transformation, o € A*(Es) and
B € A(Ey), then

T*(a A ) = (T"a) A (T").

Proof: (1), (2) and (3) follow directly from the corresponding properties of
the tensor product (Exercise 4.1.2). To prove (4) we write

(Oé/\ﬁ) ('Ula--~7'Uk7vk+17~-~avk+l>

= a0 Z (—-1)° a(vg(l), . ,vo(k)> 6(vg(k+1), e ,Ua(k+l))

0 € Skt
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and
(ﬂ A OZ) (vla cooy Uk U415 - - - 7vk+l>
1 g
= W (71) 6 (Ua(l)a cee 7”0([)) Qv (Uo(l+1)7 CERR) UO'(l-‘rkI))
o€ Sk
1 o
= (—1)7 (va(z+1), e 7'Ua(l+k)) B (%(1), e ,%(l))
o €Sk

Let p be the permutation of {1,...,k + [} that sends {1,...,1,
I+1,....,04+k}inorder to {I{+1,...,14+k,1,...,l}. Then p is the product
of kl transpositions (move each of the last k in order over the preceding 1)
so (1) = (=1)*. Thus, for any o € Spy,(=1)7°7 = (=1)*(-1)°.
Moreover, as o varies over Sk, so does ¢/ = o o p. Thus,

(6 A a) (Ul, NN 7Uk+l)

= ﬁ Z (_1)0 (a ® 5) (Ua(l+1), <y Vo (l4k) s Vo(1)s - - - ,va(l))
" o€ Skt
= ﬁ Z (_1)0 (OZ ® 5) (p . (’00(1), < Vo (1)y Vo (141) 5 - - - 7vo(l+k)>>
T oeSkn
= ﬁ Y (1) (@®p) (p' (a.(vl,...,vk+l)))
o€ Skt
:ﬁ Z (_1)kl (_1)Uop<a®6)((aop)'(Ul,...,vk+l))
" o€ Skt
=D Y (0 @eB) (o )

o'e Sk+l
= (—1)kl (a A B) (’Ul7 - ,’UkJrl)
as required.

Exercise 4.1.8 Use Lemma 4.1.4 to prove (5).
Exercise 4.1.9 Prove (6). |

A few special cases of Theorem 4.1.5 are worth pointing out explicitly. First
suppose a € A¥(E) and 8 € AY(E). If either k or [ is even, then

BANa=aAlp,
but if both k£ and [ are odd, then

BAa=—aANp.
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Thus, if £k is odd, then
aNa=0.

This is true, in particular, for 1-forms. Associativity of the wedge product
(Theorem 4.1.5 (5)) permits the unambiguous definition of wedge products
for any finite number of forms. The following special case is of particular
interest.

Exercise 4.1.10 Let o', ..., a* be in A'(E). Show that
AN =R Al @ - @) = Z (-1)7aV@...@a®,
o€ Sk
Hint: Proceed by induction using (4.1.3).

Theorem 4.1.6 Let {e1,...,e,} be a basis for E and {e',... e"} the
corresponding dual basis for E* = AY(E). Then, for each k = 1,...,n,
{et Ao Netv 11 < iy < --- < i < n}ois a basis for A¥(E). Moreover,
any o € AF(E) can be uniquely written as

o= Z iy €A N = T Qini e A Ne',
1< <1k ’
where o, ..., = aleq,, ... €, ). In particular, dim A*(E) = (7).

Proof: Sincea € A¥(E) C T*(E), Lemma 4.1.1 implies that a = o, ...;, €' ®

-~ ® e, where ;,..;, = aleq,...,e;,) and the sum is over all 1 <
i1,...,1 < n. Exercise 4.1.10 then gives
_ 1 i1 ik
a = yail“'ike N Ner.
Now, if any term in this last sum has two of the indices 1,...,7; equal the
wedge product is zero. Hence, we may sum only over those i1, ...,4; that are

all distinct. Each such sequence of distinct indices gives rise to k! terms in the
sum, each term differing from the others only in the order of the indices. But
permuting the indices changes both a;,...;, and et A --- A e’ by the sign of
the permutation so all of these terms are the same and equal to the unique
term oy, ..;, €1 A -+ Ae' with i; < -+ < ig. Consequently,

o= Z Qiyo i€ A Aeth
i <o i
In particular, {e’* A--- Aelt 11 <y <--- <4, < n} spans AF(E).

Exercise 4.1.11 Complete the argument by proving linear independence.
|
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Note that, if dim £ = n and k > n, then A*(E) contains only the zero
function. Moreover, if k = n, then dim A"(F) = (Z) = 1 so any nonzero
element of A™(FE) spans A™(E). We wish to investigate this 1-dimensional
space of top forms a bit more closely.

Lemma 4.1.7 Let o, ..., a" be elements of A*(E). Then {al,...,ak} is
linearly independent in A*(E) if and only if a* A --- A aF # 0 in A¥(E).

Proof: First suppose {a!,...,a*} is linearly independent. Then there is a
basis {e1,...,€k,...,en} for E such that the dual basis {e!,...,e¥ ... e"}
satisfies ¢’ = o’ for i = 1,...,k. Thus, a' A--- A o is an element of a basis

for A¥(E) and so, in particular, is not zero.

Exercise 4.1.12 Prove the converse. [ |

Theorem 4.1.8 Let {e1,...,e,} be a basis for E and let o € A" (E). If v; =
Aijei, j=1,...,n, are any n vectors in E, then

alvy,...,v,) = det(AY) aler, ..., en).

Proof: First observe that the ordinary determinant function det can be
regarded as an element of A"(IR"™) as follows: For vy,...,v, € R"™ we write

v; = (A',...,A";), j =1,...,n (components relative to the standard basis
for R™) and define

Al A
det(vy,...,v,) = det
AM A,

Properties of determinants ensure that this is skew-symmetric so
det € A™(IR™). Since det is not identically zero on R"™ it generates A™(R").
Now, if @ € A™(FE) we define o/ € A"(R") by

o/((All,...,A”l),...,(Aln,...,A"n)> = a(Alyes, ..., Alye;).

Then o = ¢ det for some constant c. Evaluating o’ at ((1,0,...,0),...,(0,0,...

gives o/((1,0,...,0),...,(0,0,...,1)) = cdet (id), i.e., ale,...,e,) = ¢
Thus,

avy,...,v,) =a(A e, ..., Al e;)
- a’((A11, g .,A"l),...,(Aln,...,A”n))
= aler,...,e,)det(A%;). m
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Corollary 4.1.9 Let {e1,...,e,} be a basis for E, {e',... ,e"} its dual basis
for AY(E) and vy,...,v, vectors in E with v; = A’je;, j=1,...,n. Then

(61 A ANe™)(vg, .. ) = det(Aij)-

Corollary 4.1.10 Let T : E — E be a linear transformation. Then T* :
A™(E) — A"™(E) is given by

T = (det T

for every a € A™(E).

Proof: If o« = 0, then T*a = 0 so the result is trivial. Suppose then
that o # 0. Since dimA"™(E) = 1, a generates A"(E) so T*a = ca for
some constant c. Let {e1,...,e,} be a basis for E and write Te; = Aijei,
j=1,...,n. Then

(T*a)(e1,...,en) = a(Tey,...,Tey,)
== oz(Ailei, ce ,Ainei)
= det(Aij) (07 (61, ceey en)

SO _
ca (e1,...,e,) =det(A%) aler, ..., en).

Since o # 0, Theorem 4.1.8 implies that a(er,...,e,) # 0 so
c = det(4%)). [ |

As another application of Theorem 4.1.8 we show that any nonzero element
of A"(F) determines a unique orientation for E.

Theorem 4.1.11 Let E be an n-dimensional real vector space and o a
nonzero element of A"(E). Then there is a unique orientation u for E such
that [e1, ..., en] € w if and only if a(eq, ..., e,) > 0.

Proof: Since « is nonzero, Theorem 4.1.8 implies that a(ey,...,e,) is
nonzero for every basis {ej,...,e,} for E. Thus, the ordered bases for E
are divided into two disjoint classes according to whether a(eq,...,e,) > 0
or afey,...,en) < 0. Let u denote the set of all ordered bases for E for
which «a(eq,...,e,) > 0. We claim that p is an orientation for E, i.e., that
1 is an equivalence class of the equivalence relation ~ defined on ordered
bases as follows: {é1,...,é,} ~ {e1,...,e,} if and only if det(A4%;) > 0,
where é; = A;e;, j = 1,...,n. But this is clear from Theorem 4.1.8 since
a(é1,...,6,) = det(A’j)a(er,...,e,). Uniqueness is also clear since E has
precisely two orientations and the other one (i.e., —u) consists of the ordered
bases for which a(eq,...,e,) <0. [ |

Exercise 4.1.13 Show that if {ey,...,e,} is an ordered basis for E and
{e!,...,e"} is its dual basis for A'(E), then the orientation for £ determined
by el A--- Ae™ is precisely the one that contains {ej,...,e,}.
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Thus, any nonzero n-form on E determines a unique orientation for E. Let
us suppose that, conversely, one is given an orientation u for E. Then every
nonzero element of A"(E) is either positive on all the elements of u or neg-
ative on all the elements of y (Theorem 4.1.8). Thus, x divides the nonzero
elements of A"(E) into two equivalence classes. In general, however, p does
not single out a unique element of A™(E). However, we now show that if E
is equipped with the additional structure of an inner product (nondegener-
ate, symmetric, bilinear form, but not necessarily positive definite), then a
distinguished element of A™(FE) is canonically determined.

Suppose then that E has an orientation p and an inner product g. If
{e1,...,ey,} and {é1,...,¢é,} are two bases for E that are orthonormal
with respect to g, then the matrix (A%;) that relates them (é; = A%;e;,
j = 1,...,n) satisfies det(A’;) = £1. Thus, for any nonzero a € A"(E),
aléy,...,én) = taler,...,en).

Now let {e1,...,e,} be an ordered orthonormal basis in y (i.e., an oriented
orthonormal basis). Then there exists a nonzero element w of A"(E) with
wler,...,ep) = 1 (namely, e!A---Ae™). But observe that if {é1,...,é,} is
any other oriented orthonormal basis for F, then w(éy,...,é,) = 1 as well.
Thus, w takes any oriented orthonormal basis to 1. Moreover, it carries any
orthonormal basis in —p to —1.

Exercise 4.1.14 Show that w is uniquely determined, i.e., that there is only
one element of A™(F) that carries every oriented orthonormal basis for E to 1.

Theorem 4.1.12 Let E be an n-dimensional real vector space with an orien-
tation p and an inner product g. Then there exists a unique
w € A" (E) such that w(eq,...,en) = 1 whenever {e1,...,e,} is an oriented
orthonormal basis for E.

For example, if F = R" with its standard orientation and (positive definite)
inner product, then w is just the determinant function det € A™(IR™) (see
the first few lines in the proof of Theorem 4.1.8). In general, w is called
the (metric) volume form for E determined by p and ¢ (recall that, in
R3, | det(vy, v2, v3)| is the volume of the parallelepiped spanned by vy, vs and
v3). We know that if {ej,...,e,} is an oriented orthonormal basis for E, then
w=-e'A---Ae", where {e!,...,e"} is the dual basis. We will need to compute
w in an arbitrary oriented (but not necessarily orthonormal) basis for E.

Exercise 4.1.15 Let w be the volume form on F determined by the orienta-
tion p and an inner product g. Let {é;,...,é,} be an oriented basis for F and
{é',...,é"} its dual basis. For each i, j = 1,..., nlet g;; = g(é;,é;). Show that

w = |det(gi;)|Ze A A,

Hint: Let {e1,...,e,} be an oriented orthonormal basis for E with é; =
A'je;, j=1,...,n and show that det(A%;) = |det(g;;)|'/2.
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Next we observe the following: If dim £ = n and k is any integer with
0 <k < n, then (by Theorem 4.1.6)

dim A" H(E) = < nfk ) = ( Z ) = dim A*(E).

In particular, A"~*(E) is isomorphic to A*(E) for any vector space E. In
general, however, there is no “natural” isomorphism between these two. We
show next, however, that if £ has an orientation p and an inner product g,
then there is a canonical isomorphism

*:AR(E) — AVH(E)

called the Hodge star operator (the image of a 3 € A¥(E) under this
isomorphism will be denoted *3 € A" *(E) and called the Hodge dual of £3).
To construct the isomorphism we must first show that the inner product g on
E determines an inner product on each A*(E).

Suppose then that F is an n-dimensional real vector space with an inner
product ¢ (E need not have an orientation for this part of the construc-
tion). We wish to show that ¢ induces an inner product (also denoted g)
on A¥(E) for each k = 0,1,...,n. Since A°(E) = R we will define, for
a,B € AYE), g(a,B) = af. For k > 0 our objective is to define g in such
a way that, if {e;,...,e,} is an orthonormal basis for F with dual basis
{el,...,e"}, then {e' A---Ae't : 1 < iy <--- < i <n} will be an orthonor-
mal basis for A¥(E). The procedure will be to first define g in terms of an
arbitrary basis for F, then show that the definition does not actually depend
on the initial choice of the basis and finally prove that the definition has the
desired property.

Let {e1,...,e,} be an arbitrary basis for E (not necessarily orthonormal).
Let g;; = g(e;,e;) for 4,5 =1,...,n, and let (¢°) denote the matrix inverse
of (gij). Now, for a, B € A¥(E), k > 1, we write

o= ﬁail...ikeil A Aet®
and 1
= ﬁﬂjr“jkeﬁ Ao Ntk
as in Theorem 4.1.6. Now define
ajl"'jk _ ghjl . gikjkail»--ik (4_1_4)

(classically, this is called “raising the indices of o with the metric ¢”).
Our definition of g on A¥(E) is now

1 .

9(er, B) = 707 T By (4.1.5)

To show that this definition does not depend on the choice of basis we let
{é1,...,é,} be another basis with é; = A*;e;, j=1,...,n. Let (4;7) denote
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the matrix inverse of (A’;). Then the dual bases {e',...,e"} and {é',...,é"}
are related by ¢/ = A;7¢?, j=1,...,n.

Exercise 4.1.16 Let §;; = g(é;,¢;) and let (") be the matrix inverse of
(gij)' Show that
Gij = A% A g

and
G = A A gM
fori,j=1,...,n.
. 1 ) . 1 v
Now, for a € AF(E) we write a = Hail"'ikell Ao ANe't = Hail...ikeh

A+ A e where
Qi = iy i) = (AT jeg, o AT e, )
= Ajlil s Ajkikajl...jk.
Exercise 4.1.17 Show that a71-Jx = A; 7' .. A; Ik alrlx,

Finally, we compute

1 . 1 ) )
E J1 ]kﬂjl“'jk — E(Alljl ...Alk]kah lk) (Amljl "'Amkjkﬁmr"mk)

_ %(Alllemljl) o (AlkjkAmkjk)azl...zkﬁmlmmk
= %allml’“ﬁll--»zk

as required. Thus, g is well-defined on A*(E) and it is clearly bilinear, sym-
metric and nondegenerate.

Theorem 4.1.13 Let E be an n-dimensional real vector space with an in-
ner product g and let k be an integer with 1 < k < n. If {e1,...,en}
is an orthonormal basis for E with dual basis {e*,...,e"} for A*(E), then
{et Ao nete 11 <y < oo < iy, < n}ois an orthonomal basis for AF(E)
relative to the induced metric g on AF(E) (defined by (4.1.5)).

Proof: Let i1 < -+ < 4 and j; < --- < jr be fixed increasing
sequences of indices and let a« = e** A--- Ae'* and = e/t A--- Aelk. Then
o= %all...lk el A+ Aetk where .1y, 18 1if 1y - - - I is an even permutation
of i1 ---iy, —1if Iy ---I; is an odd permutation of iy ---i; and 0 otherwise.
Similarly for g = %ﬁmlu.mk em A~ Ae™k . Since {eq,...,e,} is orthonormal,
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(gij) is diagonal with g;; = +1 and therefore (¢/) is diagonal with g* = +1.
We compute

1 T 1
gla, B) = Eo/”l T By ey, = Egllml c g oy By
Notice that this will be zero unless Iy = mq,...,l = my so

1
g(a75) = _gllll . 'glklk all"'lk /Bll---lk’

k!
In order for ay,..;, to be nonzero, {li,...,l;} must equal {iy,...,7;}. Simi-
larly, 5;,...;, will be zero unless {ly,...,lk} = {j1,...,Jk}. Thus, g(a, ) will
be zero unless {iy,...,ix} = {j1,...,Jk - In particular,

gle™ N ne el Ao NedR) =0 0 {ig, ikt # 1, k)

Now suppose {i1,...,ix}t = {j1,--.,Jk}. Since 1 < i3 < -+ < 4 < n and
1 <41 <+ <jr <n, we must then have a = f§ so f,..., = ay,...;;,, and
therefore
1
g(avﬂ) = g(a,a) = Egllll o 'glklk (allmlk)Q'

This is a sum over all permutations of {i1,...,ix} and «ay,..;, = £1 so
all of the terms are equal and g(«, o) = £1, i.e.,

g (e Ao Aet et AL Neit) = 41, |

Remark: The last few lines of this proof actually show that
gl A---Aetk et A Aeth) = (=1)™,
where m is the number of indices among {i1,...,4x} for which g; = —1.

Theorem 4.1.14 Let E be an n-dimensional real vector space with an ori-
entation p and an inner product g. Let w be the metric volume form for E
detemined by o and g and let k be an integer with 0 < k < n. Then there
erists a unique isomorphism

* AME) — A"TR(E)

such that
al*B=ygla,Bw (4.1.6)
for all o, B € AF(E).

Proof: For v € A" ¥(E) we define a map

o, AF(E) — R
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as follows: Let a € A¥(E). Then a Ay € A"(E) so a A 7y is a real multiple of
w. The coefficient of w is taken to be ¢, () so

a Ay =py(a)w.

¢~ is clearly linear and is therefore an element of the dual (A*(E))* of A*(E).
Thus, v — ¢, is a linear map of A" F(E) to (A¥(E))*. We claim that it is
one-to-one, i.e., that if . (a) = 0 for all a € A*(E), then v = 0.

Exercise 4.1.18 Prove this when k£ = 0.

Now suppose k > 1 and ¢, (a) = 0 for all @ € A¥(E). Then a A~y = 0 for all
a € A¥(E). Let {e1,...,e,} be a basis for E with dual basis {e!,...,e"} and
write
v = Z ’yil.i.i%k_e“/\-~~/\ei"*’€.
i1 <o <dp—g

We show that each coeffiecient is zero. Fix an increasing sequence
J1 < o+ < jn—g. Let Iy < -+ < I be the remaining indices in {1,...,n}
and consider a = e!* A --- A elv € AF(E). Then, by assumption,

O=aNny= Z Yigorin €I A AeE A A A iR
i1 <o <lp_k

Evaluating at (e;,...,€5,€5,,---,€5, ) gives 7 ..;, . = 0. Thus,
v =0.

We conclude that v — ¢, is one-to-one. But since dim A" *(E) =
dim AF(E) = dim (A*(E))*, it must be an isomorphism. Now, for each
B € AF(E), the map a — g(a, 3) is an element of (A¥(E))* and so there is a
unique element of A"~*(E), which we denote *f3, such that ¢-5(a) = g(a, 3)
for every a € AF(E), i.e.,

« /\*ﬂ = g(Oé, 5)(’0

for every a € A¥(E). Furthermore, *3 = 0 € A" *(E) implies g(«, 3) = 0 for
every « and therefore (by nondegeneracy of g), 5 = 0. Consequently, 5 —*,
which is clearly linear, is an isomorphism of A*(E) onto A"*(E) with the
required properties. |

Remark: For any 8 € A*(E) it is customary to write

1817 = 9(8, B).
Thus, when a = 3, (4.1.6) becomes
BA*B =B w. (4.1.7)

Some caution is in order here, however, since we have not assumed that our
inner product is positive definite so that ||3]|? need not be positive.
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We will need some formulas for computing Hodge duals. These are
particularly simple relative to an oriented orthonormal basis {eq, ..., e, } so we
will consider these first. First observe that if 3 € AY(E) = R, then *8 € A"(E)
and so is a real multiple of w = el A --- Ae™.

Exercise 4.1.19 Show that, if 3 € A°(E) = R, then
*IB::/szﬁel/\.../\en)

where {e!,..., e"} is the dual of the oriented orthonormal basis {e1,...,e,}.
In particular,
l=w=c¢e'A---Ane.

By linearity of the Hodge star isomorphism it will suffice to describe
the Hodge dual of any basis element e’t A--- Aeit, 1 <i; <--- < i <n,in
AF(E). We have already seen that [[e’t A--- A e |2 = (—1)™, where m is the
number of indices i1, ..., with g; = —1. Thus,

(€L A Ae) A (e A Ae) = (=1)™el Ao A

Since *(e™ A --- A e'*) is uniquely determined by this property it will suffice
to exhibit some v € A" F(E) for which (ei* A -+ Aelt) Ay = (=1)"w.
In particular, if k£ = n,

where s is the index of g.

Exercise 4.1.20 Show that, if kK =n — 1, then
(€ A Aetnt) = dein

where {i1,...,i,-1,i,} = {1,...,n} and one chooses the plus (minus) sign if
i1+ ip—1iy is an even (odd) permutation of 1---n.
Finally, if £ < n — 1 one can select l,...,l,,_f so that i1 ---igly - - 1,k is an
even permutation of 1---n. Then

(ei1 A A ei") A ((—1)mel1 Ao A el"*") =(-1)"w
SO . .

e A Ae) = (=1)me Ao Atk (4.1.8)

where, again, m is the number of indices i1, ..., with g; = —1.
Exercise 4.1.21 Verify the following concrete examples:

(a) Let £ = R?® with its standard orientation and (positive definite)
inner product and let {ej,es,e3} be an oriented orthonormal basis.
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Then
*el =2 ned *e? = —el Ned *ed = el Ne?
(el Ae?) = €3 (2 N ed) = el (el A e?) = —e?

(el ne? Aed) =1.

(b) Let E = R* with its standard orientation and (positive definite)
inner product and let {ej, ez, e3,e4} be an oriented orthonormal basis.
Then

*el =e2 ned net (el Aed) = —e?2 Net
(et ned Aet) = e? (et ne?2 Net) = —€?
el he2 Aednet) = 1.
(c) Let E = R with its standard orientation and Minkowski inner product
and let {ep,e1,es,e3} be an  oriented orthonormal basis

(assume, as usual, that g(eg,e9) = 1 and g(e;,e;) = —1 for i = 1,2,3).
Then

*e2 = —ednel Ned (el Ae?)=eVAed

(Y Ael Aed) = —e? “(OANel Ae2 Aed) = —1.

To describe the Hodge dual in an arbitrary oriented basis {é1,...,é,} with
dual basis {é!,...,é"} we will use the Levi-Civita symbol

1, if j1---j, is an even permutation of 1---n
Ejpofn = -1, if j1---7, is an odd permutation of 1---n

0, otherwise

and borrow a result from the theory of determinants: For any n x n matrix
A= (A )ij=1,..n

5j1~~~jnAi1j1 cee Ain’j" = Ejqeeriyy (det A) (419)
Now let {eq,...,e,} be an oriented orthonormal basis for E with dual basis
{e',...,e"}. We write é; = A’je;, j = 1,...,n, and denote by (A;7) the in-
verse of the matrix (A’;). Then ¢/ = A,7¢’. In addition, we write g;; = g(e;, e;)
and g;; = g(é;,é;) for i,j = 1,...,n, denote by (¢/) and (§%) the inverses
of the matrices (g;;) and (g;;), respectively, and recall (from Exercise 4.1.15)
that

det(A%;) = | det(gi;)|?. (4.1.10)
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Now, for any 3 € A*(E) we write

1

=h

Biy i €A At = %Bn---iké“ N
and raise the indices as in (4.1.4) to obtain

Qi = ghit g g i and I = Gt gag
Exercise 4.1.22 Show that,

1 |det(gy)|®
(n—k)! k!

S Jirie pi1 A LA pin—k
Eiyemipy jrejrr B NN NEInE,

*ﬁ —
Hint: Convert the right-hand side to unhatted coordinates by using
Exercises 4.1.16 and 4.1.17 as well as (4.1.9) and (4.1.10).

Theorem 4.1.15 Let E be an n-dimensional real vector space with an orien-
tation p and an inner product g of index s. Let k be an integer with 0 < k < n.
Then the corresponding Hodge star isomorphism satisfies

**ﬁ _ (_l)k(n—k)—Q—Sﬁ
for every B € A*(E).

Proof: Let {e1,...,e,} be an oriented orthonormal basis for E with dual
basis {e!,...,e"}. Then there are precisely s indices among {1,...,n} for
which g;; = g(e;, e;) = —1.

Exercise 4.1.23 Show that if 3 € A°(E), then **8 = (—1)%8.

Now suppose 1 < k < n. By linearity it will suffice to prove our result for
S=erN---Ne* where 1 <iy < --- < i <n is some fixed increasing index
sequence.

Exercise 4.1.24 Prove the result for £k = n — 1. Hint: Exercise 4.1.20.

Now suppose k < n—1 and let m be the number of indices among {1, ..., i}
for which g;; = —1. Then *3 = (—1)™elt A---Aeln—k where iy ---ip Iy -+ l_p,
is an even permutation of 1---n. Thus,

B = (fl)m"‘(el1 Ao A el"—’“) .
But since {i1, ..., 01,y ln—it ={1,...,n},
*(el1 A A el"‘*’“) = (—1)7’46"1 Ao A et
for some appropriate integer m’ which we now determine. Notice that ;- - - iy

ly--l,_k is related to ly-- -1, _j i1+ - -1, by a permutation of sign (—1)"“(”_}“)
(move each of the k indices i to the left over all of the n — k indices I in
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the order i1,...,7). There are s — m indices among {l,...,{,—} for which
gu = —1. Then

*(ell A A eln_k) _ (71)sfm(71)k(nfk)ei1 Ao A eik
som’ =k(n —k)+ s —m. Thus
**5 — (_1)m(_1)s—m(_1)k(n—k)ei1 A A ei’“ _ (_1)k(n—k)+sﬂ

as required. |

Corollary 4.1.16 If E is an oriented vector space with a positive definite in-
ner product g, then each Hodge star isomorphism *: A¥(E) — A"~*(E),0 <
k < n, is an isometry, i.e.,

g9 (", "B) = g(, B)

for all a, B € A*(E).
Proof: If dim E = n and w is the volume form on F, then

gCa, Bl = “a h (*B) = (- D n g
(~1H R (1) g A %
(8, a)w
(a, B)w.
Since {w} is a basis for A"(E), g (*a,*8) = g(«, 5). [ |

g
g

Exercise 4.1.25 Show that, if the index of g is s = 1, then

g(*Oé, */6) = —g(a,,@).

Exercise 4.1.26 Show that, if dim £ = 3 and g¢ is positive definite, then
**B = [ for any f € AF(E), 0 <k < 3.

Exercise 4.1.27 Show that, if dim F = 4 and g is positive definite, then
B = (—1)*B for any 3 € A¥(E), 0 <k <4.

Exercise 4.1.28 Show that, if dim F = 4 and ¢ has index one, then **§ =
(—1)k+13 for any B € AF(E), 0 <k < 4.

4.2 Vector-Valued Forms

Most of the forms of interest to us will take values, not in IR, but in
some finite dimensional real vector space V (e.g., C,H, or the Lie algebra
G of some matrix Lie group G). With the exception of wedge products, which
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we discuss in some detail, virtually all of the material in Section 4.1 general-
izes immediately to this context by simply doing everything componentwise
with respect to some basis for V.

As before we let E denote some n-dimensional real vector space. For some
purposes (to be specified as we proceed), E will be assumed to have an orien-
tation g and an inner product g. Our forms will be defined on E and will take
values in some m-dimensional real vector space V. When appropriate we will
also assume that V has an inner product h (e.g., when V is a Lie algebra, h
will generally arise from the Killing form). We will use {ey,...,e,} to denote
a generic basis for E and {T7,...,T,,} will be a basis for V. A map

A:Ex~]-€~><E—>V

is multilinear if, for each ¢ with 1 < ¢ < k and each a € R, A(v,
i+ vl g) = A(ve, .U 0k) + A(vr, .., vl o v)  and
A(ve, .. avs, .., vr) = aA(ve, ..., 0i,..,05) for all vy, v vl

v € E. The set T*(E,V) of all such is a real vector space with the obvi-
ous pointwise operations:

(A+ B)(v1,...,v5) = A(v1, ..., v5) + B(vy, ..., vk)
(aA)(v1,...,05) = a(A(vl,...,vk)).

For convenience, we will take 7°(E,V) = V. The elements of 7*(E,V) are
called covariant V-valued tensors of rank k (or simply V-valued k-
tensors) on E. If T : E; — Es is a linear transformation, then, for any
k, we define the pullback map

T* . TH(Ey, V) — TH(ELY)

by
(T*A)(v1,y ..., 0) = A(T(vl)7 . ,T(Uk,))

for any A € TF(E,,V).
If {T1,...,T),} is any basis for V, then any A € T*(E,V) can be written
uniquely as
A=A + -+ A™T,, = A'T;,

where A® € T#(E) for each i = 1,...,m. The linear operations on T*(E,))
as well as the pullback corresponding to any linear transformation can clearly
all be performed componentwise relative to any such basis for V.

An A € TF(E,V) is said to be skew-symmetric if it satisfies the
three equivalent conditions (a), (b) and (c) stated in Exercise 4.1.1 and
the set AF(E,V) of all such is a linear subspace of T*(E,V) (again, we
take A°%(E,V) = T°E,V) = V). The elements of A¥(E,V) are called
V-valued k-forms on E. If a € A¥(E,V) and a = o'T; for some basis
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{T1,...,T,,} for V, then each o' € A¥(E). If E has an orientation p and
an inner product g (and therefore an associated Hodge star) one can define
Hodge star operators

“AM(E, V) — A"HE, D)
componentwise:
‘o= *(@'T 4+ a"T,) = T+ QT (4.2.1)

Exercise 4.2.1 Show that this definition does not depend on the choice of
basis for V.

If we assume that V also has an inner product h, then, together with g and
the induced inner products on each A¥(E) (also denoted g) we can define
inner products, denoted (gh), on each A*(E,V) as follows: Let {T1,..., T}
be a basis for V, write o, 3 € A¥(E,V) as a = o'T; and B = BTy and set
hij = h(T;,Tj) for 4,5 =1,...,m. Now define

(gh)(e, B) = hizg(a’, 7). (4.2.2)

Exercise 4.2.2 Show that this definition does not depend on the choice of
basis for V.

Exercise 4.2.3 Show that, if o, 3 € AY(E,V) = V, then (gh) coincides with h.

Exercise 4.2.4 Show that, if h is positive definite and {T4,...,T,,} is
h-orthonormal, then (gh)(a, 8) = g(at,BY) + -+ + g(a™, ™). In particular,
writing [|a|? for g(a, a),

lla® = flat |2 + -+ =+ [la™ 2.

An A € TH(E,V) is said to be symmetric if it takes the same value when-
ever two of its arguments are interchanged (or, equivalently, whenever its
arguments are permuted). This is clearly the case if and only if each of its
components A’ relative to any basis for V is symmetric. Moreover, the set of
all such is a linear subspace of T*(E, V).

Tensor and wedge products for real-valued forms depend, for their definition,
on the multiplicative structure of R. Unless some such bilinear pairing is avail-
able in V one cannot define such products for V-valued tensors. In the cases
of interest to us, however, such pairings present themselves quite naturally
(e.g., complex multiplication in C, or the Lie bracket in a Lie algebra G). We
now show how to use such additional structures to obtain useful notions of
the tensor and wedge product for vector-valued tensors.

Suppose U,V and W are all real vector spaces and that one is given a
bilinear map p : U x V — W. Let A € TF(E,U) and B € TYE,V). We
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define the p-tensor product A ®, B € T**{(E,W) by

(A®, B) (v1, .-, Uk, Vkg1, - - - Vol

(4.2.3)
- p(A (Ulv s 7Uk)7 B(Uk—‘rla v avk—H))'

Note that, if k =1=0, then AcU, BeV and A®, B = p(A, B).
Exercise 4.2.5 Verify that A ®, B is, indeed, in TH(E, W) and that ®p

has all of the properties of ® described in Exercise 4.1.2.

If « € AF(BE,U) and 8 € A(FE,V), then their p-wedge product a A, 8 €
AFHY(E, W) is defined by

(a/\ B)(v1, - vks)
k'l'z Oé®p )<v0(1)7"'7vo’(k+l)>7

where the sum is over all permutations o € Sy4; of {1,...,k+1 }.

Exercise 4.2.6 Let {Uy,...,U,} be a basis for U with a = «'U; and let
{T1,...,T,,} be a basis for V with 3 = 3/T}. Show that

a Ny b= ZZQ Aﬂj Usz)

i=1 j=1

(4.2.4)

Remark: There is no reason to expect that the p(U;,Tj), i = 1,...,q,
j=1,...,m, should constitute a basis for W. Indeed, if Y =V = W, then
this clearly cannot be the case (there are too many of them). Thus, the o’ A 57
cannot be regarded as components of o A, f3.

Exercise 4.2.7 Let U =V = W = C (thought of as a 2-dimensional real
vector space) and let p: € x € — € be complex multiplication. Let o €
AF(E,C) and 8 € AY(E,C). As a basis for € (over R) take {Ty,To} = {1,4}
and write a = a'1 4+ 0?1 = o' + o?4 and 8 = B! + 5%¢. Show that

an, B=(ar +a%i) A, (8" + %)
= (@' ABY = a? A B+ (ot ABE+a® A BY).

Remark: According to Exercise 4.2.7 one can wedge complex-valued forms
in the same way one multiplies complex numbers, but with the real and imag-
inary parts multiplied by ordinary wedge. One obtains an analogous result for
quaternion-valued forms when H is regarded as a 4-dimensional real vector
space with basis {1,14,7,k} and p : HxH — H is quaternion multiplication.
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Next we consider the case in which &/ =V = W = G, where G is the Lie
algebra of some matrix Lie group G and we identify G also with a real vector
space of (possibly complex) matrices. As the bilinear map p we take the Lie
bracket [ , ]: G x G — G, i.e., the matrix commutator:

p(A,B)=[A,B]=AB — BA
for all A, B € G. With this choice of p it is customary to write

aApﬂ: [0575]

for any G-valued forms « and 8 and we will adhere to this custom.
Thus, for any a € A*(E,G) and 8 € AY(E,G) and any vy,...,v54; in E
we have

[, B (1, - - -, Vkt)
(4.2.5)

:ﬁ Z (—1)g[a(vg(1),...,vg(k)),ﬁ(va(kﬂ),...,vg(k+l))]

0ESKkt1

If {Th,...,T,} is any basis for G with structure constants C’fj (so that
1, T;] = C’ijk, i,7 =1,...,m), then, by Exercise 4.2.6,
[avﬁ] - [aiTh /BJT]]

o o (4.2.6)
= (@' A BT, Ty = Cfj(a’ A BT,

Exercise 4.2.8 Prove each of the following:
(a) [57 a] = (_1)kl+1[av ﬂ]
(b) For any v € A"(E,G),

(_1)kr[[a’5]7’7] + (_1)Tl“’7a a]vﬁ] + (_1)kl[[ﬁ7’y]va} =0.

Hint: For (b) use the Jacobi identity (page 15).

For computational purposes it is convenient to introduce another wedge
product on G-valued forms based on another bilinear pairing p and from which
[a, B] is easily obtained. Toward this end we take p to be simply matrix mul-
tiplication on G x G. Note that, since a matrix Lie algebra G is generally not
closed under matrix multiplication, p must be regarded as a map from G x G
to some GL. We will denote the corresponding wedge product simple a A 8 so
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that
Oé/\ﬁ Vlyeooy Ukl
1 (a A B)(vr +1) (427
= m Z (_1)Ua(vﬂ(l)7 s 7U0'(k5)) 6(“0‘(16—&-1)7 s 7U0'(k5+l)> .
o €Sk
Exercise 4.2.9 Show that, if « € A¥(E,G) and 8 € AY(E,G), then
[, 8] =anB—(-D"BAa. (4.2.8)
Remark: In particular, for G-valued 1l-forms a and f,[o, 5] = a A S
+ B A« so that [8,a] = [a, 8]. The same is true, of course, if either a or
£ has any odd rank. For a single G-valued form « of odd rank one obtains
[a,a] =2a Ao (ae A*T(E,G)). (4.2.9)
Although it is the wedge product [, | that arises most naturally in the

context G-valued forms it is, as we have seen, readily obtained from A and,
as we now show, a A 3 is particularly easy to compute. The idea is as fol-
lows: Any o € A¥(E,G) can be formally identified with a matrix of k-forms
that are R~, C-, or H-valued by selecting a basis {T},...,T,,} for G and for-
mally multiplying each entry of T* by o’ and adding (we will illustrate with
a concrete example shortly). Then evaluating « at (vy,...,v;) amounts to
evaluating each entry k-form at (vi,...,v). The result is a matrix in G. If we
express both « and [ in this way as matrices of ordinary forms, then o A 8
can be computed by simply forming the matrix product of o and 3, but with
the entries multiplied by the ordinary (real, complex, or quaternionic) wedge
product. To see this we compute as follows: Let the matrix representations
for o and 8 be (o) and (3%). Then

11 12 . Bll

« «
ﬂQl (vla"'avk—H)

ot A BT £t A 4
- . (Ula"'7vk+l)

Zalj A Bt
J

(1117 cee ,Uk+l)

Z (alj A 6]1) (vla BREE) U}C+l)
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> {klll!Z(l)"alj (Uou)a e ’”0(’“) B! (UU(HD’ . ’UU(HD) } -

- J

B ﬁ Z(—l)" Z all (vg(l), ... ,vg(k)) Bt (vg(k+1), ... ,vg(k_H))
o j

1 > ol (”au)a e Jhr(k)) g (”0<k+1>’ o 7”"(’“*”) o
= 27|

1 o
= Z(*l) o (%(1)7 e Ua(k)> B (Ua(k+1), . ,va(k+l))

= (a/\ﬂ)(vl,...,vk+l),

as promised.

We mention one concrete example that has already come up in the context
of SU(2)-Yang-Mills-Higgs theory in Section 2.5. Let F be any n-dimensional
real vector space with an orientation p and an innerproduct g. For V we take
the Lie algebra su(2) of all 2 x 2 skew-Hermitian, tracefree matrices. We
have defined a (positive definite) inner product h on su(2) by h(4,B) = —2
trace(AB). The basis {T1,Ts,T5} for su(2) consisting of

le—5i0'1 ng—i’ia'g 7"32—5’1:0'37

0 1 0 —1 1 0
o1 = 09 = o3 =
1 0 (] 0 0 -1

are the Pauli spin matrices is h-orthonormal, i.e., h;; = h(T;,T;) = 0;; for
i,7=1,2,3. If a, B € AF(E, su(2)), then

where

It 2T 3T 1 ot of +ali 4.2.10
a=ahitorlzta BTl —a2+ati —a’i (4.2.10)

and similarly for . The Hodge dual *f is computed componentwise so

* 03 7 * 02 xnl
X ol . 02 23 1 g R
— BT T Ty = =
=" T +"B To+ "5 T3 5 | g2 yepty g4
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Exercise 4.2.10 Compute a A * and show that
—2trace(a A*B) = (gh) (o, ) w,

where w is the volume form for ' determined by p and g. In particular,

—2trace(a Afa) = ||lof? w.
If @ = o' T}, then each o' is a real-valued k-form on E so, if {ej,...,e,} is
an oriented orthonormal basis for E with dual basis {e!,...,e"}, it can be

1

written o' = H af;lmik e A--- Ae'*. Thus, we can write

_ 1 N 21 ik
= Q.4 et N Ne”,

k!

where
T;

are su(2)-valued functions. Raising the indices componentwise as in (4.1.4)
we obtain

Qg

i
i = Q..

Oé]lv--jk _ gll Ji ., .g’“‘~ Tk ail“'ik'

Similarly, writing 5 = Bj,...;, €’* A--- Ae’*, where the §j,...;, are su(2)-valued
functions, the summation convention gives
iqei
Qg ﬁ Ltk
as a sum of matrix products, i.e., as a matrix.

Exercise 4.2.11 Show that
-2 trace(ail,,,ik /Bil"'ik) =kl (gh) (o, B)
so, in particular,
1 i1 L
] trace(ail...ik « ) = §||a|| .
Combining this with Exercise 4.2.10 gives

1 1 S
—trace(a A *a) = 5||o¢||2c,.) = —Etrace<ai1...ik a“"'“‘")w. (4.2.11)

4.3 Differential Forms

Roughly, a “differential k-form” a on a manifold X is a “smooth assignment”
to each x € X of a k-form a(z) € A¥(T,(X)). We have seen that, in the
k = 1 case, there are a number of equivalent ways in which this notion of
a “smooth assignment” can be made precise. A map @ that assigns to each
r € X a covector (1-form) O(x) € T:(X) = AY(T.(X)) is smooth if its
components 0;(z) = ©(z)(z%|,) are C* for any chart (U, ¢). Equivalently,
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O can be regarded as a C'*° (X )-module homomorphism from X' (X) to C*(X)
so “smoothness” means that @ operates on C> vector fields to give C real-
valued functions. Yet again, a smooth 1-form can be identified with a smooth
cross-section of the cotangent bundle 7%(X) (or, if you prefer, a smooth,
equivariant map on the frame bundle). All of these generalize quite nicely. We
will formulate all of the appropriate versions of the definition and then leave
it to the reader to prove their equivalence.

Remark: Notice that each of the following equivalent definitions has an
obvious modification in which “smooth” is replaced by some less stringent
regularity condition (e.g., continuous, continuous almost everywhere, etc.).
For the integration theory we construct in Section 4.6 we will want to consider
“measurable” and “integrable” k-forms on a manifold.

1. A differential k-form « on a manifold X is an assignment to each
r € X of a k-form a(r) = o, € AF(T,(X)) on the tangent space at x which
is smooth in the following sense: Let (U, ¢) be a chart for X with coordinate
functions ', ..., 2™ Then at each x € U, a(z) = 7 Qi ...i, () da’t A- - -Adz'™,
where g, ...i, (2) = a(z) (325 |z - - - 525 |2). We say that o is smooth if these
component functions «;,...;, () are C* on U for all charts in some atlas for
X. The set of all such is denoted A¥(X) (with A°(X) = C°°(X)) and has the

obvious pointwise structure of a C*°(X)-module.

2. Every a € A¥(X) gives rise to a map a : X(X) x Ko X(X) —
C(X) defined by a(V7y,..., Vi) (x) = a(x)(Vi(x),..., Vi(x)) that is skew-
symmetric and C*°(X)-multilinear. Conversely, any skew-symmetric, C>°(X)-

multilinear map A : X (X) x Fox X(X) — C°°(X) determines a unique
a € AF(X) with a(Vy,..., Vi) = A(Vy,..., V) and this one-to-one corre-
spondence is a C°°(X)-module isomorphism. Thus, a differential k-form
a on X can be identified with a skew-symmetric, C*°(X)-multilinear map
a: X(X) X x X(X)— C®X).

3. Let GL(n,R) — L(X) — X be the linear frame bundle of X. Let
V be the real vector space A*¥(R™) of skew-symmetric, k-multilinear forms
on R™ and define a representation p : GL(n,R) — GL(A*(R")) by
(p(9) () (v1,...,vx) = a(g¥v1,..., g vx), where each v; € R™ is written as a
column matrix and g7 v;: is the matrix product. The corresponding associated
vector bundle L(X) x, AF(IR") is called the exterior k-bundle of X and a
differential k-form o« on X can be identified with a smooth cross-section
a: X — L(X) x, A¥(R"), P,oa =idx, of L(X) x, A*¥(R"). Equiva-
lently (Section 6.8, [N4]) a differential k-form a on X can be identified
with a smooth map a : L(X) — A¥(IR™) that is p-equivariant, i.e., satisfies
a(p-g9) = (p(g7 1)) (a(p)) for each g € GL(n,R) and each p € L(X).

Exercise 4.3.1 Show that these three definitions are equivalent in the follow-
ing sense. Let A¥(X), A5(X) and A§(X) denote the C*°-modules specified by
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definitions #1, 2 and 3, respectively, and find explicit isomorphisms between
A¥(X) and A5(X) and between A¥(X) and A§(X).

Hint: The equivalence of the first two definitions is established for 1-forms on
pages 265-266 of [N4]. The argument hinges on Lemma 5.7.1 of [N4] which
will be needed here as well. For the equivalence of the first and third definitions
proceed as we did for 1-forms in Section 3.3.

Each of these three views of a k-form on a manifold has its uses (unless
some particular emphasis is required we will generally omit the adjective “dif-
ferential”). For example, the purely algebraic operations on forms such as the
wedge product extend immediately to the manifold setting via the first def-
inition by simply doing everything pointwise: If a € A*(X) and 8 € AY(X),
then a A 3 is the element of A**!(X) defined, at each z € X, by

(@A B)@)) (w1, viss) = () A B()) (v, .., V)

for all vy,...,v5q; € T,(X). Similarly, if F': X — Y is a smooth map and
a € A*(Y), then, for each x € X, Fyy : T,(X) — Ty(,)(Y) is a linear map
and we can define F*a € A¥(X) by pulling a(F(x)) back to = by Fl.,, i.e.,

(Fra)()) (v1,...,v5) = (a(F(2))) (Fis(v1),..., Fup(vi))

for all vy,...,v € T,(X). All of the purely algebraic properties of these
operations (e.g., those to be found in Theorem 4.1.5) are also satisfied by
differential forms (or continuous forms, etc.).

Exercise 4.3.2 Show that the wedge product is C°°(X)-bilinear, i.e., that if
a € A¥(X), and B € AY(X) and f € C>(X), then

(fe)nB=an(fB)=flanp).

Exercise 4.3.3 Let X and Y be n-dimensional manifolds, (U, ¢) a chart on X
with coordinate functions z!,..., 2™ and (V,%) a chart on Y with coordinate
functions y!,...,y". Let ' : X — Y be a smooth map for which F(U) C V.
Show that, for any k € C>(U),

Oyt o F)

* 1 ny __
F*(kdy ' N---Ndy )—(k;oF)det< 5

)dxl/\~--/\dac".

Hint: F*(kdy'A---Ady") = (ko F)F*(dy*A--- Ady™) and, at each point,
F*(dy*A- - -Ady™) is a scalar multiple of da'A- - -Adx™. Now use Corollary 4.1.9.

Exercise 4.3.4 Let X be an n-dimensional manifold, (U, ) a chart on X
with coordinate functions 2%, ..., 2" and (V,%) a chart on X with coordinate
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functions y',...,y"™ and with U NV # (. Show that if

Edy'A--- Ady™ = hdz'A--- Adz™

0y’
h:kdet(axj> .

Exercise 4.3.4 and Theorem 4.1.11 provide a link between differential forms
and the orientability of a smooth manifold.

on U NV, then

Theorem 4.3.1 An n-dimensional manifold X is orientable if and only if X
admits a nowhere zero smooth n-form w.

Proof: Suppose first that w is an n-form on X which is nonzero at every
point of X. If (U, ¢) is any chart for which U is connected and z*, ..., 2" are
the coordinate functions, then w(a%l, e %) is either everywhere positive
or everywhere negative on U. By renumbering, or changing the sign of a

coordinate, if necessary, we may assume that w(%, ey %) > 0 on U.
Obtain an atlas of such charts by selecting one at each point of X. Let (U, ¢)
and (V,v) be two charts in this atlas with coordinate functions z1!,..., 2"
and y',...,y", respectively, and with UNV # (. On U NV we write w =
hdx'*A--- A dz™ = kdy' A--- A dy”. Since w(%,..., agn) = nlh and
w(%,...,a%) = nlk we conclude that h > 0 and & > 0 on U N V. From

Exercise 4.3.4 it follows that det(g—z;) must be positive on U NV so the atlas
we have constructed is an oriented atlas and X is orientable.

For the converse we assume X is orientable and let {(U;, ¢;)} be an oriented
atlas for X. On each U; define w; = dz' A --- Adx™, where 2!, ..., 2" are the
coordinate functions of ¢;. Each w; is a nonzero n-form on U;. If U; NU; # 0,
then, on this intersection, w; = hw;, where, by assumption, & > 0. Select for
{U;} a family {¢;} of smooth real-valued functions on X with supp(¢;) € U;
and define an n-form w on all of X by

Exercise 4.3.5 Complete the proof by showing that w is nowhere zero
on X. |

Thus, a nonzero n-form on an n-dimensional manifold X determines a
unique orientation for X. Just as was the case for vector spaces, however,
a given orientation u for X does not single out a unique element of A™(X),
but only two equivalence classes (consisting of those elements of A”(X) that
determine p and those that determine —u). With the additional structure of
a semi-Riemannian metric g, however, a unique nonzero n-form on X is de-
termined by the requirement that it send any oriented, orthonormal basis for
any tangent space to 1.



4.3. Differential Forms 209

Theorem 4.3.2 Let X be an n-dimensional manifold with orientation p and
semi-Riemannian metric g. Then there exists a unique w € A™(X) such that,
for any x € X and any oriented, orthonormal basis {e1,...,e,} for Tp(X),
w(er,...,en) = 1.

Exercise 4.3.6 Prove Theorem 4.3.2. Hint: Each point of X is contained
in a connected open set U on which is defined a local oriented orthonormal
frame field {ey, ..., e,} (Exercise 3.3.9). On each such U consider the n-form
e' A---Aem, where {e!, ..., e"} are the 1-forms dual to {ey,..., e,}. Show
that any two such n-forms agree on the intersection of their domains.

The n-form w described in Theorem 4.3.2 is called the (metric) volume
form for X determined by p and g. Since we will have need of it some-
what later we intend to explicitly calculate the volume form for the n-sphere
S™,n > 1. For this we will regard S™ as a submanifold of R"*! and, as usual,
identify each T,(S™) with a subspace of T,,(R"*!) which, in turn, we identify
with R"™*! itself via the canonical isomorphism (Example #3, page 4). R"*!
has its standard orientation and Riemannian metric and we will denote by
x', ..., 2"t the standard coordinate functions on R™*'. Thus, the volume
form on R™ ! is just

dzt A - A da™
Notice that, if vg = (v, ..., v5 ), ..., v, = (v, ..., v0F1!) are tangent vectors
at some point of R"*!, then Corollary 4.1.9 gives

1 n+1
Yo Yo
ol ntt
1 n+1 1 1
(dx* A - ANdz" 7)) (vg,v1,...,0,) = det _
1 n+1
UTL IU”

Now, the metric for S™ is just the restriction to S™ of the standard metric
on R™"1. The standard orientation for S™ (Section 5.10, [N4]) is the one
for which the stereographic projection map ¢g : Us — R™ (Example #4,
page 4) is an orientation preserving diffeomorphism (and ¢y : Uy — R™ is
orientation reversing). A basis for the tangent space at some point p of S™ is
in this orientation if and only if one obtains an oriented basis for R"*! by
adjoining to it (at the beginning) an “outward pointing” normal vector to S™
at p.

Exercise 4.3.7 Let p be a point in S™ and {e, ..., e, } a basis for T,(S™) C
T,(R"*') = R"*!. Show that {eq,...,e,} is an oriented orthonormal basis
for T,,(S™) if and only if {p,e1,...,e,} is an oriented orthonormal basis for
Tp(IR,n+1) — ]Rn-i-l.
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Exercise 4.3.7 makes it clear how to define the volume form w on S™. At each
p € 8™ and for any vy, ...,v, € T,(S™) we set

wy (vl,...,vn) = (dxl/\~o/\d:c”+1) (p,vl,...,vn)

pl . pn+1
of o ot

= det ) . . (4.3.1)
o ...t

This clearly defines a smooth n-form on S™ (indeed, it is the restriction to
S™ of a smooth n-form on R™*! that we will write out shortly). Moreover, if
{e1,...,e,} is an oriented orthonormal basis for T),(S™), then {p,e1,...,en}
is an oriented orthonormal basis for T,(R"*!) so w,(e1,...,e,) = 1 and
w must be the volume form for S™ (Theorem 4.3.2). To obtain an explicit
representation for w we will expand the determinant in (4.3.1) by the minors
of the first row.

v v .- U;Hrl ol W3 ... U?H
wp(vla 77]71) = pl _p2 +
v% ”2 UZH U}l U731 UZH
v vf v
+ (_l)n—lpn+1
vl 2 ol

= pldz? A da® A---Ad:r:”+1(v1,...,vn)
—p?dztAda® A - A da T (vl,...,vn) + -
+ (=) tldzt Ada® A - /\dJ;"(vl,...,vn)

n+1

= Z(—l)iilpi dz'A---ANdzi A A dac”“(vl, . ,vn)
i=1
n+1 A
= (Z(—l)i_lxidxl/\ AT AN dw"+1> (v1,...,05).
i=1 P

Thus, w is the restriction to S™ of the n-form

n+1
©=)Y (=) atda' A Adat A A da™ T (4.3.2)
1

+

i
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on R (w = 1*@, where ¢ : S™ < R™"1). For future reference we will write
this out for the first few values of n.

& =a2lde® — 2%dzt (n=1) (4.3.3)

@ = ztda® A da?® — 2?dat A da® + 23dat Ada® (n=2) (4.3.4)

@ = 2V da® A daP A dat — 22dat A daB A dat

4.3.5
+ 23da A da® A dat — xtdat AdaPAdx® (n=3) ( )

An orientation and semi-Riemannian metric on an n-manifold X orients and
supplies an inner product to each tangent space and, from this, one obtains,
for each k = 0,...,n, a Hodge star operator

L AR(TL(X) — A"TRH(TL(X)

at each point. Thus, one can define the Hodge dual of a k-form on X pointwise:

("B)z(viy .oy vng) = "(B)(V1,..., Vp_k).

Exercise 4.3.8 Show that, thus defined, the Hodge dual of a smooth k-form
is a smooth (n — k)-form and that the resulting operator

FLARX) — ATTR(X)
is C°°(X)-linear.

Hint: Prove smoothness locally by using local oriented orthonormal frame
fields.

Because our definition is pointwise all of the algebraic material on Hodge
duals in Section 4.1 carries over at once to the setting of differential forms. In
particular, if w is the metric volume form on X and a, 3 € A*(X), then

a/\*ﬁ = g(aalg)wa

where g(a, 3) is the inner product of the forms « and 3 defined pointwise by
(4.1.4) and (4.1.5) (and therefore a C*° function on X).

We conclude this section by observing that, if V is a finite dimensional
real vector space, then a V-valued differential form a on a manifold X is
defined pointwise in the obvious way and, for any choice of a basis {T1, ..., Ty, }
for V, can be written & = «'T} + - - - + a™T},, where each o is a real-valued
differential form on X. All of the algebraic material in Section 4.2 extends at
once to this context by simply doing everything pointwise (the reader who is
skeptical and/or scrupulously honest is encouraged to check all of this out).
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4.4 The de Rham Complex

The algebraic operations on differential forms introduced in the last section are
most conveniently described pointwise. For the exterior differentation operator
d to which we now turn, however, it is more efficient to regard forms as
operators on vector fields. Recall that if f € A%(X) = C°°(X), then the
exterior derivative (or differential) of f is the 1-form df € A'(X) given by
df (V) = Vf.Inlocal coordinates, df = 31{2 dxz®. Recall also that if @ € A'(X)
is a 1-form (thought of as a C'°°(X)-module homomorphism from X(X) to
C>(X)), then its exterior derivative d@ is the map dO@ : X(X) x X(X) —
C*(X) defined by

dO(Vi, Vo) = V(O V>) — Vo(@ V) — O([ V1, Va)).

d@ is C°°(X)-bilinear and skew-symmetric (page 320, [N4]) and so is an
element of A?(X). In local coordinates

dO® =d(0; di’) = dO; Ndz! = %dm’ Adx? .

Before proceeding with the general definition we ask the reader to take this one
step further.

Exercise 4.4.1 Let £2 € A%(X) be a 2-form on X (thought of as a bilinear
operator on vector fields) and define df2 : X(X) x X(X) x X(X) — C=(X)
by

AV, Vo, Va) = Vi (£2(Va, Vi) — Va(2( V1, V)
+ V3(02(V1,V2)) — 2([ V1, V2], V3)
+ £2([ V1, V3], Vo) — £2([ V2, V3], Va).

Show that df2 € A3(X) and that, in local coordinates,

109

i j k
5 i dx* AN da? N dx”®.

1 : 1 :
A2 =d (2 Qjx da? A da:k> = 5 s N da! A da® =

Hint: To prove that df2 € A*(X) follow the proof for d@, @ € A(X),
on page 320, [N4]. You will need the identities V(fg) = V(f)g + f V(g) and
[fV,gW] = fg[V, W]+ f(Vg) W —g(Wf) V, which are proved in Section 5.7
of [N4]. For the coordinate expression, keep in mind that Lie brackets of
coordinate vector fields must vanish.

We record a few properties of the exterior differentiation operator d thus
defined on k-forms for £ = 0,1,2. If w; and ws are two such k-forms and
ai,as € R, it is clear that

d(aywy + asws) = ajdwy + asdws . (4.4.1)
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We know already that, if f € A%(X) and w € AY(X), then d(fw) =
fdw + df AN w and, since wedge product by O-forms coincides with ordinary
multiplication, this may be written

df N\w)=df N\w+ fANdw.
From this and the anti-commutativity of wedge products for 1-forms we obtain

dlwAf)=dwA f—wAdf.
Exercise 4.4.2 Let w; € A¥(X) and wy € AY(X) with k +1 < 2. Show that

d(wi Aws) = dwi Awsy + (—1)*wi A dw,. (4.4.2)

We know also that d(df) = 0 for any f € A°(X).
Exercise 4.4.3 Show that, for any w € A}(X),
d(dw) =0. (4.4.3)
We show now that there is exactly one way to generalize all of this to higher
degree forms and retain properties (4.4.1), (4.4.2) and (4.4.3).
Theorem 4.4.1 Let X be a smooth n-dimensional manifold. Then there exists
a unique family of operators
d¥ AF(X) — AFTHX), k=0,...,n
(all written simply d unless particular emphasis is required) which satisfy
1. d(a; wy + azws) = a1 dwy + az dwsy for all aj,a0 € R and wy,ws €
AF(X).
2. dlwy A wy) = dwy A ws + (—1)Fw; A dwy for all wy € A¥(X) and
woy € Al(X)
3. d(dw) =0 for all w € AF(X).
4. df is given by df (V) = Vf for all f € A°(X).

Remark: Each d¥ is called an exterior differentiation operator and dw
is the exterior derivative of w.

Proof: First we show that if a family of operators satisfying (1)—(4)
exists, then it is unique. This we do by showing that if w € A¥(X), then
(1)-(4) imply that dw must be given in any local coordinate system by

1 . )
dw=4d <k!wi1“'ik dx" A - A dx“C>

(4.4.4)

1 X .
=4 (dwil...ik) Adz' A - Ada'm.
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This follows from

dw=d (k'w“ dp dZA A daci">

1 , .
= Ed(wil...ik dx" Ao A dm”“) (by (1))

1 . _
[ . . 21 . Tk
=1 [ (dw”...lk> ANdz"™ N -+ Ndx
+ (=1 w4y iy Ad(dTA - A dxik)} (by (1) and (2))

1

=1 (dw“ w) AT PN - A dat

since each d(dz® A --- Adz') =0 by (2), (3) and induction.

Next we write out an explicit, coordinate independent formula for an op-
erator on A¥(X) which yields elements of A*+1(X) and satisfies (1)-(4) (and
so must, therefore, be given in local coordinates by (4.4.4)). Specifically, we
claim that, for each w € A*(X), dw must be given by

k+1

dw(Vi,..., Vi) = Z(*l)wr1 Vi (w <V1, . ,‘A/'i,...,VkH))
- (4.4.5)
+ Z HJW(Vi, Vj],Vl,...,‘A/',;,...,f/j,...,VkH)

1<i<j<n

Exercise 4.4.4 Show that dw € A**1(X). Hint: See Exercise 4.4.1 and its
Hint.

Exercise 4.4.5 Show that when w is f€ A°(X), © € A'(X), or 2 € A*(X),
(4.4.5) reduces to our earlier definitions of df, d® and df2.

Exercise 4.4.6 Show directly from (4.4.5) that, in local coordinates, dw is
given by (4.4.4). Hint: See Exercise 4.4.1 and its Hint.

All that remains is to prove that, when dw is defined by (4.4.5), conditions
(1)—(4) are all satisfied. Now, (1) is obvious from (4.4.5) and (4) is the first
part of Exercise 4.4.5. On the other hand, (2) and (3) can be proved at each
fixed point of X and therefore locally, in coordinates. Furthermore, linearity
(1) of d and bilinearity of the wedge product imply that we may restrict our
attention to k-forms such as w = fdz* A --- A da'*, where f € C°(X).
Appealing to Exercise 4.4.6 we compute
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=d fdx“ Ao ANdx) = df Adx A A dat

( of

—dz* Adx™ A - A da

Ozt

i=1

i)/\d:ﬂ“/\~~/\d:rik

/_\

z:: e da' A dx' A - /\dxi’“>

d(aa—f m/\dxil/\~~-/\dxi’“>

s
Il
-

I
NE

d (ﬁ) AN dz A - A dat
ox?

1

.
Il

OxI 0x?

=1

da? | AdaiAdz A - A dat

I

@
Il
-

m

3

6
Ox’

Jj=1

dad A da A dx A - A da.

I
M:

@
Il
-

Now, every term in this sum with i = j is zero since dz’ A dz’ = 0 and, when
i # 7, the terms

2 .
61:38f ~dzd A da' A dxA - A dat
and
2
&iaf v dz* Ada? Adz A - A datt

cancel in pairs. Thus, d(dw) = 0. Finally, we let w; = fdx Ao Adz' and
way = gdx?* N\ --- Adr?t and compute
d(wi Aws) = d((fg)dz™ A --- Adx™™ AdxBt A A d:cjl)
=d(fg) Ndz" A - Adx"™ A daxT A - A dat
= (gdf + fdg) Ndx™ A - Ada™ A dadt A A datt
=gdf Ndz" A - Adz* AN dzT A - A da
+ fdg Adz A - Adx A dzIt A - A dat
= (df Ada" A+ Nda™)A (gdaTt A A dat)
+ (=R (fdz™ A Ada™) A (dg Ada? A A dat)
= dwy Awa + (—1)F wi A dws. [ |
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Exercise 4.4.7 Show that d commutes with pullback. More precisely, let
F:X — Y be a smooth map and w € AF(Y). Show that

d(F*w) = F*(dw). (4.4.6)

Hint: This is already known when k& = 0 (page 10) and k& = 1 (page 12).
Assume the result for (k—1)-forms and prove (4.4.6) for w = fdz®* A---Adz*.

Exercise 4.4.8 Let X = R? with its standard Riemannian metric and ori-
entation and let z, y and z be the standard coordinate functions on R? (so
that {%, 6%7 %} is a global oriented orthonormal frame field and {dz, dy, dz}
is the dual oriented orthonormal coframe field). Let * denote the correspond-
ing Hodge star operator. Finally, consider the natural isomorphism between
AY(R3) and X(R?) under which a 1-form a = f dz + g dy + hdz corresponds
to the vector field V = f% + 9&% + h%.

(a) Show that, for any f € A°(IR?), df € A'(IR?) corresponds to grad f €
X(R?).

(b) Show that if a € A*(R?) corresponds to V € X(IR?), then *da €
AY(R3) corresponds to curl V € X(R3).

(c) Show that if & € A'(IR?) corresponds to V € X(R3), then *d*« €
A°(R?) is div V.

(d) Show that, for any f € A°(R3), *d*df is the Laplacian of f (i..,
*d*df = V2f = divgrad f).

(e) Show that if a,3 € AY(R3) correspond to V, W € X(R3), then
“(a A B) € AL(IR3) corresponds to V x W € X(RR?).

(f) Use (3) of Theorem 4.4.1 to prove that curl(grad f) = 0 and
div(curl V') = 0.

(g) Use (2) of Theorem 4.4.1 to prove that curl(f V) = grad f x V +
feurl V.

Remark: The upshot of Exercise 4.4.8 is that the calculus of forms on R? is
just a disguised version of classical vector analysis. One reason for preferring
forms (aside from the elegant integration theory we construct in Section 4.6)
is that they make sense on higher dimensional manifolds whereas much of
vector calculus (e.g., the cross product and curl) do not. Thus, for example,
once they are written in terms of forms, Maxwell’s equations are defined on
any spacetime.

The exterior differentiation operators are linear transformations on vector
spaces of smooth forms and when all of these are collected into the sequence

AOX) LA x) L P A0 ES A (x) Do

one obtains what is called the de Rham complex of the n-dimensional mani-
fold X. Theorem 4.4.1 (3) asserts that the composition of any two consecutive
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maps in this sequence is identically zero, i.e., the image of any d*~! is con-
tained in the kernel of d*. A differential form w on X is said to be closed if
dw = 0 and exact if w = dn for some form 7 of degree one less. Thus, one may
rephrase Theorem 4.4.1 (3) by saying that any exact form is closed. The con-
verse is generally not true and we will construct an explicit example shortly.
Indeed, we will devote what remains of this section and all of Chapter 5 to
the issue of when closed implies exact and, when it does not, the extent to
which it does not. Although not apparent at the moment, these are questions
about the topology of X.

We begin our discussion in R2. If w is a 1-form on IR? and standard coor-
dinates are z! and 2, then we can write w = w; dz!' + ws dz? and compute
dw = (% — %) dx' A dz?. Thus, if w is closed we must have

8wz - 8w1
ozl 0x?’
Now define n € A°(IR?) by

1 1
n(zt, z%) :xl/ wl(tazl,txz)dt+x2/ wo(tx!, ta?)dt .
0 0

Observe that

on 1 ! w1 1,2 ! 1 4.2
—_— = — (¢ ta®)t dt t t dt
8961 Y /0 8,(61 ( €T, T ) +/(; wl( €T, lx )

1
0
+ 22 a—wf(ml, t2)t dt
0 x

! 6w1
:/0 [wl(txl,m?) +t<x18x1 (ml,tx?))

+t<x22°;; (tx17tx2)>} dt

1 d 1
:/ — {twl(ta:l,th)} dt = tw (ta', ta?)
0

0

Similarly,
0
faz = 4%)

SO
w=dn.

Thus, on IR2, every closed 1-form is, indeed, exact. We will generalize this
simple result quite substantially when we prove the Poincaré Lemma, but for
the moment we simply wish to contrast it with the situation on R? — {(0, 0)}.
Here we will write down an explicit 1-form that is closed, but not exact.
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We construct our 1-form from two polar angular coordinate functions ¢; and
05. First let Ly = {p € R? : 2(p)>0, 2%(p) = 0} and U;= R? — L;. Define
o1 : U — R? by ¢1(2t,22) = (r(zt,2%),01(2t, 2?)), where r(zt,2?) =

(x1)2 + (22)2 and 6,(z!,2?)) is the unique angle in (0,27) such that
tan 01 (2!, 22)) = 22 /z'. More precisely,

arctan(z?/z') |, 2'>0, 22 >0
g , x'=0,22>0

0, (zt, 2?) = 7+ arctan(z?/2t) , 2! <0
3771- , 2'=0, 22<0

27 + arctan(x?/zt), 2! >0, 2% <0

Then ¢, (U;) = (0,00) x (0,27) and ¢;' : 1(U) — U is given by
cpfl(n 01) = (rcosfy,rsinéy). Thus, ¢ : Uy — ¢1(U;) is a diffeomorphism
and, in particular, #; is smooth on Uy, i.e., 0 is a O-form on U;. A simple
calculation shows that

df, = de' + ————dz? on Uj.
T

Now let Ly = {p € R? : 2t(p) < 0, 2%(p) = 0} and Uy = R? — Lo.
Just as above we define a polar coordinate chart ps : Uy — (0,00) X
(—m,m), @a(zt,2?) = (r(zt,2?),02(2',2?)), where Oy(z!,2%)) is now the
unique angle in (—m,7) with tanfy(x',2?)) = 22/, Thus, 6, is a 0-form
on Us and the same calculation as for #; shows that

2 2l

dby = —————— da' + ————— da? Us.

2 (z1)2 + (22)2 T+ (z1)2 + (22)2 r-oonbs
In particular, df; and dfy agree on the intersection U; N Us and so together
define a 1-form w on U; UUz = R? — {(0,0)}. Moreover, w is obviously closed
on R? — {(0,0)} since, on Uy, dw = d(df;) = 0 and, on Us, dw = d(dfz) = 0.
We claim, however, that w is not exact on R? — {(0,0)}.

Remark: Once we have learned how to integrate 1-forms we will be able to
give the traditional proof of this that one finds in calculus books, i.e., we will
show that the integral of w over the unit circle is nonzero.

Suppose to the contrary that there exists an f € C°°(IR? — {(0,0)}) such
that df = w on R? — {(0,0)}. Then, in particular, on R* — Ly, df = df; so
d(f —6;) = 0. Thus % = % and % = % on R? — L. Since R? — I,
is connected it follows that there is a constant c¢; such that f = 6, 4+ ¢; on
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IR2 — L;. Similarly, there is a constant ¢y such that f = 6y 4+ co on R? — Lo.
But then 5 = 61 + (c; — c2) on IR? — (L; U Lo) and this is not the case since
05 = 601 + 0 when z! > 0 and 05 = 6; — 27 when 22 < 0.

Remark: This last argument actually shows that w fails to be exact on
every neighborhood of (0,0). On the other hand, w clearly is exact on a
neighborhood of any point other than the origin.

A subset U of R" is said to star-shaped with respect to p € U if it contains
the entire line segment from p to anything else in U, i.e., if, for each z €
U, tx + (1 —t)p € U for each ¢ in [0,1]. In particular, U is star-shaped with
respect to the origin if tx € U whenever x € U and 0 <t < 1.

Theorem 4.4.2 (The Poincaré Lemma): Let U be an open, star-shaped
subset of R™. Then every closed form on U is exact.

Proof: We claim that we may assume U is star-shaped with respect to the
origin. Indeed, this is just a very special case of the following result.

Exercise 4.4.9 Let X be a smooth n-dimensional manifold and suppose that,
for some integer k with 1 < k < n, every closed k-form on X is exact. Let Y
be a smooth manifold diffeomorphic to X. Show that every closed k-form on
Y is exact. Hint: d commutes with pullback (Exercise 4.4.7).

Thus, we will assume that tx € U whenever x € U and 0 <t < 1.

The idea behind the proof of Theorem 4.4.2 invariably seems rather strange
the first time one encounters it, but it has turned out to be such a good idea
that it has acquired a name and an honored place in algebraic topology (and
will be familiar to those who have read Chapter 3 of [N4]). We will construct
a family of linear maps

REARU) — AL ), k>,

such that
d* Vo hF 4+ K o dF = idyn (4.4.7)

(such a family of maps is called an algebraic homotopy or cochain homotopy
and we will investigate them more formally in Section 5.4). Observe that if we
manage to build such maps the proof of the Poincaré Lemma will be trivial
since, if d*w = 0, then A**1(d*w) = 0 so (4.4.7) gives d* 1 (h*w) = w so h*w
isa (k— 1)-form n with dn = w.

Our definition of the maps A* will be in terms of standard coordinates
xl, ..., 2" on R". We define h* on elements of A*(U) of the form

w=fdz' A Adz'

(no assumption about the ordering of the indices) and extend by linearity.
Since U is star-shaped with respect to the origin we may define h*w for such
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an w by

(h*w)(z) = i (—1)o-! (/01 tklf(tx)dt) Fladgit A

a=1
— ) 4.4.8
Adzla N\ A dxt®. ( )

Exercise 4.4.10 Show that h*w is well-defined, i.e., that the right-hand
side is the same if w is written (—1)7 fdz®(1) A --- A dz”(%) for some
permutation o of {1,...,k}.

Now we compute d*~!(h*w) and h*T1(d*w).

k

A" (hrw) =Y (-1 1d { (/01 th=1y (tx)dt) zie dgt A -

a=1

Acﬁci\aAmAdxik}

= g(—l)“_ld ((/ th= 1f(tm)dt> ) Adz' A -

Adzia A A dz

Exercise 4.4.11 Show that

! <</01 e “z)dt) fﬂ) - < / ey (tx)dt) daie

n

+ Z ( / tx)dt) zieda?

1
A" (hFw) = (1)t (/ th=1f (tx)dt) da's Ndz™ A ---
0
Adzia A - A dzi
+ Z z:(—l)a*1 (/ tk8 5 (tm)dt) xtedr! Ndx™ A -
Adzie A - A dz'

1
=k (/ th=1f (t:c)dt) dz™ A -+ Nda's
0
k. n f
+ 22(71)“*1 </0 tka (t:v)dt) zladad Ndxt A -

a=1j=1

Adzia A A da.
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Now,
" of . . . .
k _ o i ) . '
d w—;axjdx Adz™ A A dat®
so, by linearity of RF*+1,
k+1¢ gk - ' kO i g i
R Hd w) = t"——(tx)dt | &’ dz** N --- A dx
= 0 8,15‘7

k
+ Z Z (/ ggj (tx)dt) zleda? Adx™ A

j=la=1

Adzia A - A dai

Thus, computing d* =1 (h¥w) + h*+1(d*w), the two double sums cancel and we
obtain

1
d"H(hFw) + hF Y (dFw) = K ( / th=1y (tx)dt) dz™ A - A dat*
0

+ Z </ th = f tx)dt) pIdz™ A N datt

= {/01 [ktk_lf(tx)

Jthk (tx) xj}dt}dmil A Adzt®

1
= {/ d[tkf(m)]dt} dz™ A - A da'
= f(x)dz™ A+ ANd2™ = w [ |

Exercise 4.4.12 Let X be a smooth n-dimensional manifold and w € A¥(X),
1 <k < n, with dw = 0. Show that w is locally exact, i.e., that for each x € X
there is an open neighborhood U of z in X and a (k — 1)-form n on U such
that dn = w on U. Hint: Exercise 4.4.9.

Exercise 4.4.13 Let V be a finite dimensional real vector space and w a
V-valued k-form on the manifold X. Let {T3,...,T,, } be a basis for V and
write w = w'T} + - - + w™T,,, where each w’ is in A*(X). Define dw by

dw = dw'Ty + -+ + dw™T,,

and show that this definition does not depend on the choice of {T1,...,T},}.
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Exercise 4.4.14 Let U, V and W be real vector spaces and
p U XYV — W a bilinear map. Let w; be a U-valued k-form and w, a
V-valued [-form on X. Then w; A, wy a W-valued (k + [)-form on X. Show
that

d(w1 /\p (JJQ) = dw1 /\p wo + (71)]6(4)1 /\p dwg.

We denote the set of all smooth V-valued k-forms on X by A*(X,V) and
provide it with the obvious pointwise structure of a C*°(X)-module.

4.5 Tensorial Forms

We consider now a smooth principal G-bundle G < P X , where G
is a matrix Lie group, and with right action ¢ : P x G — P written
o(p,g) = p-g. V will denote a finite dimensional real vector space and
p: G — GL(V) a representation of G on V. We will write (p(g))(v) = g-v
for each g € G and v € V. Recall that a V-valued 0-form ¢ : P — )V on P
is said to be equivariant if ¢(p-g) = g~ - ¢(p) and notice that this can be
written o, ¢ = g~ !¢, where o, : P — P is the diffeomorphism o, (p) = p-g.
Recall also that the definition of a connection form w on the bundle includes
the analogous condition oyw = g~ ! - w, where V is now the Lie algebra G of
G and p is the adjoint representation. In this case, the curvature {2 of the
connection w also satisfies 0742 = g~" - £2 (Lemma 6.2.2, [N4]). In general, a
V-valued k-form ¢ on P is said to be pseudotensorial of type p if it satisfies
oLp = g ' foreach g € G, ie., if

Lpp-g((ag)*iﬂ(vl)a ) (Ug)*p(vk)) = 971 : ‘Pp(vla R vk)

forall g € G, p € P and vq,...,v; € T,(P). ¢ is said to be tensorial of
type p if it is pseudotensorial of type p and horizontal in the sense that
#p(v1,...,v5) =0 € Vif any one of vi,..., v € T)(P) is vertical (despite
the terminology this notion does not require the existence of a connection
on the bundle). A 0-form is taken to be vacuously horizontal so, for these,
tensorial and pseudotensorial are the same. They are not the same in general,
however, since a connection form w is pseudotensorial of type ad, but not
tensorial (indeed, ker w, = Hor,(P)). The curvature §2 of any connection is
tensorial, however. We shall denote the set of all V-valued k-forms on P that
are tensorial of type p by A’; (P, V) and provide it with its obvious real vector
space structure.

Remark: The elements of Ag(P, V) are in one-to-one correspondence with
the cross-sections of the associated bundle P %,V (Section 6.8, [N4]). These
cross-sections are often more convenient from the point of view of physics
since they are defined on the base manifold X (e.g., spacetime) rather than
the bundle space P. One can do something similar for the elements of any
A’;(P, V), but, for k > 1, the objects defined on X that correspond to tensorial
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k-forms on P are k-forms taking values in the bundle P x, V. Thus, for
example, the curvature form {2 of some connection w corresponds to a P X g
G = ad P valued k-form F,, defined on all of X (see Appendix B of [N4] for
a few more details).

Before proceeding with a general study of tensorial forms we mention one
other special case that will be of particular interest to us in Chapter 6. If the
representation p of G on V is the trivial one (i.e., g-v = v for all g € G and
v € V), then the condition oL = g~ ! - ¢ reduces to o, ¢ = . Tensorial
forms of this type are characterized by the fact that they project (uniquely)
to forms on X, i.e., there is a unique form @ on X with ¢ = P*@. It will
clearly suffice to establish this for real-valued forms.

Lemma 4.5.1 Let G < P 25 X be a smooth principal G-bundle and ¢ an
element of A*(P) for some k > 0 that satisfies

1 @,(vi,...,v) = 0 whenever at least one of vi,...,vx € Tp(P) is
vertical.

2. o, = for every g € G, i.e., for each p € P and vy,. .., v € Tp(P),

g ()0, (00)ep(00) ) = @, (01, 00)
for each g € G.

Then there exists a (necessarily unique) k-form @ € AF(X) such that
P*@ = . Conversely, if ¢ € A¥(P) and if there exists a (necessarily unique)
P € A*(X) with P*@ = ¢, then ¢ must satisfy #1 and #2.

Proof: We ask the reader to prove uniqueness and the necessity of the two
conditions.

Exercise 4.5.1 Show that projections, when they exist, must be unique (i.e.,
that P*@, = P*p, implies p; = @,) and that any ¢ which does project
to X must satisfy #1 and #2. Note: When k£ = 0, #1 is taken to be sat-
isfied vacuously and #2 simply says that ¢(p-g) = ¢@(p). In this case the
unique projection ¢ is obviously given by @(z) = ¢(p) for any p € P~1(x).
Henceforth, we assume k& > 1.

Now, suppose ¢ is a k-form on P satisfying #1 and #2. We define ¢ on X
as follows: Let € X and wy,...,wy € T,(X). Select some p € P~1(x) and
then select v1,..., vy € T,(P) with P,,(v;) = w; for each i =1,..., k. Now
define

Pu(wy, .. wy) =@, (v1,..., V). (4.5.1)
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Remark: We will prove next that the definition (4.5.1) does not depend
on the choices of p and vq,...,v;. First, however, we point out the most
convenient way to actually make these choices in practice. Choose a local
cross-section s : V. — P~Y(V) with # € V. Let p = s(z) and v; = s, (w;)
fori =1,...,k Then P(p) = P(s(x)) =  and P.p(v;) = Pag(a)(ssa(wi)) =
(Pos)uz(w;) = (idy ). (w;) = w; as required. Notice that (4.5.1) now gives

Po(wi,...,w) = @ ) Sz (W), Sux (W) = (57@)u (w1, ..., wy)
SO
p=s"p (4.5.2)
on V.

To see that our definition is independent of the choices suppose that p’ €
P~Y(x) and v}, ..., v} € T,y (P) are such that P,y (v]) = w; fori=1,...,k.
We must show that

/

Py (V] v)) = (V1. V). (4.5.3)

There exists a g € G such that p’ = p- g (Lemma 4.1.1, [N4]). Thus,

P (V) =@, (V. vy) = (v, v, (4.5.4)

where

o = (00)5 () = (0 g0, i =Lk
(by assumption #2).

Exercise 4.5.2 Show that P,,(v)) =w, fori=1,... k.

Thus, P.p(v; — v)) = 0s0 v, — v/ is vertical for i = 1,..., k. By assumption
"
#]—v Qop(vl _vl,UQ,...,vk) =0so
1
Pp(V1,v2,...,v;) = @, (v],v2,..., V).
: H 1/ " "
Similarly, ¢, (vY,v2 — v5,v3,...,v5) = 0 so @, (v}, v2,v3,...,0;) =
¥, (v],v5,v3,...,v)) and therefore
1 "
CPP('Ul, V2, V3,..., ’Uk) =%p (’U17’02, U3,..., ’Uk)'

Continuing in this way gives

i " 17 1
P, (v1,v2,03,...,0;) = @, (v], 05, v5,..., V)

which, by (4.5.4), proves (4.5.3).

We conclude that ¢ is well-defined. It satisfies P*{p = ¢ by definition and
is clearly a k-form on X so we need only verify smoothness. But this can be
proved locally and so follows from (4.5.2). [
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We will have quite a bit more to say about projectable forms on bundles,
but first we derive some general results on derivatives of tensorial forms. First
we show that the exterior derivative of a pseudotensorial form is itself pseu-
dotensorial.

Lemma 4.5.2 Let G — P 2+ X be a smooth principal bundle, V a finite
dimensional real vector space, p : G —» GL(V) a representation of G on V
and ¢ a V-valued k-form on P that is pseudotensorial of type p. Then de is
pseudotensorial of type p.

Proof: ¢ satisfies o ¢ = g~ ' - ¢ for every ¢ € G and we must show that

os(de) = g~' - dep. But d commutes with pullback and the action of G on V
is linear so

-1

oy (dp) = d(ogp) =d(g™" @) =g " - de. o

The exterior derivative of a tensorial form is therefore pseudotensorial,
but need not be horizontal. To obtain a differentiation operator that car-
ries tensorial forms to tensorial forms requires the existence of a connection

on G — P -5 X. With such a connection any pseudotensorial form 7 gives
rise to a tensorial form by allowing 7T to operate only on horizontal parts.

Lemma 4.5.3 Let G — P -2 X be a smooth principal bundle with
a connection w,V a finite dimensional real vector space, p : G — GL(V) a
representation of G on'V and T a V-valued k-form on P that is pseudotensorial
of type p. Then the V-valued k-form T on P defined by

() (vi, o) = T(0) (01 )

is tensorial of type p (v is the horizontal part of v € T,(P); see page 56).

Exercise 4.5.3 Prove Lemma 4.5.3. Hint: By (6.8.3) of [N4],
((0g)p(v)) = (g)sp(v™). u

Theorem 4.5.4 Let G < P 5 X be a smooth principal bundle with a con-
nection w,V a finite dimensional real vector space, p : G — GL(V) a repre-
sentation of G onV and @ a V-valued k-form on P that is pseu-dotensorial
of type p. Then the covariant exterior derivative d“ of ¢, defined by

(d)(P)(v1, ..., v11) = (@)™ () (1, .- -, Ve11)
= d‘P(p) <v{—la R ka+1)
is a tensorial (k + 1)-form of type p. In particular,

w . Ak k+1
4 : AE(P,V) — ARHL(PY).
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Remark: The curvature §2 of a connection w is, of course, just its covariant
exterior derivative (£2 = d“w). Another special case that we have had occasion
to consider previously is the covariant exterior derivative of a matter field
(element of AY (X, V)). The Cartan Structure Equation provides a convenient
computational formula for d¥w and (6.8.4) of [N4] gives an analogous formula
for matter fields. Shortly we will generalize both of these, but first we observe
that, for forms that project to the base manifold X, d“y and d¢ coincide.

Lemma 4.5.5 Let G < P 2+ X be a smooth principal bundle with a connec-
tion w and @ a k-form on P that projects to a k-form @ on X (i.e., p = P*@).
Then

d“e = dep.

Proof: We simply compute

(d‘P)p ('Ula SR 'Uk-',-l) = (d<7)*¢))p ('Ula SR 'Uk-',-l)
= (P*(d@))p (v1,-- ., Vis1)
= (d@)p () (P*P -vp*p(”k+1))

dSO P(p) (P*p( 7~-~’P*P<ka+1))

H
Ch1

p 9. vk+1)

) (
p(v R T

(dSO) (vl ,"'avarl)
= (d¥¢)p(v1s- s Vi) o

Now, to find the promised computational formula for d“¢ we begin as
in Section 6.8 of [N4] for the special case of matter fields by introducing yet
another wedge product for V-valued forms. We consider the bilinear map from
G xV to V which sends (A,v) € G x V to A-v €V defined by

v = (exp(tA) - )ico = (plexp(t2) ()0
where p : G — GL(V) is the representation relative to which our forms
are tensorial. Notice that if p is just the natural representation of G C
GL(k,C) on C* (matrix multiplication), then A -v = Av is also matrix mul-
tiplication for each A € G (Exercise 6.8.6, [N4]). A special case of more
immediate concern to us here is the following: Suppose p = ad : G — GL(G)
is the adjoint representation. Then, for any A, B € G,
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_d

Cdt
o1

= lim n (adexp(tA)(B) — B)

t—0

= [A7B]u

A-B (adexp(tA) (B )) lt=0

where this last equality follows from the definition of the Lie bracket and is
proved on pages 288289 of [N4].

Now, the bilinear map (A4, v) — A-v of GxV to V determines a wedge prod-
uct for G-valued forms and V-valued forms. Specifically, if a € A*(P,G) and
B € AY(P,V), then we define aAB € A*T!(P, V) at each point of P by

. 1
(a/\ﬁ) (’Ul, B vk-i-l) :W Z(_l)aa<va(l)a ) vo’(k:))

° /B(va(k:—i-l)v X} vo(k-‘rl))a

where the sum is over all permutations o € Sy, of {1,...,k + [}. Notice, in
particular, that when p is the adjoint representation of G on G, then aAB is
just the bracket wedge product [a, 3] described in Section 4.2. We are now in
a position to prove our major result.

Theorem 4.5.6 Let G < P % X be a smooth principal bundle with a con-
nection w,V a finite dimensional real vector space, p : G — GL(V) a repre-
sentation of G on'V and ¢ € A]; (P, V) a V-valued, tensorial k-form of type p.
Then

d“yp = dp + whe.

Proof: We must show that, for each p € P and all vq,...,vp41 € T,(P),

(de)y (v, 0l ) = (d@)y(vn, - vas)

+% 3 (—1)%,,(%(1)) (4.5.5)

€Skt

CPp <v0(2)a S 'Ua(k-i-l))-
We consider three cases separately.

I. Each of vq,...,vg1 is horizontal.

In this case v# = v; for i = 1,...,k + 1 and wy(v;) = 0 for i =

i

1,...,k+1 so both sides of (4.5.5) are just (d@)p(v1,..., Vit1).

II. Two or more of vq,..., vy are vertical.
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The left-hand side of (4.5.5) is now zero since v = 0 for at least

two values of i. Moreover, the sum on the right-hand side is zero since ¢,

is horizontal and at least one of v5(2),. .., Vs(x41) is vertical for each . Thus,
we need only show that (d ), (v1, ..., v+1) is zero as well. Each of the verti-
cal vectors among v1,...,v+1 can be extended to fundamental vector fields

on P (Corollary 5.8.9, [N4]). Extend the remaining v; to vector fields on P
in any manner (e.g., constant components on some coordinate neighborhood
and then use Exercise 5.7.2, [N4]). Denote these vector fields Vi,..., Vi 1.
Now, (d¢)p, (v1,...,Vky41) is the value at p of

k+1
de(Vla . 'aVk-‘rl) = Z(i]‘),H»l V7 (‘P (V17' . 7Vi7 e '7Vk+l) )
=1

FY e (Vv

1<i<j<n

‘71' ""‘7]'""7Vk+1)

(componentwise in V). The first sum vanishes since at least one of
Vi, ... ,171;, ..., Vg1 is vertical and ¢ is horizontal. The same is true of the
second sum since the Lie bracket of two fundamental vector fields is another
fundamental vector field (Theorem 5.8.8, [N4]) and so is vertical.

ITI.  Precisely one of vq,..., vy is vertical and the rest are horizontal.

Remark: Establishing (4.5.5) in this case will actually complete the proof
since both sides are multilinear and any v can be written as v = v + vV,

We may assume that v, is vertical and v, ..., vy are horizontal. Extend
v1 to a fundamental vector field V;. We wish to extend wvs, ..., vry1 to hor-
izontal, (04). -invariant vector fields on P and for this we need a lemma on
horizontal lifts of vector fields.

Lemma 4.5.7 Let G < P -2 X be a smooth principal bundle with a con-
nection w and let W be a smooth vector field on X. Then there is a unique
smooth vector field W on P that satisfies

1. W(p) is horizontal for each p € P.
2. Pup (W (p)) = W (P(p)) for each p € P.

3. (04)ep (W (D)) = W(p-g) for cachp € P and g € G.

Proof: We claim first that if we establish the existence of a unique W
satisfying (1) and (2), then (3) necessarily follows. Indeed, since o4 is a
diffeomorphism and (0,)., (Hor,(P)) = Hor,,(P) ((6.1.3), [N4]), (c,). W
(defined by ((0g). W), = (0g)sp-g-1 (Wp.g—l)) is a smooth horizontal vector
field and
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so uniqueness implies (7,). W = W so ((6,). W),y = W(p-g), ie.,
(0g)sp (W(p)) = W(p-g) as required.

Now, since P,y : Hory, (P) — T'p(;) (X) is an isomorphism (Exercise 6.1.7,
[N4]), there is only one possible definition of W: For each p € P,P(p) € X
and there exists a unique W (p) € Hor, (P) such that P.,(W (p)) = W (P(p)).
Thus, W is obviously a vector field on P satisfying (1) and (2), but is
not obviously smooth. We prove smoothness locally. Thus, we select a triv-
ialization ¥ : P=Y(V) — V x G. There is obviously a smooth vector
field on V' x G which lifts the restriction W |V of W to V. Transferring
this to P~1(V) via U, we obtain a smooth vector field on P~1(V) which
lifts W|V. The horizontal part of this vector field is smooth on P~*(V)
(Exercise 6.2.2, [N4]), and lifts W |V so it must agree with W on P~1(V).
Thus, W is smooth on P~*(V). Since the trivialization was arbitrary, W is
smooth. |

Now we return to the proof of Theorem 4.5.6 in Case III. The vec-
tors Pup(v2),..., Pep(vit1) extend to vector fields on X and these, by
Lemma 4.5.7, have unique, smooth, horizontal, (c,), -invariant lifts V...,
Vi41 to P.

Exercise 4.5.4 Show that V,(p) =v; fori=2,...,k+ 1.

Since V7 is a fundamental vector field and each Va,...,Vj is horizontal,
all of the Lie brackets [Vy, V], i = 2,...,k + 1, are horizontal (page 349,
[N4]).

Exercise 4.5.5 Show that, in fact, [Vq, Vo] = -+ = [V, V1] = 0.

From Exercise 4.5.5 and the fact that V7 is vertical and ¢ is horizontal we
conclude that

d(p(Vlv V23 .. '7Vk+1) = (_1)1+1 Vl (sO(VQ, . '7Vk+1)> +0

V1<<p(V2,...,Vk+1)).
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Since the left-hand side of (4.5.5) is obviously zero in Case III, the proof now
reduces to showing that

0=V1(<P(V27---,Vk+1))+% Z (—1)”w(‘{7(1)) . 90(0(2)5-'-7‘/(7(k+1))-

oc Sk+1

But since w( V(1)) will be zero whenever o (1) # 1 we may rewrite this as

0:V1(<P(V2,---,Vk+1))+% Z (*1)0&1(‘/1)'90<Va(2)7---,‘/}(k+1))

€Sy

o(1)=1
1 [og
0=V («,o(Vg,...,Vk+1)>+w(Vl)~ T Z (=1 ¢(Vy(2)7---7‘{r(k+1))
0ESpi1
o‘(l):+1
0=V, ((,O(VQ, cey Vk+1)> + w( V1> . (p( Vo,..., Vk+1). (456)

To prove (4.5.6) we proceed as follows: Since V7 is a fundamental vector field
we may write V3 = A% for some A € G. Also let a(t) = exp(tA) for t € R.
Then, for each p € P,

Vi(p) = A% (p) = (05 0 @)’ (0),

where 0, : G — P is given by 0,(g9) = p- ¢ ((5.8.8), [N4]). Thus, for any
felC>(p),

Vi(p) (f) = (op00) (0) (f) = (f o op 2 )" (0).

To compute Vi (p)(@(Va,...,Vii1)) welet f =@ (Va,...,Vii1). Then fo
op o« is given by

LP( V23 ceey V/;-Fl) (Jp(a(t))) :cpp-oz(t) ( VQ(p ' a(t))7 ceey Vk’-‘rl(p : Oé(t)))

ey ao(0a0) Voo (), (Ve 0)
(by Lemma 4.5.7 (3))

=a(t)™ @, (Va(p), -, Vi1 (p))
(since @ € A} (P, V))

= exp(—tA) - ¢, (Va(p),. .., Vis1(p)).
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Thus,

Vi) (o (Va, - Vi) = 5 (50 (-A)) - 0, (Valp). - Vera0)|
= (-

A) : (Pp (VQ(p)a ceey Vk+1(p))
= —wpy(A%) - @, (Va(p),. .., Vis1(p))
=—w,(Vi(p) - @, (Va(p). ..., Vis1(p))

which gives (4.5.6) at the arbitrary point p € P and therefore completes the
proof. [ |

Corollary 4.5.8 Let G — P Py X be a smooth principal bundle with a
connection w and ad : G — GL(G) the adjoint representation of G on G.
Then, for each ¢ € A¥,(P,G),

d“ e =dep+[w,¢].

Notice that the Corollary does not apply to w itself, which is pseudotensorial
of type ad, but not horizontal. Indeed, the Cartan Structure Equation gives
d“w =02 =d w—&—%[u, w]. However, the Corollary does apply to the curvature
£2 and gives d* 2 = d £2 + [w, 2] which we now show is identically zero.

Theorem 4.5.9 (Bianchi Identity) Let G < P -5 X be a smooth prin-
cipal bundle with connection w and curvature 2 = d“w. Then

d“ 2 =0. (4.5.7)
Proof: We simply compute, from Corollary 4.5.8,

d“ 2 =d N+ w, 2]

:d(dw—k;[w,w]) + {w,dw—i—;[w,w]

= d(dw) + 5 d(jw,w]) + [0, de] + 5 [, [w, ]

5 ([,]) + [, dw]

5 ([dw,0] — [w,dw]) + [w,dw]

5 (] — [w,dw)) + [0, dw] =0. o
Since [w, £2] = —[£2, w] one can write (4.5.7) as

40 =[2,w)]. (4.5.8)
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4.6 Integration on Manifolds

We begin by reviewing a little calculus. Consider a function f : R — R
which, for simplicity, we will temporarily assume to be continuous. If [a, b] is
an interval in IR, then the integral
[
[a,b]

of f over [a,b] is defined (either as a Riemann or Lebesgue integral) as a limit
of certain sums. It is invariably computed, however, by appealing to the Fun-
damental Theorem of Calculus which asserts that there exists a differentiable
function F: R — R with F’ = f and that, for any such F,

/ f=F|b=F(®b) - F(a).
[a,b]

The task of finding such an antiderivative is often facilitated by the Change
of Variables Formula, the content of which is as follows: Let g be a diffeo-
morphism (actually, one-to-one and continuously differentiable will suffice) on
some open set containing an interval [a, 5] with g([«, 8]) = [a, b]. Then

/[mb] I= /W] (fog)lg'|

In particular, if g is orientation preserving (increasing), then

/[a,b] /= /W] (fog)g" (4.6.1)

Calculus students are provided with ample opportunity to persuade them-
selves of the efficacy of this formula. Suppose, for example, that the problem
is to integrate over [0,1] the function f whose standard coordinate repre-
sentation is f(z) = \/ﬁ Define g : (=%,%) — R by g = tan. Then
9([0, %]) = [0,1] and, on [0, Z], f o g = cos and ¢’ = sec? so

>
/ f:/ sec=1n|sec—|—tan|‘zzln(l—i—\/i).
[0,1] [0.%] 0

Of course, calculus students would generally not phrase their calculations
in just these terms. Perhaps something more along the following lines:
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1 tan~ ' 1
[, o
——dz = — sec“udu
0o V1+a? tan-10 V1 +tan®u
Tr = tanu /er
= sec udu
dz = sec? udu 0

i
= In|sec u + tan ul

:1n(1+x/§).

There is much to be said for this. The student’s calculations, which, on the
surface, appear more formal and less rigorous, are, in fact, entirely rigorous
once one has faced the fact that it is not functions, but 1-forms that should
be integrated over intervals in R. Specifically, any f : R — IR gives rise
to a unique l-form w = fdx on IR and, if g is an orientation preserving
diffeomorphism with g([a, 5]) = [a, b], then

g w=g"(fdr)=(fog)g" (dx)=(fog)g du.

If we define the integral of any 1-form on IR to be the integral of its standard
coordinate function, then the Change of Variables Formula becomes

/ w = / g w. (4.6.2)
[a,b] [a, )

Our calculus student has computed (unwittingly, perhaps) the pullback of
1

the 1-form f(z) = Wire=i dx by g and found the interval corresponding to
[0, 1] under g. The Change of Variables Formula is built into the properties of
1-forms.

This is amusing enough, but scarcely sufficient justification for our claim
that “it is not functions, but 1-forms that should be integrated over inter-
vals in R .” Much more significant is the fact that the integral of a 1-form,
which we defined in terms of its standard coordinate representation, is actually
independent of coordinates and so will generalize immediately to arbitrary 1-
manifolds (where there is no “standard coordinate”). This too is a consequence
of (4.6.1), i.e., of the Change of Variables Formula. For the proof we regard R
as an abstract 1-manifold and consider two oriented charts (U, ¢) and (V1))
on IR with coordinate functions = and y, respectively. To simplify the argu-
ment we will temporarily assume that [a,b] C U N V. Write w = hdz on
U and w = kdy on V. The coordinate expressions for h and k are therefore
hoo™l:pU) — R and ko=t : (V) — R (if (U,¢) is the standard
chart on R, then hop~! is the f in our earlier discussion). If we suppose that
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0 Yo, B1]) = [a,b] and ¥~ ([, Ba]) = [a, b], then our claim is that

e
[a1,81] [a2,B2]

so that f[a b @ could be defined as the integral of any of its coordinate ex-
pressions. To prove this we define

g:z/Jogo_l tp(UNV) — oy (UNYV).
This is a diffeomorphism between open sets in IR, and
(ko™ og=kop "

Furthermore, g([a1, £1]) = [a2, f2]. Now, on U NV,

I ﬁ _ 12 ! g 7
h“"(@x)“"(g ay)‘“’(@y)‘g’“

hop ™t =g (kop ™) =g (kop ™ )og=((ko ") og)d
and the Change of Variables Formula (4.6.1) gives

/ kodfl:/ ((k‘oq/}fl)og)g':/ hogp™!
[az2,B2] [a1,B1] [1,81]

as required.

This we regard as rather persuasive evidence in favor of the view that it
is not functions, but 1-forms that one should integrate on 1-manifolds. There
is no standard coordinate system on a general 1-manifold and therefore no
standard coordinate expression for a function on a l-manifold and, even in
R, it matters very much which coordinate expression one chooses to integrate
over a given subset. Coordinate expressions for 1-forms, on the other hand,
have just what it takes (according to (4.6.1)) to possess invariant integrals.
That all of this works out just as nicely for n-forms on n-manifolds will become
clear from a glance at Exercise 4.3.4 and the Change of Variables Formula for
IR™ (sans a few hypotheses that we will add a bit later): Suppose U and V are
open in R"™ and ¢g : U — V is a diffeomorphism. If M C U and f: V — R,

then /g(M) f= /M (fog) ‘ det(g")

where ¢’ is the Jacobian of g, i.e., the matrix of g, relative to standard coor-
dinates.

With this motivation behind us we set about building a theory of integration
for n-forms on n-dimensional manifolds. We will presume a familiarity with
the basics of Lebesgue integration on R".

SO

)
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Remark: This decision to build upon the Lebesgue rather than the Riemann
integral smooths the theoretical development in the early stages, but has es-
sentially no practical impact on the explicit calculations we must perform. The
reader not versed in the Lebesgue theory has a number of options. Perhaps the
most sensible is to simply ignore all references to the subject and be assured
that, in the end, the integrals we must actually compute are accessible to the
tools available in the theory of the Riemann integral. Alternatively, one might
actually learn something about this indispensible part of modern mathemat-
ics. We will provide a brief synopsis, but everything we need (and more) is
covered very nicely and in fewer than fifty pages (specifically, pages 201-247)
in [Brow|.

Throughout the remainder of this section X will denote a smooth, oriented,
n-dimensional manifold with n > 1 and all charts will be assumed consistent
with the given orientation.

Recall that a subset A of R™ is said to have (Lebesgue) measure zero
in R™ if it can be covered by countable families of open rectangles with ar-
bitrarily small total volume. In more detail, an open rectangle in R" is a set

of the form R = (a',b') x --- x (a™,b"), where a’ < b* for i = 1,...,n, and
its volume is vol(R) = (b' —a')---(b" — a™). Then A C R"™ has measure
zero if, for every € > 0, there exists a family R, Rs,... of open rectangles

with A C |J;2, R; and ) ;2 vol(R;) < e. Subsets of sets of measure zero ob-
viously also have measure zero and countable unions of sets of measure zero
also have measure zero (cover the k' set with a family of rectangles of total
volume less than ¢/2%). It is also true, but not at all obvious, that smooth
images of sets of measure zero have measure zero, i.e., if U C IR" is open,
f:U — R"™ is smooth and A C U has measure zero, then f(A) has measure
zero (Proposition 5-17 of [N1], or Lemma 1.1, Chapter 3, of [Hir|).

A subset A of a smooth manifold X is said to have measure zero in X if,
for every chart (U, ¢) for X, the set (U N A) has measure zero in R".

Exercise 4.6.1 Show that A has measure zero in X if and only if, for each
a € A, there exists a chart (U, ¢) at a for which ¢(U N A) has measure zero in
R"™. Hint: Keep in mind that our manifolds are assumed second countable.

If S is any set, then a collection A of subsets of S is called a o-algebra if it
contains the empty set and is closed under the formation of complements and
countable unions, i.e., if (1) ) € A, (2) S — A € A whenever A € A, and (3)
Ui, A; € A whenever A; € Afor i =1,2,... . Any collection C of subsets
of S is contained in various o-algebras of subsets of S (e.g., the collection of
all subsets of S) and the intersection of all of these o-algebras containing C is
itself a o-algebra. This intersection is called the o-algebra generated by C. In
any topological space S the o-algebra generated by the collection C of closed
sets is called the Borel g-algebra and its elements are called Borel sets in
S. Closed sets, open sets, countable unions of countable intersections of open
sets, etc., are all Borel sets.
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The collection of Borel sets in R"™ is huge, but we need to enlarge the col-
lection still further. A subset M of R" is said to be (Lebesgue) measurable
if it can be written as M = AU B, where AN B = ), A has measure zero in
R™ and B is a Borel set in R™. Thus, measurable sets are those which differ
from a Borel set by a set of measure zero. Since the empty set has measure
zero, every Borel set is measurable. Since the empty set is a Borel set, every
set of measure zero is measurable.

Remark: Those of our readers who are “in the know” realize that this is
not the usual definition of Lebesgue measurable. That it is equivalent to the
usual definition follows from Theorem 9.29 of [Brow].

The collection M of Lebesgue measurable sets is itself a o-algebra.
As the name suggests, the Lebesgue theory assigns to every M € M a
“measure” m(M) of its size. For example, m(R) = vol(R) for every rectan-
gle R and m(A) = 0 for any set A of measure zero. The ability to measure a
large collection of sets provided Lebesgue with the means to integrate a large
collection of functions. Roughly, his idea was as follows: Riemann integrated
a function f : [a,b] — R by partitioning [a, b] into subintervals, approximat-
ing f by a step function that was constant on each subinterval, defining the
integral of the step function in the only reasonable way and taking the limit
as the partition became finer and finer.

This limit will not exist unless f is relatively nice, e.g., a bounded, real-valued
function on [a, b] must be continuous except perhaps on a set of measure zero
(Theorem 10.23 of [Brow|). This is unfortunate since, for example, limits of
even very nice functions are often not at all nice so the Riemann integral
does not react well to taking limits. Lebesgue’s idea was to partition, not the
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domain, but the range, approximate f by a step function that is constant on
the inverse image of each set in the partition, define the integral of the step
function by > ¢; m(M;), where ¢; is the value on the inverse image M; and
m(M;) is its measure and then take a limit as the partition becomes finer and
finer.

For the record we will now briefly sketch the construction of the Lebesgue in-
tegral in somewhat more detail and formulate those definitions and results from
the theory that we will need. A real-valued function f on R" is measurable
if the inverse image of every closed interval in IR is Lebesgue measurable in
R™ (if f is an extended real-valued function, i.e., maps to R U {£o0}, then it
is also required that f~1(o0) and f~!(—o0) be measurable). A (measurable)
step function is a function s that is zero except on a finite number of disjoint
measurable sets My, ..., My with m(M;) < oo for each i = 1,. ..,k and which
takes a finite constant value ¢; on M; for i = 1,..., k. The integral of such a
step function s over R" is defined by

k
/ s dm = chm(Mi)
n ’L:1

One can show that if f is any non-negative measurable function on R", then
there exists a sequence 0 < s; < sy < --- of measurable step functions which
converges pointwise to f. The Lebesgue integral of f over IR" is defined
by

fdm = Sup/ sdm,

R"
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where the supremum is over all measurable step functions s with 0 < s < f.
This integral might well be infinite; if it is finite we say that f is Lebesgue
integrable (or summable) on R". If f is measurable, but not necessarily
non-negative, we write f = f* — f~, where fT and f~ are measurable and
non-negative (e.g., f* = 1(|f|+ f) and f~ = 1(|f| — f)) and say that f is
Lebesgue integrable on R" if and only if f™ and f~ are both integrable.
In this case we define

/ fdm = frdm — fdm.

n R” R”

It follows that f is Lebesgue integrable on R™ if and only if |f| is Lebesgue
integrable on R". Finally, suppose that M C IR™ is measurable. Then its
characteristic function xas (1 on M and 0 on R"—M) is a measurable function.
If xasf is measurable (as it will be whenever f is measurable), then we define

/M fam= [ xufdm

If this is finite (as it will be if f is integrable on R™), then we say that f is
Lebesgue integrable on M.

The Lebesgue integral has all of the properties one would expect of an
integral. The set of integrable functions is a linear space and the integral is a
linear functional on it:

/M(af+bg)dm=a/Mfdm+b/Mgdm.

Sets of measure zero “don’t count,” i.e., if f is integrable and g agrees with
f except perhaps on a set of measure zero (we say that g equals f almost
everywhere and write g = f a.e.), then ¢ is integrable and

/ gdm = fdm (g = fae.).
M M

It follows that if M’ differs from M by a set of measure zero and f is integrable
on M, then f is integrable on M’ and

/ /fdm: /Mfdm.

Similarly, if M and N are measurable and M N N is a set of measure zero,
then

/ fdm= fdm—|—/fdm (m(M N N)=0).
MUN M N

The Change of Variables Formula takes exactly the same form as it does for
the Riemann integral: Let U and V be open sets in R", g : U — V a
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diffeomorphism, M C U measurable and f : V — IR Lebesgue integrable.
Then g(M) is measurable, (f o g)|det(g’)| is integrable on M and

/ fdm:/ (f o g)| det(g)]dm (4.6.3)
o(M) M

(Theorem 10.46 of [Brow]). A very useful result for the purposes of calculation
is that if f is continuous on a closed rectangle R = [a',b!] x - - - x [a™, b"], then
it is Lebesgue integrable on R and / g J dm agrees with the ordinary Riemann
integral of f over R. Consequently, the value of the integral can be calculated
as an iterated integral (Fubini’s Theorem) from the Fundamental Theorem of
Calculus:

/Rfdm:/:1 </{j(.../ainf(x17x2’_”7xn) dx"---)dﬁ)df,

Remark: Fubini’s Theorem becomes trickier when the continuity
assumption is weakened (see Sections 10.8 and 10.9 of [Brow]).

The most important properties of the Lebesgue integral, however, are those
related to limits. The so-called Monotone Convergence Theorem (Theorem
10.15 of [Brow]) asserts that if 0 < f; < fo < --- is a sequence of measurable
functions that converges pointwise (except perhaps on a set of measure zero)
to f, then f is measurable and

lim fr dm = lim fr dm = fdm. (4.6.4)
k—o0 JRrn Rn k—>o0 R"

The Lebesgue Dominated Convergence Theorem (Theorem 10.15 of [Brow])
asserts that if { f} is a sequence of measurable functions that converges point-
wise (almost everywhere) to f and |fx| < g for all k, where ¢ is integrable,
then f is integrable and its integral is given by (4.6.4).

With this detour into Lebesgue integration behind us we are prepared to
build an integration theory on any smooth, oriented, n-dimensional man-
ifold X. We have already transferred the notion of measure zero to X
(Exercise 4.6.1). Although there is no reasonable way to move the Lebesgue
measure itself to X we can easily transfer the notion of measurability.
Indeed, X is a topological space and so has a o-algebra of Borel sets so we may
say that a subset M of X is measurable if it can be written as M = AU B,
where AN B =0, A has measure zero in X and B is a Borel set in X.

Exercise 4.6.2 Show that M C X is measurable if and only if, for each
m € M, there exists a chart (U, ) at m for which ¢(U N M) is Lebesgue
measurable in R". Hint: Use Exercise 4.6.1 and the fact that diffeomorphisms
on open sets in R™ preserve measure zero, Borel sets and disjoint unions.
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Now we consider an n-form w on X (not necessarily smooth). We will
say that w is measurable if, for every chart (U,¢) on X with coordinate
functions 2!, ..., 2" and w = hdz' A---Ada™ on U, the coordinate expression
h o o~1 is Lebesgue measurable on ¢(U). We show now that it is enough to
check this condition for all charts in some atlas for X. Thus, we suppose that
{(Uqa, ¢a)}aca is an atlas and that our condition has been verified for every
chart in this atlas. Let (V,v) be some other chart for X with coordinate
functions y', ..., y" and with w = kdy' A---Ady” on V. We must show that
ko~ is Lebesgue measurable on (V).

Exercise 4.6.3 Show that it will suffice to prove that k o ¢~! is Lebesgue
measurable on some neighborhood of each point of (V).

Any point in (V) is also in ¢4(U,) for some a € A If we let
g =¢a 0ot Yp(UyNV) — ¢o(Us NV), then g is a diffeomorphism
between open sets in R™. If z',..., 2" denote the coordinate functions for
(Ua, o) and we write w = h, dzt A --- A dx™ on U,, then Exercise 4.3.4
gives, for every p e U, NV,

oz’
oyl

k(D) = ha(p) det( <p>) = ha(p) det(D; (' 0 ) ((p)).

Writing p = ¢~ 1(y) for y € ¥(U, N'V) this becomes
ko™ (y) = (haov™")(y) det(Dj(z" 0 ™")(y))
= ((ha o pa') 0 g)(y)det(Dig'(y )

SO
ko 1/1_1 = ((ha o @;1) o g) det(g') (4.6.5)
on ¥(U, N'V). Now, on open sets in R", smooth maps are measurable and
compositions and products of measurable functions are measurable. Since we
have assumed that h, o ¢, ! is measurable it follows that k o 1~! is also
measurable.
If w is any n-form on X we define its support suppw to be the closure in
X of the set of points where w is not the zero form:

suppw = {r € X 1w, #0}.

We define the integral of w over X first in the case in which supp w is compact
and contained in some coordinate neighborhood and then, in the general case,
use a partition of unity to define the integral as a sum of integrals of the first
type.

Suppose then that w is a measurable n-form on X with compact support
suppw C U, where (U, ) is a chart on X (keep in mind that we consider
only charts consistent with the given orientation of X). If 2! ... 2™ are the
coordinate functions of ¢ and w = hdz* A---Adz™ on U, then the coordinate
expression h o ¢! is measurable on the open set ¢(U) in R™. We say that
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w is integrable on U (and also on X) if hop™!

therefore on IR™) and, in this case, we define

/w—/w—/nhogoldm / h oo tdm. (4.6.6)

Remark: Integrability will be assured, for example, if w is continuous with
compact support suppw C U.

is integrable on ¢(U) (and

Of course, we must prove that our definition does not depend on the choice
of the chart (U, ¢) with suppw C U. Thus we let (V%) be another (oriented)
chart on X with suppw C V. Let y',...,y"™ be the coordinate functions for
1, and write w = k dy' A --- Ady"™ on V. We must show that

/ hoop tdm = ko~ tdm.
@ (U) P(V)

Since suppw C UNV, hop~!is zero outside of (U NV) and ko)~! is zero
outside of (U N'V') and we need only show that

/ hogo’ldm:/ ko tdm.
o(UNV) Y(UNV)

Let g=poyp~ 1 :p(UNV) — o(UNV). This is a diffeomorphism between
open sets in R™ and (4.6.5), without the subscript «, gives

ko™ = ((hop™")og)det(q).

Now, since both (U, ¢) and (V,1)) are consistent with the orientation of X,
the Jacobian determinant det(g’) is positive so we may, if we wish, write this
as

ko™ =((hoyp™)o g)‘ det(g)|.

But now the Change of Variables Formula (4.6.3) with f = ho p~! and
M = (U NV) assures the integrability of ko ~! and gives

[ heptim= [ (hog)og)|dets)
o(UNV) Y(UNV)

= / kovp tdm
Y(UNV)

dm

as required.

Before proceeding with the general case we make a few observations about
this one. First notice that if w; and ws are two n-forms of the prescribed type
with supports both contained in U, then w; + ws is also of this type and

/w1+w2=/w1+/w2-
X X X
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Furthermore, if w; and ws agree except perhaps at a set of points of measure

zero in X, then
/ w1 :/ (#35) (w1 = Wy a.e.)
X X

Next suppose that w is an n-form of the type we are considering and
let {¢x}r=12,. be a partition of unity subordinate to an oriented atlas
for X. Since suppw is compact and {supp ¢y }r=1,2... is locally finite there
are only finitely many values of & for which ¢yw is not identically zero.
Thus, Y72, ¢, w is actually a finite sum and

Prw = (iqﬁk)w:lw = w.

k=1

[M]¢

k=1

Each ¢ w is an n-form with compact support contained in a coordinate neigh-
borhood. If w is integrable, then each ¢y w is integrable and linearity implies

/szg/xd)kw. (4.6.7)

Now let us turn to the general case and consider a measurable n-form w
on X (suppw need not be compact and need not be contained in a coordi-
nate neighborhood). Choose an oriented atlas for X and a partition of unity
{®k}k=1,2,... subordinate to it. Then each ¢, w is an n-form with compact
support contained in a coordinate neighborhood. Since {supp ¢y }r=12,.. is
locally finite the sum )~ | ¢pw is finite on some neighborhood of each point

S0
o0

w =) dpw
k=1

on X. We will say that w is integrable on X if each ¢, w is integrable on X
and if the series

Note that if w happens to have compact support contained in some coordi-
nate neighborhood, then we proved in (4.6.7) that this new definition agrees
with the old one. To show that the definition does not depend on the cho-
sen atlas or partition of unity we suppose {¢’};j=12 . is a partition of unity
subordinate to some other oriented atlas for X. Then w = Zjoil Piw on X
(the sum is finite on some neighborhood of each point). Each of the n-forms
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qbg-w has compact support contained in a coordinate neighborhood so we may

apply (4.6.7) to it -
O w = / o P w.

Similarly,
ww=3 [ &ow
Thus,
S [ o= [ aow
j=17X j=1k=1"%X
and

I;/XﬂﬁkaZZ/chgmw. (4.6.8)

k=1j=1

Exercise 4.6.4 Show that absolute convergence of Z/ii1 f « ¢ w implies the

convergence of
/
/ ¢j o w ‘
X

and use this absolute convergence to interchange the order of summation in

(4.6.8) and obtain
S [ow =3 [ e
k_l/x 2/

>y

k=1 j=1

Finally, conclude that 777, [, ¢/w converges absolutely.

Remark: If w has compact support (not necessarily contained in a coordinate
neighborhood), then all of the sums dealt with above are finite so absolute con-
vergence is assured. In particular, this is always the case when X is compact.

To complete our sequence of definitions we let w be a measurable n-form
on X and M C X a measurable set. We say that w is integrable on M if
XM w is integrable on X and in this case, we define

/w:/XMw.
M X

Exercise 4.6.5 Establish each of the following properties.

(a) If wy and wy are integrable on X, then wy 4wy is integrable on X and

/w1+w2:/w1—|—/w2.
X X X
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(b) If w is integrable on X and a € R, then aw is integrable on X and

/aw:a/w.
X X

(c) If wy is integrable on X, and wy = w; a.e., then ws is integrable on X

and
/WQZ/wl.
X X

(d) If w is integrable on M and M’ differs from M by a set of measure zero,
then w is integrable on M’ and

Juo= e

(e) If w is integrable on M and M = M; U M,, where M; and M, are
measurable and M; N M, has measure zero, then w is integrable on My

and M5 and
/ w :/ w—I—/ w.
M M, M,

(f) If w is integrable on X and U is an open submanifold X with inclusion

t: U <= X, then
/w :/L*w.
U U

Note: [,w = [y xvw, but, for [, *w, U is regarded as a manifold
in its own right.

One last property of integrals that is particularly useful in calculations is
contained in the next result.

Theorem 4.6.1 Let X and Y be two smooth, oriented, n-dimensional man-
ifolds and f : X — Y an orientation preserving diffeomorphism of X onto
Y. Let w be an integrable n-form on Y. Then f*w is an integrable n-form on

X and
/f*w:/w.
X Y

Proof: Let {(Ua, ¥a)}aca be an oriented atlas for Y. Since f is an orientation
preserving diffeomorphism {(f~1(U,), 0o © f)}aca is an oriented atlas for
X. Moreover, if {¢}r=12, . is a partition of unity subordinate to {Uy}ac4,
then {¢y o f}r=1.2, . is a partition of unity subordinate to {f~!(Us)}aca. By

assumption,
o0
[w=X [ o
Y Y
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where the convergence on the right-hand side is absolute. We must show that

kz_l/x(¢kof)f WZ;/’/%W

and that the convergence on the left-hand side is absolute. Both of these will
be proved if we show that

/X(¢k0f)f*w Z/chkw

for each k. Notice that (¢ o f)f*w = f*(¢r w) so we must prove that

/Xf* (¢>kw>=/y¢kw.

Now, ¢ w has compact support contained in some chart (Us,,p,) for YV

so if we let z',...,2" be the coordinate functions of ¢, and write

¢pw =hdz' A--- Adx™ on U, we have

/¢kw:/ Pk w :/ hopytdm.
Y Ua pa(Ua)

Moreover, on f~1(U,),
[ (drw) :f*(hdxl A ANda™) = (hof)dyl/\.../\dyn7

where y* = 2’ o f, i = 1,...,n, are local coordinates on f~1(U,). Since
f*(¢r w) has compact support contained in f~1(U,),

[orea=] e

-/ (hof)o (pao f)~ dm
(paof)(f71(Ua))

:/ hofofflogogldm:/ hoga;ldm
o

(Ua) a(Ua)
=/ P w
Y
as required. [

Exercise 4.6.6 Show that, if f : X — Y is an orientation reversing diffeo-

morphism, then
/ ffw :7/ w.
X Y

It’s time now to actually compute a few integrals. We recall (Theorem 4.3.2)
that any oriented Riemannian n-manifold X has defined on it a unique



246 4. Differential Forms and Integration

metric volume form w with the property that w.(e1,...,e,) = 1 when-
ever {ej,...,e,} is an oriented, orthonormal basis for T, (X). This n-form
is smooth and, if X is compact, it has compact support and therefore is inte-
grable over X.

Exercise 4.6.7 Show that, if w is the metric volume form on a compact,
oriented, Riemannian manifold X, then [, w > 0.

The value of the integral in Exercise 4.6.7 is called the volume of X. We will
compute the volumes of a few spheres. The volume form on S" is (*@, where
w is given by (4.3.2) and ¢ : S — R™™! is the inclusion. We begin with S*.

Remark: Scrupulous honesty in calculations such as these can result
in an avalanche of unnecessary notation. On the other hand, too cavalier
an attitude can leave one wondering where all of the machinery went with
which we built the integral. We will attempt to follow an intermediate path,
perhaps a bit too pedantic early on, but gaining bravado as we proceed.

The volume (length) of S is (by (4.3.3)) given by

/w:/ L*G):/ (2tda? — x2dat).
St St St

Since St and S! — {(—1,0)} differ by a set of measure zero,

/ w= / H(2tda? — x?dat).
St S1—{(-1,0)}

Remark: Technically, the integral on the right is
/ XSl_{(_LO)}L*(xld:UQ — 2%dxt),
Sl

but we intend to appeal immediately to Exercise 4.6.5 (f) and regard it as
an integral over the open submanifold S — {(—1,0)} of S1. We should then
add another inclusion map S* —{(—1,0)} < S, but we will permit ourselves
sufficient bravado even now to ignore this one. If this bothers you, by all means
put it in.

Now, define a map f : (—m,7) — S — {(—1,0)} by
(to f)(f) = (cosb, sinb),
where 6 is the standard coordinate on (—m,7) C RR.

Exercise 4.6.8 Show that f is an orientation preserving diffeomorphism.
Hint: Show first that it is a diffeomorphism. Then “orientation preserving”
need only be checked at one point. Now show that

d 0

(1,0)
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According to Theorem 4.6.1 we therefore have

/ w = / I (L*(zldzZ — IQdI1)>
St (—m,m)

= / (Lo f)*(xtda?® — 2%dat).
(_ﬂ-vﬂ')

Now,
(to f)(z'de? — 2®da') = (z' ovo f) d(z® o v o f)

— (z®ovof)d(ztovof)
= cos 0 d(sin ) — sin 6 d(cos §)
= cos” 0df + sin® 0 df
=do

o

/ w :/ de.
St (—m,m)

Finally, df = 1d6 is the standard coordinate expression for a continuous 1-
form on R and (—m,7) differs from [—m, 7] by a set of measure zero so

/ w:/ 1d9:/ 1dm = 0| = 2.
St [—m, 7] [—m,7]

Exercise 4.6.9 Define h : R — S* by (10 h)(#) = (cos@,sinf). Show that
if w is any continuous 1-form on S!, then

/ w:/ h*w
St o, a4-27]

The calculations for S? are analogous. By (4.3.4), the volume (area) of S
is given by

for any real number a.

/ w = / (atda? A da® — 2Pdat Ada® + 23dat A da?).
S2 S2

Define a map f from (0, 7) x (—=, ) into S? by
(tof) (¢,0) = (sing cosb, sing sinf, cosep).

The image of f is the open submanifold of S? consisting of the complement
of the semicircle {(—sin¢, 0, cos¢) : 0 < ¢ < 7} in S2. This semicircle has
measure zero so we may integrate w over its complement to get the volume.

Exercise 4.6.10 Show that f is an orientation preserving diffeomorphism of
(0,7) x (—m, ) onto its image in S2.
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Thus,

/ w :/ (to f)* (z'da® A da?
S2 0,m) X (—m,m)
— 22dzt A da? + 2Pdxt A d:z:z).

Now,
(tof)* (z'dx?® Adx®) =sing cosf (d(sin ¢ sin ) A d(cos ¢))
=sin¢ cosf ((cos ¢ sinhdp + sin ¢ cosd db)
A (—sin¢ df))
=sin® ¢ cos® 0 do A db.

Exercise 4.6.11 Compute the remaining pullbacks and conclude that

/ w:/ sing do A df.
S2 0,m) X (—m,m)

Now, sin ¢ d¢ A df is the standard coordinate expression for a continuous 2-
form on R? and (0, 7) x (—m, «) differs from [0, 7] x [—7, 7] by a set of measure

Z€ero so
/ w :/ singbdm:/ / sin ¢ d¢ df = 4.
S2 [0,7] X [—7,7] -7 JO

Exercise 4.6.12 Show that the volume of 52 is 272. Hint: The appropriate
orientation preserving diffeomorphism this time is given by

(Lo [)*(& ¢,0) = (sin€sin¢ cosf, siné sing sinf, siné cos p, cosf),
where (£,¢,0) € (0,7) x (0,7) X (—m, 7).

Exercise 4.6.13 Let w be the closed, nonexact 1-form on R? — {(0,0)}
constructed from two polar coordinate functions 6; and 65 in Section 4.4

(page 252). Show that
/ w = 2T.
Sl

Note: It will follow from Stokes’ Theorem (Section 4.7) that the integral of
w over a circle in R? — {(0,0)} is 2 if the circle encloses the origin and 0 if
it does not.

We conclude this section with a calculation that yields a special case of
Stokes’ Theorem.

Theorem 4.6.2 Let X be a smooth, oriented, n-dimensional manifold and
suppose w € A" 1(X) is a smooth (n — 1)-form on X with compact support.

Then
/dw =0.
X



4.7. Stokes’ Theorem 249

Proof: Since dw is smooth and has compact support (because w does), it
is integrable on X.

Exercise 4.6.14 Show that it is enough to prove the result for smooth
(n — 1)-forms with compact support contained in some coordinate neighbor-
hood U of X.

Thus, suppose (U, ) is a chart with suppw C U and let x!,... 2™ be its
coordinate functions. By composing with a diffeomorphism of R"™ onto the
open unit ball in R", if necessary, we may assume (U) is a bounded set in

R". Write w =Y """ | w; dz* A--- Ada’ A+~ Adz™ on U. Then

dw = (Z(—l)i_l 381' (wiop™h)o @) dz' Ao A da”
X

i=1

_ zn:(_l)i—l / a(wialf_l)dm'

Take each w; o ¢! to be zero outside ¢(U) and choose a cube C' =
{(z',...;2") e R": |2'| < a, i =1,...,n} containing p(U). Then

on U so

n

R YRRy R ey

i=1 ¢

o1
But each fc % dm is zero because, by Fubini’s Theorem, it can be
computed as an iterated integral, integrating first with respect to z* and

w; 0 ! vanishes on the boundary of the cube. |

4.7 Stokes’ Theorem

In this final section we prove a far-reaching and quite beautiful generalization
of the three classical integral theorems of vector calculus (Green’s Theorem,
Stokes” Theorem and The Divergence Theorem). Each of these asserts the
equality of two integrals, one of them over an n-dimensional region D (n = 2, 3)
and the other over its (n — 1)-dimensional boundary 9D. The Divergence
Theorem, for example, states that the outward flux of a smooth vector field
F on R3 through a closed surface D equals the integral of the vector field’s
divergence div F over the region D that the surface bounds:

//ﬁ.z\?dsz///divﬁdv.
oD D
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With a glace back at Exercise 4.4.8 it may come as no surprise that these
theorems are really statements about (n — 1)-forms and their exterior deriva-
tives. Remarkably, these are all, in a sense, the same statement and it is our
objective here to derive the one simple, elegant equality from which they all

follow:
/ L*w:/ dw. (4.7.1)
oD D

The first order of business is to define precisely the appropriate regions of
integration.

Throughout this section X will denote a smooth, n-dimensional, oriented
manifold. A subset D of X will be called a domain with smooth boundary
in X if, for each p € X, one of the following is true:

(1) There is an open neighborhood of p in X which is contained entirely in
X — D (such points are said to be in the exterior of D).

(2) There is an open neighborhood of p in X which is contained entirely in
D (these are called the interior points of D).

(3) There exists a chart (U, ¢) for X at p with p(p) =0 € R™ and (U N
D) = o(U) NRY, where R = {(z!,...,2") € R™ : 2™ > 0} is the
closed upper half-space in IR™ (these are called the boundary points
of D and the set of all such is denoted 0D and called the boundary
of D).

Remark: These definitions make sense for any n > 1, but, when n = 1,
0D is a set of isolated points. Orientations for O-dimensional manifolds and
integrals over such can all be defined in such a way that the results of this
section remain valid in this case, but we will have no need of them and so will
assume henceforth that n > 2. Notice also that the set Int D of all interior
points of D is open in X and that there is nothing in the definition to preclude
the possibility that 9D = § (so X itself qualifies as a domain with smooth
boundary).

Exercise 4.7.1 Show that these three conditions are mutually exclusive and
that, for any chart (U, ) of the type described in (3), (U N9D) = {x €
@ (U) : 2™ = 0}. Conclude (e.g., from Exercise 5.6.1, [N4]) that 9D is an
(n — 1)-dimensional submanifold of X.

Exercise 4.7.2 Show that the n-dimensional disc D" = {z € R": ||z| < 1}
is a domain with smooth boundary in R™ and 9D" = S"~ 1.

Exercise 4.7.3 Show that if D is a domain with smooth boundary in X,
then 0D has measure zero in X and conclude that D is measurable in X.

Next we wish to show that, when D is a domain with smooth boundary in
X, the submanifold 0D inherits a natural orientation from X.

Remark: This induced orientation on 9D is “natural” in the somewhat
indirect sense that it supplies 9D with the orientation it must have in order
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for Stokes” Theorem to be true. This sort of thing is to be expected, of course,
from the classical version of Stokes’ Theorem

/mﬁfmiﬁﬁmmﬁw
oD i

in which the orientation (tangent vector T) to the closed curve dD must be
chosen consistent with the orientation (normal vector N ) of the surface D.
Thus, for a given orientation of S? (outward normal, say), two applications of
Stokes” Theorem, one to the upper hemisphere SJQr and one to the lower hemi-
sphere 52, will necessitate opposite orientations on their common boundary
S1 (counterclockwise and clockwise, respectively). The “natural” orientation
for 0D depends on the rest of D.

The induced orientation on 9D is defined at each p € dD in terms of an
“outward” vector in T,(X). Since dD is a submanifold of X we can identify
T,(0D) with a subspace of T,,(X) in the usual way. Choose a chart (U, )
at p in X, consistent with the orientation of X, and with ¢(p) = 0 and
e(UND) = oU)NRY. Let z',...,2"" ", 2™ be the coordinate functions
of . By Exercise 4.7.1, p(UNID) = {x € ¢(U) : 2™ = 0} is a coordinate
neighborhood at p in D so T,(9D) is spanned by

9
Ozt

0

,...,W
p

p

A tangent vector u = a'z2:|, in T,(X) with a™ # 0 is not in 7,(dD) and
we will say that u is outward pointing if a™ < 0 (think about D = R in
X =R").

Exercise 4.7.4 Show that this definition does not depend on the choice of
(U, ), i.e., that if (V,v) is another chart at p in X, consistent with the
orientation of X, and with ¥(p) = 0 and (VN D) = (V) "R} and u =
bia%i p, Where y', ..., y" "L, y™ are the coordinate functions of 1, then a™ and
b™ have the same sign.

Now we define the induced orientation for T,,(0D) by decreeing that a basis
{v1,...,v,-1}for T,,(OD) is in this orientation if and only if {v, v1,...,v,—1}
is an oriented basis for T,(X) for any outward pointing tangent vector
u € T,(X).

Exercise 4.7.5 Show that the induced orientation for T,(0D) is well-defined,
i.e., does not depend on the choice of outward pointing vector u € T,,(X).

Exercise 4.7.6 Let X = IR" with its standard orientation and D = R"} so
that 0D = R"!. Show that, at each p € 9D, the induced orientation for
T,(0D) is the standard orientation of R"~! if and only if n is even.
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Exercise 4.7.7 Let X = S™ (with either orientation), D; = S7 = {(2',.. .,
2"t € S "t > 0} and Dy = S™ = {(at,...,2"t) € S7 : ant <0}
Then 0D; = S* ! and 0D, = S™!. Show that, at each p € S™ !, the
induced orientations on 9D; and Dy are opposite.

Now we show that there is a global orientation (nonzero (n — 1)-form) on
0D that determines the induced orientation on each T,,(9D). First we define a
smooth vector field V' on an open neighborhood of 0D in X which, at each p €
0D, is outward pointing. This is easy to do locally: For each p € D select an
oriented chart (U,, ¢,) for X at p with ¢,(p) = 0 and ¢,(U,ND) = ¢,(Up) N

RY. If x', ..., 2”1, 2" are the corresponding coordinate functions, then
0
Vpy=—5—
ox™

is a smooth vector field on U, that is outward pointing at each point of
Up N O0D. Then {U, : p € 0D} covers 0D so we can select a count-
able subcover {U,},=12.. and a partition of unity {¢,}n=12, . with

supp ¢, C U, for each n = 1,2,.... If V,, is the outward pointing vector
field on U, N &D, then we define V on U = |J,—, U, by
V=> 6.V
n=1

This sum is locally finite and therefore defines a smooth vector field on U D 9D
which is outward pointing on 9D since 0 < ¢,, < 1.

Now, let w be a nonzero n-form on X that determines the orientation of
X (ie., wy(vi,...,vy-1,v,) > 0 whenever p € X and {v1,...,v,-1,0p }
is an oriented basis for T,,(X)). Regard w as a C'°°(X)-multilinear map on
X(X) x -"- x X(X). The restriction (pullback) of w to U, which we will

also denote w, operates on X(U) x -*- x X(U). Thus, we may define an
(n — 1)-form @ on U by

cb(Vl,...,Vn,l):w(V, V1;~~~3Vn71)a

where V,; € X(U) fori=1,...,n — 1 and V is the vector field on U defined
above that is outward pointing on dD. For p € 9D and {vy,...,v,_1} a
basis for T,,(0D), wp(v1,...,v,—1) > 0ifand only if { v1,...,v,_1 } isin the
induced orientation for T,,(0D). The (n — 1)-form @ determines the induced
orientation on 0D.

Theorem 4.7.1 (Stokes’ Theorem) Let X be a smooth, oriented,
n-dimensional manifold, D a domain with smooth boundary in X and
L : 0D — X the inclusion map. Provide 0D with the induced orientation.
If w is any smooth (n — 1)-form on X with compact support on X, then

/aDL*w:/de. (4.7.2)
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Proof: Observe first that, since w is smooth with compact support, the
same is true of +* w and dw so both of these are integrable. Now, choose a
countable, oriented atlas { (Ug, ¢k) tr=12,.. for X such that each ¢ (Ug) is a
bounded subset of R™ and either U,NOD = () (if UpyND # () we assume in this
case that Uy, C Int D), or, if UyNOD # 0, then ¢ (UpxND) = ¢ (Ux) "R . Let
{ ¢k }r=1,2,... be a family of real-valued functions on X of the sort guaranteed
by Corollary 3.1.5. Then w = ;7| ¢ w, where the sum has only finitely
many nonzero terms. Thus dw = Y ;7 d(¢pw) and t*w = Y 7| 1" (¢p w)
are finite sums, as are each of the following:

[re= v
/de=§/Dd<¢kw>.

Thus, it will suffice to prove that

/aDL* (¢kw):/Dd(¢kw)

for each k and this simply amounts to proving (4.7.2) in the special case in
which supp w is contained in some Uy.

Assume then that suppw C Uy and consider first the case in which U, N
OD = . Then [,,,1*w = 0 and we must show that [, dw is zero as well.
This is obvious if Uy, N'D = ) since suppdw C suppw C Uy. If U, N D # (),

then Uy C Int D so
/dw: dw:/ dw
D Us X

and this is zero by Theorem 4.6.2.
Finally, we consider the case in which suppw C U, and U, NID # (). Thus,
0r(Ux N D) = ¢ (U) NRY. Let x', ..., 2" be the coordinate functions of ¢y,

and write
n

w = —1i_lwidxl/v--/\d/a;i/\---/\dm"
> (=1

i=1

on Uy, (including the (—1)*~! here will spare us a few of these down the road).
Thus,

n 6 B .
dw = (Z S (@iowr)o 9019) dzt Ao A da (4.7.3)
i=1

on Uy, and, since t*(dz™) = d(z™ o 1) = 0 by Exercise 4.7.1,
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L (=) Mwp 0 0) * (dzt A - Ada™h)

(=D HNwpot)d(zt o) A Ad(z" o) (4.7.4)

*w
*w

L

on U, N OD. Now, the map ¢: U, N 0D — R ! with coordinate functions

(xtot,...,2" o) is a chart on OD.

Exercise 4.7.8 Show that the orientation d(z! o) A --- A d(z" ! o4) on
UprNOD is (—1)" times the orientation induced by dz! A -+ Adz™ ! Adz™ on
Ug. Hint: dzt A~ Ada" P Ada™ = (=1)"(—da™) Adat A--- Ada™ L

Since (*w has compact support contained in Uy N 9D, Exercise 4.7.8 and
(4.7.4) give

Vw = (—1)"/ (—1)"71(wn ou)o 3071 dm’
oD o (U,NOD) (4.75)

= _/ W o (Lo Hdm/
@(UxNdD)

where m’ denotes Lebesgue measure on R"~!. Notice that ¢ o ¢! is the -
coordinate expression for the inclusion map which, in ¢g-coordinates, is just

1

(... 2" ) — (2%,...,2"71,0). Thus, (w, o (top 1))(at,...,2" 1) =
(w0~ Y (2, ..., 2"~1 0) and, since +* w has compact support contained in
U, NOD, (4.7.5) can be written
/ fw = / (wn oo (@t .. 2"t 0)dat - da L (4.7.6)
oD R?—1

Now we turn to the integral over D of dw. By (4.7.3), the fact that o (Ui N
D) = ¢i(Ux) N R, and our assumption that w (and therefore dw) has
compact support contained in Uy, this is given by

- Awiopi)
dw = / Xrn S 2Pk ) gy
/D ; R o

where Xrr I8 the characteristic function of R", i.e., 1 if 2z > 0 and 0 if

z, < 0, and, as in the proof of Theorem 4.6.2, we have taken w; o gplzl to be
zero outside of ¢; ' (Uy,). Also as in the proof of Theorem 4.6.2, we now choose
acube C = {(z,...,2") e R" : |2'| < a, i = 1,...,n} sufficiently large to
contain ¢y (Uy). Thus,

- Owiowy")
= n — . 4. .
/D dw ZE=1 /C XR? o dm (4.7.7)

Exercise 4.7.9 Argue as in the proof of Theorem 4.6.2 to show that, for
i=1,...,n—1 (but not n),

dwiopy')
/c XR} D dm =0 (4.7.8)
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and conclude that
O(wn 1
/ dw :/ in%dﬁh (4.7.9)
D e] <

The argument used to establish (4.7.8) works because, if only
a'(i = 1,...,n — 1) is varying in @4(Uy N D), then xg= is equal to 1 every-
where. In the x™-direction, of course, multiplying by XR? will yield a function
that is zero on (—o0,0) and unchanged on [0, c0). Thus, when we express the
right-hand side of (4.7.9) as an iterated integral, integrating first with respect
to 2", the integrand becomes

¢ 8("%0‘?1;1) -1 1 -1
——— = da" = n Yy " )
/0 S T (wnowg ) (x x a)
—(wn o) (2!, 2" 10)
= —(wp o) (2t .., 2" 0)
SO
/ dw= —/ (wno@p ) (zh, ... 2" 0)dat - - - da™ :/ )
D Rr—1 oD
as required. [

We conclude with an analogue of the familar principle of deformation of
paths for line integrals in vector calculus. Let X be a smooth, oriented
n-dimensional manifold and let N; and Ny be two oriented k-dimensional
submanifolds, where 1 < k < n. We say that N; can be smoothly deformed
into Ny if there exists a smooth map H : N x (0,3) — X such that
H|N x {1} — N; and H|N x {2} — N are orientation preserving diffeo-
morphisms. We claim that, if w is any closed k-form on X and ¢1 : N — X
and 19 : Ny — X are the inclusion maps, then

/waz/ Lyw. (4.7.10)
N N>

Exercise 4.7.10 Prove (4.7.10). Hint: H* w is a closed k-form on the (k+1)-
manifold N x (0,3) and N x [0,2] is a domain with smooth boundary in
N % (0, 3).
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de Rham Cohomology

Introduction

The plane R? and the punctured plane R? — {(0,0)} are not diffeomorphic,
nor even homeomorphic. There are various means by which one can prove
this, but the most instructive among these detect the “hole” in the punctured
plane (and none in IR?) by distinguishing topologically certain “types” of cir-
cles that can live in the two spaces. One way of formalizing this idea is to show
that R? and R? — { (0,0) } have different fundamental groups (see pages 107
and 133 of [N4]). Fundamental groups (and their higher dimensional gener-
alizations) are notoriously difficult to calculate, however. In this chapter we
will investigate another method of attaching to any smooth manifold certain
algebraic objects which likewise “detect holes”. The idea is quite simple and,
for R? and R% —{ (0,0) }, has already been hinted at in Section 4.4. There we
found that any closed 1-form on IR? is necessarily exact (Poincaré¢ Lemma),
but constructed a closed 1-form w on R? —{ (0,0) } that is not exact. Stokes’
Theorem implies that the integral of any 1-form on IR? over any circle (com-
pact, connected, 1-dimensional submanifold) is zero and the same is true of
w provided the circle does not contain (0,0) in its interior. For a circle S*
that does contain (0,0) in its interior (and has the orientation induced from
R? — {(0,0) }) we computed [q, w and obtained 27. The idea then is that
the closed, nonexact 1-form w detects the hole in R? — { (0,0) } via its inte-
grals over circles. The prospect then arises that one might distill topological
information from the existence of closed, nonexact forms on a manifold. Un-
fortunately, the collection of all such forms (even of some fixed degree) can be
a huge, unmanageable object. Observe, however, that another closed 1-form
w’ on R? — {(0,0) } that differs from w by an exact form (w' = w + dn)
has, by Stokes’ Theorem, the same integral as w over any circle and so for
our purposes, there is no reason to distinguish them. The natural thing to do
then is define an equivalence relation on the set of closed 1-forms whereby two
such forms are equivalent (we shall say “cohomologous”) if they differ by an
exact form. The resulting set of equivalence classes inherits a natural vector
space structure from the space of 1-forms and, with this structure, is called
the 15 de Rham cohomology group of the manifold. For IR? it has dimension 0
(no holes), while for R? — { (0,0) } it has dimension 1 (one hole). The precise
construction of this vector space and its higher dimensional analogues is the
task we set for ourselves in the next section. There are many formal similari-
ties with homology theory (Chapter 3 of [N4]), but the arguments tend to be
substantially easier.

G.L. Naber, Topology, Geometry and Gauge fields: Interactions, 257
Applied Mathematical Sciences 141, DOI 10.1007/978-1-4419-7895-0 5,
© Springer Science+Business Media, LLC 2011



258 5. de Rham Cohomology
5.1 The de Rham Cohomology Groups

Throughout this section X will denote an m-dimensional smooth manifold
and, for each integer & > 1, AF(X) is its vector space of smooth, real-valued
k-forms. Then A*(X) = 0 for k > n+1. For convenience, we will take A%(X) =
C>(X) and A*(X) = 0 for k < 0. The exterior differentiation maps

d* AF(X) — AFTYX), k=0,1,...,n

will, unless particular emphasis is required, all be written d and we will take
d* to be the trivial homomorphism when k£ < 0 and k& > n. Thus, we have a
sequence

L AT S A S AN X)L

LA x) DA L

of vector spaces and linear maps. Since d* o d*~! = 0 for each k
(Theorem 4.1.1 (3)) we have

Image (d*~1') C ker (d*).

The elements of ker (d*) are the closed k-forms, or de Rham k-cocycles, on
X, while the elements of Image (d*~!) are the exact k-forms, or de Rham
k-coboundaries, on X. Both Image (d*~!) and ker (d*) are linear subspaces
of AF(X) and so Image (d*~') is a subspace of ker (d¥). The quotient vector
space

Ht (X) = ker (d*) / Tmage (d*!)

is called the k** de Rham cohomology group of X.

Remark: H,* (X) is a vector space, but the tradition of referring to it as
a cohomology group is so firmly embedded in the literature that any attempt
to correct the terminology here would be pointless.

The elements of H* ;(X) are equivalence classes of closed k-forms on X
where the equivalence relation is defined as follows: If w and w’ are closed
k-forms on X, then w’ ~ w if and only if w’ — w = dn for some n € A¥~1(X)
(in this case we say that w’ and w are cohomologous). The equivalence class
containing w will be denoted [w] and called the cohomology class of w.

Since Hy¥ z(X) = 0 for k > n+ 1 and for k < —1, the only (possibly)
nontrivial cohomology groups are

Hyl g(X), Hye p(X),..., Hqd g(X) (n =dim X).
HY 1 (X) is easily calculated. Since Image (d~') = 0, H z(X) = ker (d°)
and this is the set of all f € A°(X) = C*°(X) for which df = 0.

Exercise 5.1.1 Show that df = 0 if and only if f is constant on each con-
nected component of X.
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In particular, if X is connected, then H,2 5 (X) is just the subspace of C*°(X)
consisting of constant functions and this is clearly isomorphic to R. If X
is not connected, then (since we assume all manifolds are second count-
able) it has at most countably many connected components C, Co, .. .. Each
characteristic function x¢, is an element of H ) 5 (X) as is each (locally fi-
nite) sum > ;- riXc,, where r; € R. Indeed, every element of H, p(X) is
such a sum. Thus, if X has only finitely many components (say, [), then
H0 1 (X) 2R Otherwise, H? ¢ (X) is the infinite dimensional vector space
R x R x --- = R®. Combining these observations with the Poincaré Lemma
yields our first nontrivial result on cohomology groups.

Theorem 5.1.1 Let X be an open, star-shaped subset of R™ (e.g.,R™ itself).
Then HY R (X) 2R and H¥ 5 (X) =0 for all k # 0.

Remark: A star-shaped subset of IR™ is contractible, but the converse is
not true. We will, however, eventually show that any contractible manifold X
has H* (X) =0 for all k # 0.

Consider a compact, connected, oriented n-manifold X. One of our major
results in this chapter is that H, ;(X) is 1-dimensional, i.e., isomorphic to
R. This will allow us, in particular, to define the notion of the degree of
a map between such manifolds. For the time being we will content ourselves
with showing that H,! 5 (X) cannot be trivial (keeping in mind the previous
Remark, this alone will prove that no compact, connected, orientable manifold
of dimension n > 0 is contractible). To find a nontrivial cohomology class
in H? (X) it will suffice to find a closed n-form on X that is not exact.
According to Stokes” Theorem any exact n-form w on X satisfies [ ww=0
and so we need only find a closed n-form on X whose integral over X is not
zero. But any n-form on an n-manifold is closed because A"T1(X) = 0 so we
need only find some n-form on X which does not integrate to zero over X.

Exercise 5.1.2 Let p be an n-form determining the orientation of X. Show
that [, u # 0 and conclude that the cohomology class [u] € H, !z (X) is
nontrivial.

Noting that the argument we have just given does not require connectivity,
we record the following lemma.

Lemma 5.1.2 Let X be a compact, orientable, n-manifold. Then
dim H p(X) > 1.

The efficient calculation of cohomology groups will require that we first deal
with some of the more formal aspects of the subject. There is, however, at least
one small example accessible to us at this stage. We know that H? (S*) =R
and H¥ 5 (S') = 0 for k > 2 and k < —1. Furthermore, Hy! 5 (S") has
dimension at least one by Lemma 5.1.2. We show that, in fact,

Hyl g (SY) = R. (5.1.1)
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Remark: We will show later that S' is a (smooth) deformation
retract of R? — {(0,0)} and that this implies that they have the same de
Rham cohomology groups. Consequently, it will follow from (5.1.1) that
HF 2 (R? - {(0,0)}) 2 R as we claimed in the Introduction.

Since we know from Lemma 5.1.2 that dim H,! 3 (S') > 1 we need only prove
that dim H,! 3(S') < 1 in order to establish (5.1.1). For this it will suf-
fice to find a nontrivial cohomology class [n] € H,l z(S') such that, for
any 1-form « on S', there exists a constant a for which a — an is exact
(since then [a] = [an] = a[n]). For this we let ¢ : ST — R? — {(0,0)}
be the inclusion of S' into the punctured plane and define 7 = +* w, where
w is the 1-form on R? — {(0,0) } defined (in Section 4.4) from two angular
coordinate functions on R? — { (0,0) }. Specifically,

ooy

22 42 dy

22 + 92

so m is just the standard volume form on S'. In Section 4.6 we found that
Js1m = 27 so, in particular, [n] € H,! 3 (S") is nontrivial. Now let a be an
arbitrary 1-form on S' and set

1
_27(' S1

We claim that ¢ — am is exact. Of course,

/Sl(a—an)=0

so our result will follow from the next lemma.
Lemma 5.1.3 A I-form v on S' is exact if and only if ¢ v =0.

Proof: We have already seen that any exact form integrates to zero so
suppose conversely that [, v = 0. Define h : R — S* by h(t) = (cost, sint)

and g : R — R by
t
g(t)z/ .
0

We have shown in Section 4.6 that fsl v is equal to the integral of h*v over
any interval of length 27 so our assumption implies that

g(t +2m) = g(1)

for any ¢ € IR. Consequently, there is a well-defined smooth function
f: 8! = R satisfying
g=/foh

(for each p € S, f(p) = g(t), where t is any real number with h(t) = p).
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Exercise 5.1.3 Show that df = v. |

Remark: We will show later (Theorem 5.4.3) that an n-form v on S™
is exact if and only if [g, v = 0 and, later still (Corollary 5.5.5), that an
n-form v on any compact, orientable n-manifold X is exact if and only if

Jxv=0.

To develop efficient techniques for calculating the cohomology groups of other
manifolds we must delve more deeply into some of the more formal, algebraic
aspects of the subject. We will take this up in the next few sections. Before
doing so, however, we must point out that in the next chapter we will find
ourselves briefly in need of a rather obvious generalization of de Rham groups
as constructed here. Our objective in Chapter 6 is to associate with each

principal bundle G — P £ X certain cohomology classes of the base manifold
X called the Chern classes of the bundle. These are the cohomology classes
of certain closed forms constructed from a connection on the bundle. The
construction is simple enough, but a prior: it would seem to yield complex,
rather than real forms. One can show that they are, in fact, real, but until this
is done one must carry out the development within the context of the “complex
de Rham cohomology groups H, d’g r(X; €).” These are constructed in precisely
the same way as the groups H, d’g r(X) except that one begins with complex-
valued forms A*¥(X;C) and ends up with complex vector spaces. We leave it
to the reader to write out the details of the construction and to generalize
all of the algebraic machinery we will assemble Here’s your first opportunity.

We shall denote by H,;% 1 (X) the direct sum @ H,* 2 (X) of the cohomology
groups of X (of course, H* (X) 220 for k > dlm X).

Remark: Recall that if Vy, Vs, ... are vector spaces, then their direct prod-

o
uct [] Vi is the Cartesian product Vo x Vi x --- with its coordinatewise
k=0

linear structure, while their direct sum @ V. is the subspace of H V) con-

k=
sisting of those elements with at most ﬁmtely many coordmates nonzero. Each

V). can then be canonically identified with a subspace of EB Vi and this di-
k=0
rect sum can then be viewed as the internal direct sum of these subspaces.

o0
In this way we view the elements of € Vi as finite “formal sums” of ele-
k=0
ments from the various Vi, k=0,1,.... The elements of H,} (X)) are there-
fore to be thought of as finite formal sums of cohomology classes of various

degrees.

Exercise 5.1.4 Show that if [wi] € HF z(X) and [ws] € H,! (X)), then

[wl] A [WQ} = [w1 A (.UQ]
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is a well-defined element of H,"/(X). Now extend the product A to all of
H,! 1 (X) (by the “distributive law”) and show that H,’ (X)) thereby acquires
the structure of an algebra with identity.

In the same way one constructs the complex de Rham cohomology algebra
H*(X; ).

5.2 Induced Homomorphisms

Let X and Y be smooth manifolds and f : X — Y a smooth map. For each
k, the pullback f* : A¥(Y) — A¥(X) carries closed forms to closed forms
(dw = 0 implies d(f*w) = f*(dw) = f*(0) = 0) and exact forms to exact
forms (w = dn implies f*w = f*(dn) = d(f*n)). Thus, we may define a
linear map
# . k k
J7 i Hye g(Y) — Hyl g(X)

by
A (w]) = 1w (5.2.1)

for each [w] € H ¥ z(Y). Notice that this definition makes sense because
f*w is closed and is independent of the choice of representative w of the
cohomology class [w] because w’ — w = dn implies f*w’ — f*w = d(f*n).
Observe also that if Y = X and f = idx, then f# is the identity on each
Hf L (X)), ie.,

(idx)* =idy » (x) (5.2.2)

for each k. Moreover, from the corresponding property of pullbacks we find
that, if f: X - Y and g : Y — Z are smooth, then

(go N)F = f7og™. (5.2.3)
In particular, if f: X — Y and g : Y — X are inverse diffeomorphisms, then
[ Hgg (V) — Hgg g(X) and g% : Hyf g(X) — Hyg g (Y)

are inverse isomorphisms for each k. Consequently, the de Rham cohomology
groups are diffeomorphism invariants.

Remark: The de Rham cohomology groups are actually invariants of ho-
motopy type, but this is by no means clear (see the Remark following Corol-
lary 5.2.4).

The maps f# are said to be those induced in cohomology by f. Properties
(5.2.2) and (5.2.3) of these induced maps should be compared with the anal-
ogous properties of induced maps in homotopy groups (Theorems 2.2.5 and
2.5.4 of [N4]) and singular homology groups (Section 3.2 of [N4]). They differ
only in the direction of the arrows and express the “functorial” nature of the
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construction of the de Rham cohomology groups (in the jargon of category
theory the direction of the arrows is accounted for by referring to the ho-
motopy and homology functors as covariant and the cohomology functors as
contravariant).

Given two smooth maps f,g : X — Y we will be interested in determining
whether or not they induce the same linear maps in cohomology (i.e., f# = g#
for each k). A common method of proving that these induced maps are the
same is based on an idea that we encountered in the proof of the Poincaré
Lemma (Theorem 4.4.2) and is entirely analogous to the chain homotopies of
homology theory (Section 3.3 of [N4]). Suppose there exists a family of linear
maps

RFAR(Y) — AFTH(X)

such that
Rl o dh 4 db =t o bk = f* — g* (5.2.4)

for each k.

L AHY) s ARY) S ARy

h* f*_g* pk+1

RN Ak—l(X) SN Alc(X) _ Ak-i-l(X) .

dk—1

Remark: Thisis notintended to be a commutative diagram. Rather, f*—g*
is the sum of the other edges in the adjacent triangles.

Then, evaluating both sides of (5.2.4) at some closed k-form w on Y gives
hk+1 (dkw) +dk71(hkw) _ f*w _g*w,
ie.,
ffw—g*w = d(h*w)
so f*w and g*w are cohomologous. Consequently, f#([w]) = ¢g#([w]). Since
w was arbitrary we conclude that f# = ¢g7#.

A family of maps h¥ : A¥(Y) — AF~1(X) satisfying (5.2.4) is called an
algebraic homotopy (or cochain homotopy) between f and g and we
have just shown that the existence of such a thing implies that f and g induce
the same maps in cohomology. Our major result in this section will justify
the rather peculiar terminology by showing that if f and g are (smoothly)
homotopic maps of X into Y, then an algebraic homotopy between f and g
always exists.

Two smooth maps f,g : X — Y are said to be smoothly homotopic
if there exists a smooth map F' : X x R — Y such that F(z,0) = f(z)
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and F(z,1) = g(z) for all x € X. F is then a smooth homotopy from
f to g. A map that is smoothly homotopic to a constant map is said to be
smoothly nullhomotopic.

Remark: In Section 3.2 we proved that, when X and Y are open subman-
ifolds of Euclidean spaces, two smooth maps that are homotopic in the usual
topological sense (Section 2.3 of [N4]) are also smoothly homotopic. The same
is true for any two manifolds X and Y, but the proof requires some rather
substantial machinery (see [Hir]).

The proof that f and g induce the same map in cohomology is somewhat
indirect and we begin by considering the following situation: Let U be an
open subset of R™ (with standard coordinate functions z,...,z") and let ¢
denote the standard coordinate function on IR. Then z!,..., 2", t are stan-
dard coordinates on U x R C R™ x R = R™"!. For each k = 0,1,... we
define

P:AMUxR) — A" 1 (U xR

as follows: If k = 0 we take P to be identically zero. Each w € A¥(U x R)
with £ > 1 is uniquely expressible as

w(z,t) = Zwl (z,t)dt A dz! + Zw,] (z,t) dx”’
1 7

where x = (2!,...,2") and I and J are increasing index sets of length k — 1
and k, respectively (if I = (d1,...,4x—1) with 1 <43 < -+ < ix_1 < n, then
dz! = dx' A--- Adx'—1, etc.). Now, if a is a fixed, but arbitrary real number
we define Pw by

Po(et) =3 [/t wi (2,9) ds} da’. (5.2.5)

I

Note that P sends the term - ;wy(x,t)dz” to zero and that Pw has no dt
(although its components depend on t). Since these components are clearly
C*, Pw is indeed a (k — 1)-form.
Now, suppose V' is another open set in R™ and ¢ : V' — U is a diffeomor-
phism. Then
P=¢pxidg :VXR-—UXR

is a diffeomorphism and, for each K =0,1,...
& AF(U x R) — A*(V x R).

We claim that
®*(Pw) = P(®"w) (5.2.6)

for each w € A*(U x R).



5.2. Induced Homomorphisms 265

P
AF(UxR) AT (UxIR)
AK(Vx R) > AF=T(VxTR)

To prove (5.2.6) we observe first that it is trivial if £ = 0 so we assume k > 1.
Next observe that dt is a 1-form on both U x R and V' x R and

®*(dt) = d(®"t) =d(to P) = dt
because ® = ¢ X idg. On the other hand,
®*(da') = d(®*2") = d(a' o ®) = d(z" 0 ¢)

¢’

J
97 da’.

=d¢' =
Thus,

B (da"t A Ada) = (B (da')) A A (B (da'))

_ aqsil j1 a¢lk ik
= (ale da? ) ARERWAY (8xjk da’? )

so each ®*(dz’) can be uniquely expressed as

&*(da’) = Z v (x)dz™,
K

where K varies over increasing index sets of length £ and the functions yx do
not depend on t. An analogous statement is true of each ®*(dx”’). Now, for
w e A*(U x R),

®*w(r,t) = P (Zw; (z,t) dt A do! + ZwJ (x,t) dx‘]>
T J
=Y wr(z,)® (dt Ada') + Y wy(x,t) @ (da’
S 1) s ()

= Zw; (x,t)dt/\@"(dxl) +ZOJJ (z,t) " (dac‘]>.
I 7
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Exercise 5.2.1 Show that

P(@w) =) Uat wy (x, s)ds] & (dz') = ®* (Pw).

I

The fact that P, defined for open subsets of R", commutes with pullbacks
by diffeomorphisms of the type ® = ¢ X idRr permits us to define an analogous
operation on manifolds. More precisely, we will prove the following: Let X be
a smooth n-manifold. Then, for each k£ =0, 1,... there exists a linear map

P:A* (X xR) — A" (X xR)

such that
1. If X = U, an open submanifold of R™, then P is given by (5.2.5).

2. If Y is another smooth n-manifold, ¢ : Y — X is a diffeomorphism and
P =¢pxidr:Y xR — X xR, then

P o P =Pod". (5.2.7)

To prove this we first take P to be identically zero when k& = 0. Now let
w € A*(X x R), where k > 1. We will define Pw locally in coordinates and
then show that the definition is independent of the choice of coordinates. Let
(U,¢) be a chart on X. Then ¢! : ¢(U) — U is a diffeomorphism and
therefore so is ¢! x idgr : ¢(U) x R — U x R. Thus, (p~! x idg)*w is a
k-form on p(U) x R € R™ x R (technically we should write (*w rather than
w, where ¢ : U x R — X x R, but we will suppress this inclusion). Thus,

P((¢~! x idr)*w) as defined above in Euclidean spaces, is a (k — 1)-form on
»(U) x R. We may therefore define Pw on U by

Pw = (o x idg)* (P( (0! x idg)” w))

Now, let (V%) be another chart on X with U NV # (. To prove that Pw is
a well-defined (k — 1)-form on X x IR we must show that, on U NV,

(% x z‘d]R)*<P((1p1 x id]R)*w)) — (¢ x id]R)*(P<(g01 X id]R)*w)).
Define ¢ : p(UNV) — p(UNV) by ¢ =porp~t and let

®=0¢xidg :p(UNV)xR — oUNV) xR,

Exercise 5.2.2 Show that

P (P( (o1 x id]R)*w)> - P((w x z’le)*w).



5.2. Induced Homomorphisms 267

Thus,

(v ida)” (P((7" x ide) )
= (¢ x g’ (@* (P x idR)*w)>>
— (o (v xidw) (P((e ide) w))
— (¢ x idn)" (P((w y idR)*w»

because ® o (¢ x idgr) = (¢ x idR) o (¢ X idg) = (¢ 0 ¢) X idgr = ¢ X idR.
We conclude then that P is well-defined on X. The fact that P agrees with
(5.2.5) when X is an open submanifold of R™ is obvious from its definition.
Property #2 on page 308 is also clear since it is an equality between two
(k — 1)-forms on Y x R which can be verified locally, in coordinates, using
(5.2.6). We put the operator P to use in our next result.

Theorem 5.2.1 Let m : X x R — X be the projection and, for any a € R,
let i, : X — X xR be the embedding i,(x) = (x,a). Then, for any form w
on X X IR,

doP(w)— Podw) =w — (i o) w, (5.2.8)

where P : AF(X x R) — A*"Y(X x R) is the operator defined as above
using the local coordinate operator (5.2.5) (note the presence of a in (5.2.5)).

Proof: First we observe that it is enough to prove the result when X is
an open subset of a Euclidean space. Indeed, suppose this has been proved.
Let ¢ : U — @(U) € R™ be a chart on X and set ® = ¢ X idg. Then
®* . A*(p(U) xR) — A*¥(U x R) for each k. With 7 : U x R — U the
projection and i, : U — U x R the embedding we define 7 and i, by the
following commutative diagram:

T lg
UxR U E—— UxR
[ %) o}
e U) xR = e (U) —= " eU)xR
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For each k this induces a commutative diagram

* l":l
A (UxR) A (U) ~— AK(UxR)
A (o (U)xR) = A (pU) = AM(epU)xR)

For any @ € A¥(¢(U) x R),

ie.,

(iq o) (@ @) = B ((%a o ﬁ)*&;).
Now let w € A¥(X xR). On U, w = ®*& for some @ € A*(p(U) x R). Since
d commutes with any pullback and P commutes with ®*,

doP(w)+Pod(w)=doP(®*®)+ Pod(®*w)
=®* (do P(w)+ Pod(w)).

Moreover,
w—(igom) w=®" (@) — (ipom)" (P @)
= @ (& — (ig 0 7)* @).
Thus, assuming we have proved that d o P(&) + P o d(®) = & — (i4 0 7)*@,
the result for X will follow on U and therefore on all of X.
Thus, we need only prove the result when X = U is an open subman-
ifold of R™ (we will drop all of the tildas in the notation used above).

Any w € A*(U x R) has a unique representation in standard coordinates
(x,t) = (zt,...,2", t) of the form

w(z,t) = Zwl (z,t)dt A da! + ZwJ (z,t)dz”.
I 7

Then Pw is given by (5.2.5). Since both sides of (5.2.8) are linear in w we
need only consider the following two cases separately:

1. w=wy(z,t)dx’.

2. w=wr(z,t)dt Adal.
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In the first case, w = wy (z,t) dz’ implies Pw = 0 so do P(w) = 0. Moreover,
dw is the sum of two terms, one of which contains no dt and therefore does
not contribute to P o d(w). The other term is 80 L dt A dz? so

t@wj

Pod(w) = [/a Bs (J:,s)ds] dz? = [wy (z,t) — wy(z,a)] dz’
=w—wy(z,a)dx’.
Next observe that
(iq 0 T)*w = (iqg o @) (wy (,t) dz”)
= (igom)" (wy (x,t)da?* A+ Ada’*)
= (iqg o m)*(wy (2,1))(iqg o ®)*(dxT) A~ -+ A (i 0 ) (dxT*).

But
(g om) (wy (z,t)) =wyo (igom)(z,t) =wy (x,a)
and
(iqg o m)*(da?) = d (27 o (iq o 7)) = da’
(iq 0 T)*w = wy (z,a) dz’.
Thus,

doP(w)+Pod(w)=04+w— (igom) w

as required.
For the second case one has, as above, (iq o 7)*(wr (2,t)) = wy (x,a) and
(iq o m)*(dz?) = dat, but now

(iq om)*(dt) =d(to (igom)) =d(t(z,a)) =d(a) =0

S)
(ig om)*w = 0.
Next,
Pw = [/twl (z,s) ds} da’
S0 '

do P(w) = _<ai/t 1(m,s)ds> dz® + (%/ﬂtw, (:c,s)ds) dt] A da!

i x,s ds] dax® A dx! + wr (z,t) dt A da!

[
/8w

Dz (z,s ds]dx Adz! + w.



270 5. de Rham Cohomology

Exercise 5.2.3 Show that dw = — g?:i (z,t)dt Adx® Adz! and conclude that
doP(w)+ Pod(w) =w — (i, o) w. [ |

Corollary 5.2.2 Letm : X x R — X be the projection and, for any a € R,
let i, : X — X x R be the embedding i,(x) = (x,a). Then the induced maps

Zj& : Hd]g r(X X R) — Hdg r(X)

and
T Hdlg r(X) — Hd§ r(X X R)

are inverses of each other for every k =0,1,2,.... In particular,
Hyl g(X xR) = Hyl g(X).

Proof: Since 7 oi, = idx, i, on? = idy - (x) for any k. Now, iz om
is not the identity, but we show that it nevertheless induces the identity in
cohomology. Letting P denote the operator of Theorem 5.2.1 we have

d(Pw)+ Pldw) =w — (ig o) w.
If w is closed, this gives

w — (igom)*w = d(Pw)

s0 w — (iy o T)*w is exact. Thus, [w] = [(iq o 7)*w] = (is o m)#([w]) so
ga om)¥ =idy k (xxm): L€, T 0i =idy x (xxg) and the result follows.

Remark: Note that it follows from Corollary 5.2.2 that, if ¢ and b are any
two real numbers, then

i = #

a T -
Corollary 5.2.3 Smoothly homotopic maps induce the same maps in
cohomology.

Proof: Let X and Y be manifolds, f,g : X — Y smooth maps and
F: X xR — Y asmooth map with F(z,0) = f(z) and F(x,1) = g(x)
for all x € X. If 4p,41 : X — X x R are the embeddings io(xz) = (x,0) and
i1(x) = (x,1), then f = Foip and g = F o4y. Thus, f#* = iyg# o F# and
g# = i1% o F#. But ig# =17 so the result follows. [ |

We will say that two manifolds X and Y are of the same smooth
homotopy type if there exist smooth maps h: X — Y and b/ : Y — X such
that hoh’ and h' o h are smoothly homotopic to idy and idx, respectively. In
this case we conclude from Corollary 5.2.3 that (h')# o h#* = idgr vy and
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h# o (W)# = idg 1 (x) for any k so h# and (h')# are inverse isomorphisms.
In particular, we have the following very useful computational device.

Corollary 5.2.4 Two manifolds of the same smooth homotopy type have the
same de Rham cohomology groups.

Remark: From the Remarks following Corollary 3.2.3 it follows that the
de Rham cohomology groups are homotopy invariants (and, in particular,
homeomorphism invariants).

A manifold X is smoothly contractible if the identity map idx is
smoothly homotopic to a constant map from X to X.

Exercise 5.2.4 Show that X is smoothly contractible if and only if it has the
same smooth homotopy type as a point (connected, 0-dimensional manifold).
Hint: The corresponding topological result is Theorem 2.3.7 of [N4].

Corollary 5.2.5 A smoothly contractible manifold X has trivial de Rham
cohomology groups HY ¢ (X) for all k > 1.

Let X be a manifold and A a smooth submanifold of X. Then the
inclusion map ¢ : A < X is smooth (in fact, an embedding, by Lemma 5.6.1
of [N4]). A smooth map r : X — A is called a smooth retraction of X
onto A if r ot = ida. In this case, 17 or?# = idg i (ay for each k. A smooth
retraction r is called a smooth deformation retraction if ror : X — A
is smoothly homotopic to idx. In this case, A and X obviously have the
same smooth homotopy type and therefore isomorphic cohomology groups,
but more is true.

Exercise 5.2.5 Show that, if r : X — A is a smooth deformation retraction
of X onto A, then (# and r# are inverse isomorphisms for each k.

Exercise 5.2.6 Show that there is a smooth deformation retraction of
R? — {(0,0)} onto S! and then describe all of the de Rham cohomology
groups of R? — {(0,0) }.

Corollary 5.2.2 generalizes easily to the case in which R is replaced by
any smoothly contractible manifold. Specifically, we suppose X and Y are
manifolds with Y smoothly contractible. Let F : Y x R — Y be a smooth
map with F(y,0) = y and F(y,1) = yo € Y for every y € Y. We also let
m: X xY — X be the projection and i,,(z) = (z,yo). Then 7o i,, =idx.

Exercise 5.2.7 Show that 4,, o m is smoothly homotopic to idxxy.
Hint: Define H : (X xY) xR = X xY by H((x,y),t) = (z, F(y,t)).

It follows that 7# : HE L (X) — HE R (X x V) and iy, # : HE g(X xY) —
HE - (X) are inverse isomorphisms and, in particular, we have the following
result.

Theorem 5.2.6 Let X and Y be smooth manifolds with Y smoothly con-
tractible. Then HE o (X x V) =2 HF o (X) for every k.
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One more result along these lines will be of use. We wish to consider a
smooth vector bundle over X. More precisely, we begin with a

smooth principal G-bundle G — P 2 X over X and a representation
p : G — GL(V) of G on some finite dimensional vector space V. Now consider
the associated vector bundle

Py:Px,V—X.

We will show that P x,V and X have the same de Rham cohomology groups.
For this recall that each fiber P, ! (x) = {[p,v] : v € V}, where p is any point
in P~1(x), has a natural vector space structure under which it is isomorphic
to V. In particular, each 73p71(1:)7 has a copy [p,0] of the zero element in V
and we may define a map oo : X — P x, V by oo(x) = [p,0].

Exercise 5.2.8 Show that o is a smooth global cross-section of P x, V.

The cross-section oy is called the zero section of P X,V and, because it is a
cross-section, it satisfies P, 0 09 = idx. Defining F': (P x,V) xR — P x,V
by F([p,v],t) = [p, tv] we obtain a smooth map with F'([p,v],0) = [p,0] = ggo
Po([p,v]) and F([p,v],1) = [p,v] = idpx v ([p,v]). Thus, og o P, is homotopic
to idpx,v. We conclude that oo# : Hf (P x, V) — Hf z(X) and Pp# :
HF o (X) — HE (P x,V) are inverse isomorphisms.

Theorem 5.2.7 A smooth vector bundle and its base manifold have the same
de Rham cohomology groups.

The situation is very different for principal bundles, however, as we shall see
in Section 5.4.

Corollary 5.2.4 is an important tool in the calculation of cohomology groups,
but its effective use requires a means of putting together the cohomology of
a manifold X from that of two open submanifolds of which it is the union.
For example, S2 = Uy U Ug, where Uy and Us are S? minus the south and
north poles, respectively. Both Uy and Ug are diffeomorphic to R? and so
have trivial cohomology. Moreover, Uy NUg is diffeomorphic to the punctured
plane R? —{ (0,0) } and so we know its cohomology as well (because it has the
same homotopy type as S*). What’s needed then is some relationship between
HdkeR(UN UUs), Hd]ZR(UN)v HdkeR(Us) and HdkeR(UN NUs). This is provided
by the “Mayer-Vietoris sequence” which is our next major objective. We take
one preliminary step to conclude this section, an important algebraic detour
in the next and finally prove the theorem in Section 5.4. This will all seem
quite familiar to those who have been through the proof of Mayer-Vietoris
for singular homology in Section 3.5 of [N4], but the argument here is much
simpler and one should keep an eye out to spot the precise point at which one
can account for this relative simplicity.

We consider then a smooth manifold X = U UV, where U and V are open
submanifolds of X. Introduce the inclusions
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igp:U— X
iy V=X
ju: NV —=U
Jjv:UNV =V

and, for each k, their pullback (restriction) maps
iv*: AF(X) — AF(U)
v AR(X) — AR(V)
Jut i AFU) — AR U NV)
gv* AR(V) — AR U NY).
We also define

of =ip* @iy AF(X) — ARF(U) @ AR (V)

by
ok (w) = (iv*w, iv'w)
and
BY = jut — v i AR U) @ AF(V) — AR (U N V)
by

BE(A1, X2) = o A1 — v .

Thus, for each k, we have a sequence

0 — AR(X) 25 AFU) @ AF(V) 25 AR U A V) — 0 (5.2.9)

which we claim is exact (i.e., the image of each map is the kernel of the next).
Exactness at A¥(X) is the statement that o is one-to-one. To see this suppose
wi and wy are distinet elements of A*(X). Since X = U UV, there is a p in
U or in V (or in both) at which w;(p) # wa(p). Since U and V are open in
X, the tangent space at p to either U or V coincides with T,(X) so either
iv*wi(p) # iv*wa(p) if p € U or iy*wi(p) # iy wa(p) if p € V. In either
case, af(w1) # aF(wy).

To prove exactness at A¥(U) @ A¥(V) we must show that Image (o) =
ker (4*) and for this we prove containment in each direction. Since a*(w) =
(ir*w,iv*w), ¥ oak(w) = ju*(iy*w) — jy*(iv*w) = 0 because both terms
are the restrictions of w to UNV. Thus, Image (o*) C ker (8*). Next we show
that ker (8¥) C Image (a*). Suppose 8% (A1, A2) = 0. Then jy*(A1) = jir*(A2)
so A1 and Ag agree on U NV. Thus, we can define w on X = U UV by taking
ir*w = A1 and iy *w = Ag. Then o (w) = (A1, A2) 50 (A1, A2) € Image (o).
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Exactness at A¥(UNV) is the statement that ¥ is onto. To see this we let
{¢u, v } be a family of functions of the sort guaranteed by Corollary 3.1.5
for the open cover { U,V } of X. Next let w € A¥(U NV) be arbitrary. Then
dyw € A¥(UNV) and, since supp ¢y C V we can define A\; € A*(U) by

A = oy w on UNV
b 0 on U—(UNV)

Similarly, define Ay € A¥(V) to be —¢ppw on UNV and 0 on V — (U NV).
Then

BE(A1, A2) = o A1 — v Ae = by w — (—dp w)
=(¢v +dv)w =w.

so w € Image (B*) as required.

Thus, we have an exact sequence (5.2.9) for each k. Letting d denote
the exterior differentiation operator on all of the spaces of forms (AF(X),
AF(U), AE(V) or AK(UNV) for any k) we define

dad: AFU) @ AR (V) — AMTHU) @ AFT(V)

by (d ® d)(A1,A2) = (dA1,dAg) for any k and consider the diagram

ld \d@d \d

0 Ak (X) o Ak (U) @ Ak (V) i A@UNY) ——0
\d ld@d ld

0 AR+ (X) ! ALy @ AR+ (V) pr! ALY 0
\d ld@d \d

We have just shown that the diagram has exact rows. The columns, although
not exact, in general, compose to zero at each stage because d? = 0.

Exercise 5.2.9 Show that each square in this diagram is commutative, i.e.,
that, for each k,

(ddd)oa®=a"od and do " =p"o(d®d). (5.2.10)
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The major result toward which we are headed (The Mayer-Vietoris
Sequence) is a purely algebraic consequence of the structure of this last di-
agram. For this reason, and to build a structure large enough to accommo-
date yet another “cohomology theory” that we will require in Chapter 6, we
pause momentarily to introduce a few of the basic notions of cohomological
algebra.

5.3 Cochain Complexes and Their Cohomology

We recall that a principal ideal domain is a commutative ring R with unit
element e in which there are no zero divisors (i.e., ab = 0 implies a = 0 or
b = 0) and in which every ideal I is principal (i.e., I = Ra = {ra:r € R}
for some a € R). From our point of view the most important examples
are fields (e.g., R) and the ring Z of integers. A module over R, or R-
module, consists of an Abelian group C' (whose operation we designate +)
together with a “scalar multiplication” map R x C — C which assigns to
each pair (a,z) € R x C an element azx of C satisfying (a 4+ b)z = az + bz,
alx +y) = ax + ay, (ab)x = a(bz), and ex = «x for all a,b € R and
x,y € C. Thus, R-modules are simply real vector spaces and Z-modules
are Abelian groups. All of the basic notions of linear algebra have analogues
for R-modules and we will need just a few. If C; and Cy are R-modules,
then a map f : C; — (3 is said to be R-linear (or a homomorphism) if
flax+by) =a f(x)+bf(y) for all a, b € R and z, y € Cy. An additive sub-
group C’ of the R-module C is called a submodule of C' if it is closed under
scalar multiplication (and therefore is itself an R-module under the same op-
erations as C). In this case one defines the quotient module C'//C” by providing
the quotient group with the obvious scalar multiplication: If [v] = v + C’ is
in C'/C’, then afv] = a(v + C') = av + C’ = [av]. Finally, if C; and Cy are
R-modules, their direct sum C7 @ C5 is obtained from the direct sum of the
underlying Abelian groups by defining scalar multiplication coordinatewise:
a(xy,x2) = (axy,axs), for all a € R, x1 € C and x5 € Cs.

Now, a cochain complex C* consists of a sequence of R-modules and
homomorphisms

8k N
Ck 1 Ck Ck+l .

defined for all integers k£ such that the image of each homomorphism is
contained in the kernel of the next, i.e., §*t10§* = 0 for each k. In the only ex-
ample we have seen thus far C* was the R-module A*(X) of k-forms on a man-
ifold X and 6% was the exterior differentiation map d*. The homomorphism
6 . C* — CF+1 s called the kP coboundary operator and, when it is con-
venient and no confusion will result, will be denoted simply 6. Image (6¥~1) is
a submodule of C* and its elements are called k-coboundaries. ker (6*) is a
submodule of C* and its elements are called k-cocycles. Since 6¥ o §¥~1 =0,
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Image (6°~1) C ker (6*) so we may form the quotient module
H*(C*) = ker (6%) / Image (657 1).

H¥(C*) is called the k*® cohomology group of the complex C'* (even though
kth cohomology module would be more appropriate). The elements of H*(C*)
are equivalence classes [z] (called cohomology classes), where x is a k-
cocycle and the equivalence relation is defined as follows: If z, 2’ € ker (6%),
then 2/ ~ x if and only if 2’ = 24y, where 3 € Image (6*~!) is a k-coboundary
(we then say that 2’ and x are cohomologous).

If Cf and Cj are two cochain complexes of R-modules (with connecting
homomorphisms 6 and 65, respectively), then a cochain map

a:C{ — C5
from C7 to C3 is a sequence of R-linear maps
oo —Ck k=0,41,...

such that

o8 ok = ¥t o gk

for each k.

k
o
cf s
of l l of
k+1
C1k+1 C2k+1

Exercise 5.3.1 Show that o (ker (6%)) C ker (05) and o (Image (67 ')) C
Image (512“_1) for each k and conclude that o* induces a homomorphism

(a®)* : HM(CT) — H* (C3)
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in cohomology defined by

()7 ([2]) = [a*(2)]
for each x € ker (6%).

Remark: We have seen an example of this phenomenon. If X and Y are
smooth manifolds and A*(X) and A*(Y") denote their cochains of real-valued
forms, then any smooth map f : X — Y induces a pullback cochain map
f*: A*(Y) — A*(X) which, in turn, induces the homomorphisms

[P Hgg(Y) — Hig(X), k=0,+1,...

in de Rham cohomology.

Exercise 5.3.2 Two cochain maps a : C7 — C5 and 8 : Cf — C5 are said
to be algebraically homotopic (or cochain homotopic) if there exists a
family of homomorphisms

hh Lk — kTt k=0,+1,...

such that
hFtlo o5 + 617 o P = of — g*

for each k (the family h = { h* } of maps is then called an algebraic homo-
topy, or cochain homotopy, between « and (). Show that, if « and (§ are
algebraically homotopic, then they induce the same maps in cohomology, i.e.,

(@™)* = (8")*
for each k. Hint: The argument is the same as for de Rham cohomology.

The composition of two cochain maps C7 — C3 and C5 — C7 is defined by
composing each of the homomorphisms C¥ — C§ and C§ — C% and clearly
induces homomorphisms in cohomology that are just the compositions of those
induced by the two cochain maps. Denoting by 0 both the trivial R-module
and the cochain complex one can form from these we will say that a sequence
of cochain maps

0—0r -5 SLor—o
forms a short exact sequence if, for each k, the sequence of R-modules
ko ok Bk
0 —Cf —Cy —C7 —0

is exact (i.e., the image of each map equals the kernel of the next).
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k k
0 cf * c¥ P ck 0
of o o5
0 C1k+1 ak+l C2k+1 ﬂ C3k+1 — = 0
61k+1 62k+1 6§+1
. e ok +2 e ph+2 e

Now, a and 8 both induce maps in cohomology, but it need not be the case
that the sequences

0 — H*(C7) — H"(C3) — H*(C3) — 0

are exact (we will construct an example in de Rham cohomology shortly).
Thus, short exact sequences of cochain maps do not induce short exact se-
quences in cohomology. They do, however, induce a certain long exact sequence
of cohomology groups which is the basis for most of our calculations of coho-
mology.

Theorem 5.3.1 Let 0 — Cf 5 C3 LA C5 — 0 be a short exact sequence of
cochain complexes. Then there exist homomorphisms

% H*(C3) — HMY(CY),  k=0,£1,...
such that the following sequence is exact:

e TS mren @Y akes) CX akon L mMien — -
Proof: To define 0% : H*(C%) — H**1(C}) we will make two choices and
then prove that the definition is independent of those choices and has the
required properties.

Any element of H*(C3%) is [x] for some z € C} with 65(x) = 0. Since 8" is
surjective, there exists a y € C} with 8¥(y) = x. Now, observe that

B (05 () = 35 (8 () = 8h(x) = 0
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=)
65 (y) € ker (B5T1) = Tmage (a*11).
Since ot is injective, there is a unique z € C**1 such that
k41 k
a" " (z) = 85 (y).
We claim that 077'(2) = 0 so z determines a cohomology class

[2] € HFT1(CF). To see this note that, since a**+2 is injective, it is enough to
show that o1 (6¥*1(2)) = 0. But

oM (5 (2)) = b 0k () = 05 (3b(y) ) = 0.

Thus, we may define
9*([z]) = [2].

Now we check that this definition of 9%([z]) does not depend on either of
the choices we have made.

1. The representative z of [x] € H*(C3).
2. The y € C§ with g*(y) = x.

We deal with the second of these first. Suppose then that y,y’ € C} with
B*(y) = B*(y') = x. Then 65 (y) and 65(y’) are both in Image (a**1) (proved
above) so there exist unique elements z and 2’ of CF*1 with o *1(2) = 65 (y)
and of*1(z") = 65(y’). We must show that z — 2/ = §¥(w) for some w € CF
so that [2/] = [2]. But 8%y —¢') = B*(y) — *(¥') = * — = 0 implies
y—1y' € ker (8%) = Image (o*) so there is a unique w € OF with o (w) = y—v/'.
Now compute

oM (8 (w)) = o (a¥ (w)) = By — o)
=65(y) — 65(y) = "1 (z) — o T()
= oz -2

But o1 is injective so z — 2’ = §F(w) as required.

Exercise 5.3.3 Use what has just been proved to show that the map = — [2]
from the cocycles in C¥ to H*1(C5) is well-defined and R-linear.

Next we prove #1. Thus, let z,2’ € C¥ with 65(z) = 65(2’) = 0 and
x — a2’ = 6571 (w) for some w € C¥~1. Let w = B+~ (v) for v € C5~*. Then

-l = 5 (w) = 5B () = B4 (357 ))

so x — 2’ is the image of y = 65 '(v) € C} under B*. Now, 65(y) =
65 (6571 (v)) = 0 so the unique element of CF™ which o#*! maps onto 6% (y)
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is 0, i.e., z — 2’ — [0] € HFTY(CF). But, by Exercise 5.3.3, v — 2’ — [z —2'] =
[x] — [2'] so [z] = [2/] as required.

We have shown then that the map 0F is well-defined and, by
Exercise 5.3.3, it is R-linear. All that remains is to show that the long se-
quence of cohomology groups in the theorem is exact at H¥(C}), H*(C3)
and H*(C3) for each k. These are all similar so we will prove the last
and leave the other two as exercises. Thus, we show that Image ((8%)#) C
ker (9%) and ker (0%) C Image ((8¥)#). Let [y] € HF(C3) and consider
(8)*([y)) € Tmage ((5*)*). We must show that 9*((8%)#([y])) = [0]. But
OM((B5)# ([y))) = O*([8*()]) = [2], where a**1(2) = 6§(y). Now, y is a co-
cycle in C% so §5(y) = 0 and therefore o**1(2) = 0. But o**! is injective
so z = 0 and the result follows. For the reverse containment we begin with
[z] € H*(C3) for which 0%([z]) = [0]. We must show that [z] = (8%)#([y'])
for some [y'] € H*(C3), i.e., [z] = [8%(y)] for some y' € C¥ with 65(y’) = 0.
Now, 9*([z]) = [0] implies [z] = 0, where a**1(2) = 65(y) and *(y) = =.
But then z is a coboundary so there exists a u € CF with §f(u) = =2.
Thus,

3 (y) = o1 (2) = o (5 (u)) = 85 (0 (w)
and so
85 (y — a*(u)) = 0.
Let 4/ =y — a¥(u) € C}. Then §5(y') = 0 and B*(y') = By — ¥ (u)) =
B*(y) — BF(aF(U)) = B*(y) = = as required.

Exercise 5.3.4 Give analogous arguments to establish exactness at H*(C7)
and H*(C3). [ |

With one last bit of algebraic machinery we will be in a position to calculate
some de Rham cohomology groups. Let C} and C3 be two cochain complexes
with connecting homomorphisms 6f and 65, respectively. The direct sum of
Cy and C3 is the cochain complex denoted C} & €5 whose R-modules are
CF @ O} and whose connecting homomorphisms

sF=otads.ctock — crttochtt
are defined by
5 (wr.2) = (87 ® 0F) (a1, @2) = (9 (), B(aa) ).
Exercise 5.3.5 Show that C} & C5 is, indeed, a cochain complex and that,

for each k,
H*(C} @ Cy) = HY(CT) ® H*(Cy).
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5.4 The Mayer-Vietoris Sequence

We now apply Theorem 5.3.1 to the following situation in de Rham cohomol-
ogy: Let X be a smooth manifold with X = U UV, where U and V are open
submanifolds of X. We have cochain complexes A*(X), A*(U), A*(V), and
A*(U NV) consisting of the R-modules of real-valued k-forms with exterior
differentiation as the connecting homomorphisms. In addition, we form the
direct sum complex A*(U) @ A*(V) and the short exact sequence

0 — A*(X) -5 A*(U) @ A*(V) 25 A*(UNV) — 0

as in Section 5.2 (see page 317). Theorem 5.3.1 then provides
homomorphisms

O"  HY, p (UNV) — Hi (X)
such that the following long sequence (eventually ending with zeros) is exact:

(a)# (B)#
0—>Hl(i)eR(X) — HdeR(U)@ngR(V) — HdeR(UmV)

30 (a®)#
ngé(UﬂV) AN HdeR(X) — Hj, ,(U)® Hj, g (V)

8 ) k41

HdeR(UﬂV) Hd:rR(X)_>"'

This is called the Mayer-Vietoris sequence and much of what remains of
this chapter will consist of an enumeration of some of its consequences. Begin
by noting that if UNV = {), then each H% o(UNV) is trivial so we have short
exact sequences

0— ngR (X) — HtliceR(U) S HtIiCeR(V) —0
from which it follows that
ngR(X)%ngR(U)EBH(];eR(V) (UQV:/@)

Thus, in computing the cohomology of a manifold X one can consider each
connected component separately.

Recall that an open cover U = { U, }aeca of a manifold X is said to be
simple if any finite intersection Uy, N---NU,, of its elements is either empty
or diffeomorphic to R™ (where n = dim X') and that every smooth manifold
has a simple cover (see Section 3.3). A manifold is said to be of finite type
if it admits a finite simple cover. Any compact manifold is of finite type, but
many noncompact manifolds are as well, e.g., R"™. We show now that any such
manifold has finite dimensional cohomology.

Theorem 5.4.1 Let X be a smooth manifold of finite type. Then each
HY (X)) is a finite dimensional real vector space.
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Proof: The proof is by induction on the size of the simple cover. If X has
a simple cover consisting of just one open set, then it is diffeomorphic to
R" (n = dim X) so the result follows from Theorem 5.1.1. Assume now that
the result has been established for manifolds admitting simple covers consist-
ing of N open sets and suppose that X has a simple cover { Uy, ..., Un,Un+1 }
consisting of N+1 open sets. Let U = UjU---UUy and V = Uy 1. Then UNV
is an open submanifold of X and {U; NUn41,...,Un NUn41 } is a simple
cover of it. By the induction hypothesis, all of the cohomology groups of U and
U NV are finite dimensional. Obviously, the same is true of V.= Upy41 = R™.
Now, X = U UV so, for each k, the Mayer-Vietoris sequence gives the exact
sequence

s HE LU V) L HE, (X)) S HE, p(U) © HE, m(V) — -+

Since HE o(U) & HY o(V) is finite dimensional, so is Image (a). Since
H% (U N V) is finite dimensional, Image (9) = ker () is finite dimen-
sional. Since dim (H% o(X)) = dim (ker(a)) + dim (Image (o)), it follows
that H% .(X) is finite dimensional as well. [

Next we intend to calculate all of the cohomology groups of the spheres
S™ n > 0. The Mayer-Vietoris sequence again provides an inductive
approach so we begin at the beginning. Recall that S° is the 2-point discrete
subspace {—1,1} of R.

Exercise 5.4.1 Show that H°(S%) 2R @ R and H*(S%) =0 for all k > 1.

Remark: The de Rham cohomology “groups” are actually vector spaces so it
might, perhaps, be more reasonable to write H%(SY) =2 R?. We will, however,
bow to traditions that evolved in more general cohomology theo- ries and
retain the direct sum notation.

We have already calculated the cohomology of S((5.1.1)), but let’s do it
again with Mayer-Vietoris. Write S!' = Uy U Ug, where Uy is S' minus the
south pole (0,—1) and Ug is S* minus the north pole (0,1). Both Uy and
Ug are diffeomorphic to R (via a stereographic projection), while Uy N Ug
is the disjoint union of two copies of R. Since HY .(S') 2 0 for k > 2, the
Mayer-Vietoris sequence gives

0— Hc(l)eR(Sl) — Ht(iJeR(UN) S Hc(l)eR(US) — Hc(l)eR(UN n US) —
HéeR(Sl) — Hc%eR(UN) D H(%eR<US) — HéeR(UN N US) —0

ie.,
0—R —R®R —wR®R — H'(S) —0—0—0

which we collapse to the exact sequence
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0—R-SR & R-SR & R-2 HY(S!) — 0.

Now, « is injective so dim (Image (a)) = 1 = dim (ker(3)). Moreover,
dim (R @ R) = dim (Image (5)) + dim (ker(3)) implies dim (Image (5)) =1 =
dim (ker(0)) and from this it follows in the same way that dim (Image
(0)) = 1. But 9 is surjective so dim (H!(S!)) = 1, ie., H*(S') = R,
as expected.

Remark: DeRham cohomology is computationally much simpler than
singular homology and the reason is apparent in this first example. DeRham
cohomology “groups” are actually vector spaces and a vector space is com-
pletely determined by a single number (its dimension). Singular homol-
ogy groups really are just (Abelian) groups and these are not so easy to
characterize.

The sort of dimension counting employed in this last example occurs often
enough that it is worth the effort to prove a lemma that will allow us to evade
it in the future.

Lemma 5.4.2 Let
00—V — Vo — V3 — - — Vg — Vi — 0
be an exact sequence of finite dimensional vector spaces. Then
dimV; —dim Vs + dim V3 — - + (=1)F "1 dim V), = 0.

Proof: The proof is by induction on k. If k = 1 and 0 — V; — 0 is exact,
then V) is trivial so dim V; = 0. Now assume the result for sequences of k — 1
vector spaces and consider the exact sequence

00—V 5w Ly, sV V0.

Since ker (8) = Image (a), 8 : Vo — Vs induces a map
B :Vy/Image (o) — Vs

defined by B(vo+ Image (@) = S(vy) for each vy € V,. Observe that
B is injective since B(vy + Image (a)) = [(vy + Image (a)) implies
B(vg) = B(vh) so B(va — vh) = 0 and therefore vy — v, € ker () = Image
(). This then implies that vy + Image (o) = v} + Image () as required.
Thus,

0 — Vs /Image () BN Vs
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is exact. Since Image (B) = Image (5) it follows that, in fact,

0 — Vs /Image (a)i>V3—>---—>V;€_1 —Vy, —0

is exact. The induction hypothesis therefore gives
0 = dim (V5 /Image (o)) — dim Vs 4 - - - + (—1)F dim Vy,
= dim V, — dim (Image (@) — dim V3 + - -- + (=1)* dim V),
=dimV, —dimV; —dim Vs + -+ + (=1)*dim )V

since « is one-to-one. Thus
0=dimV; —dimV, +dim Vs — --- + (=1 Ldim V),

as required. [

Now we will use the Mayer-Vietoris sequence to calculate the cohomology
of S™. The argument is an induction on the dimension of the sphere and
is based on the following observation: S™ can be written as the union
S" = Uy U Ug of two copies of R™ for which Uy N Ug is S™ minus two
points (the south and north poles). We know the cohomology of Uy and Usg.
Furthermore, there is a smooth deformation retraction of Uy N Ug onto the
equator S"~! in S™ (Exercise 5.4.2) so the induction hypothesis will give us
the cohomology of Uy N Ug as well. Mayer-Vietoris will then put all of this
together into the cohomology of S™.

Exercise 5.4.2 Let n > 2 be an integer and write S™ = Uy U Ug,
where Uy is S™ minus the south pole (0,...,0,—1) and Ug is S™ minus
the north pole (0,...,0,1). Let {e1,...,en,ent1} be the standard basis for
R**1 D 8" and let S"~! be the equatorial (n — 1)-sphere in S, i.e.,
Sl = {(21, ... 2™ 2"ty € §™ : gt = 0}. Define r : UyNUs — S™~ 1 by

T — xn-i—l

_ enJrl
|z — 2"t leni|

r(z)
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Show that r is a smooth deformation retraction of Uy N Ug onto S™ 1.
Hint: For the required homotopy, consider the following figure, where
0<t< 1.

r(x)

x—t"* ey

Now, to carry out an induction one needs an induction hypothesis. Our only
information thus far concerns S*:

HE (51 = R, ifk=0,1
0, ifk#0, k#1

To check that this is indicative of the general result (and to get a bit more

practice with Mayer-Vietoris) we will do S? as well. Of course, H%, (S?) =0
for k > 3 so the Mayer-Vietoris sequence gives

0 — ngR(SQ) — Hc(l)eR(UN) ) Ht(i)eR(US) — ngR(UN N US) —

H;ER(SQ) — Hc%eR(UN) D HéeR(US) — HéeR(UN N US) —
chleR(S2) — ngR(UN) D ngR(US) — Hc%eR(UN N US) — 0.

Now, H), r(Unx) ® HY, z(Us) =R & R, but the remaining direct sums are
trivial. Furthermore, Exercise 5.4.2 and Corollary 5.2.4 imply that Uy N Ug
has the same cohomology as S'. Thus, our sequence becomes

00— R — R R —R —

H(%eR(SZ) — 0
H2 (8%) — 0

This “splits” into two exact sequences:

— R —

— 0 — 0.

0—R —R&®R — R — H} (5% —0
and

0—R — HJ, z(S?*) — 0.
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Applying Lemma 5.4.2 to each gives
1-241—dim (H}, z(5%) =0
and
1 — dim (H}, (5%) = 0

SO
H) 2(S%)=0 and H3 z(S?) =R.

We conclude then that

R, ifk=0,2

HY -(S?) ~ .
de r(57) {o, i k40, k#2

Remark: Notice that, for k& = 1, the sequence of forms and the corres-
ponding cohomology sequence are

0 — AY(S?) — A (Un) @ AY(Us) — A (UnNUs) — 0
which we know is exact and
0—0-—080—R —0
which certainly is not. This provides the example promised just before

Theorem 5.3.1.

Exercise 5.4.3 Prove, by induction on n > 1, that

R, if k=0,n

H}, (") = .
de it 0, if k#0, k#n

Remark: Since H}}, (S™) has dimension one for every n > 1 it is generated

by the cohomology class of any nonexact n-form on S™, i.e., any n-form that

does not integrate to zero over S™ (see Section 5.1). We found in Section 4.6

that the standard volume form on S™ is of this type.

With this we are now in a position to generalize Lemma 5.1.3.
Theorem 5.4.3 An n-form v on S™ is exact if and only if fsn v =0.

Proof: All that remains is to show that, if fsn v = 0, then v is exact. Since
v is necessarily closed, it determines a cohomology class [v] in H}}, 5(S™). But
dim HY}, »(S") =1 so [v] = aw], where w is any nonexact n-form on S™ and
« is some real number. Now, [v] = [aw] implies [¥ — aw] = [0] so v — aw is
exact and therefore integrates to zero over S™. Thus,

O:/n (v faw):/ny foz/nw
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[veafw

If [, v =0, then, since [, w # 0, we must have a = 0 and so [v] = [0], i.e.,
v is exact. u

SO

Remark: We will eventually show that the same is true for any compact,
orientable manifold.

Exercise 5.4.4 For [w] € H}}, ,(S™), define the integral of [w] over S™ by

/[w] = /w

Show that this is well-defined (i.e., independent of the representative w of [w])
and that the map

/ cHY R(S") — R
thus defined is an isomorphism.

Remark: This too will generalize to arbitrary compact, connected,
orientable manifolds.

Exercise 5.4.5 Let 0 denote the origin (0,...,0) in R®*! n > 1. Show that

R, if k=0,n

H(’feR(R”“{O})N{ 0, if k#0, k#n

Hint: Exercise 5.4.3.

Exercise 5.4.6 Let X denote the subspace of Rt n > 2, obtained by
deleting the “z"*1-axis” (i.e., the set of all points of the form (0,...,0,t) for
t € R). Show that

R, if k=0n—1

HE (X)) =~
de (%) {o, if kA0, k#n—1

Hint: Corollary 5.2.2.

One can use the cohomology groups we have already calculated to prove
some rather nontrivial results concerning the topology of Euclidean spaces.
We illustrate by proving that R™ and R™ are homeomorphic if and only if
n=m.

Remark: Note that the corresponding assertion in the linear category (i.e.,
R™ and R™ are isomorphic if and only if n = m) is obvious and that this
renders the analogous result in the smooth category (i.e., R™ and R™ are
diffeomorphic if and only if n = m) equally obvious since diffeomorphisms
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have derivatives that are isomorphisms. The game here is to get from the
smooth to the topological category. This was done using singular homology in
Section 3.4 of [N4], but the computations required to do it were substantially
more involved.

In Section 3.2 we proved that, if U and V are open submanifolds of
some Euclidean spaces, then any smooth map h : U — V is (continuously)
homotopic to a smooth map f : U — V and that two smooth maps f,
/' U — V that are continuously homotopic are also smoothly homotopic.
We use these facts to prove that continuous maps from U to V induce linear
maps from HY, (V) to HY ,(U) for every k.

Let U € R™ and V C R™ be open sets and h : U — V a continuous
map. Select a smooth map f : U — V that is continuously homotopic to h.
Then for each k, f induces a linear map f# from HE o(Y) to HE o(X). If
f' U — V is any other smooth map continuously homotopic to h, then
f and f’ are continuously homotopic and, consequently, are also smoothly
homotopic. Corollary 5.2.3 then implies that f and f’ induce the same linear
maps in cohomology. Thus, we may unambiguously define

h# : H(]iceR(Y) — HtliceR(X)

by
ht = f#,

where f is any smooth map homotopic to h. We ask the reader to establish
all of the usual properties.

Exercise 5.4.7 Let U, V and W be open sets in Euclidean spaces and
k any integer. Prove each of the following.

1. If hg, hy : U — V are homotopic continuous maps, then
h# = h# : H(]iceR(V) — HtliceR(U)'
2.f h:U — V and g : V — W are continuous maps, then
(g ° h)# = h# Og# : HcIlCeR(W) — H(’ZCeR<U)'

3. If the continuous map h : U — V is a homotopy equivalence, then
h#* : HY (V) — HE o(U) is an isomorphism.

It follows, in particular, from Exercise 5.4.7 (3), that if h : U — V is
a homeomorphism, then h#: HE (V) — H% o(U) is an isomorphism for
each k. Now, suppose R™ and R™ are Euclidean spaces. Certainly, if n =
m, then R" and R" are homeomorphic. Suppose, conversely, that there is a
homeomorphism H : R™ — R™. By composing with a translation if necessary
we may assume that H carries the origin 0 € R™ onto the origin 0 € R™.

Consequently,
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is a homeomorphism. But then
h* : Hi, n(R™ — {0}) — Hy, (R" —{0})

is an isomorphism for each k so, in particular, this is true when k& = m — 1.
Now, if m = 1, H), z(R" —{0}) 2R @& R so we must have n = 1 as well
(n > 2 implies H}, o(R™ — {0}) = R since R™ — {0} is connected). If m > 2,
then Exercise 5.4.5 implies that H}' ;' (R™—{0}) = Rso H'z' (R"—{0}) =2 R
as well. This is impossible if n =1 and, if n > 2, Exercise 5.4.5 again implies
that we must have m — 1 = n — 1 so m = n. Thus we have proved the
topological invariance of dimension for Euclidean spaces.

Theorem 5.4.4 R™ and R™ are homeomorphic if and only if n = m.

Remark: Many other classical theorems of Euclidean topology (Brouwer
Fixed Point Theorem, Jordan-Brouwer Separation Theorem, Invariance of
Domain, etc.) are accessible to similar techniques. Those interested in see-
ing some of this are referred to Chapter 7 of [MT]. Similar applications were
treated from the perspective of homology theory in Section 3.4 of [N4].

Exercise 5.4.8 Compute the de Rham cohomology of the torus
T = S' x S'. Hint: Mayer-Vietoris with the open sets U/ and V shown below.

1
L0

unyv

Exercise 5.4.9 Let py,..., p; be [ distinct points in R™, n > 2. Show that

R, ifk=n—1
ngR(Rn_{plw“ypl}) = R, if k=0
0, ifk#£0,n—1

Exercise 5.4.10 Show that if X and Y are smooth manifolds with Y
smoothly contractible, then H% (X x V)= HX .(X) for every k.
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Remark: The cohomology of products in general is described by the
Kiinneth formula (see Chapter 5, Section 6, of [GHVI]).

Exercise 5.4.11 Show that the de Rham cohomology of a smooth principal
bundle does not, in general, coincide with that of its base manifold.

Remark: For the cohomology of principal bundles, consult the Leray- Hirsch
Theorem (Theorem 5.11, [BT]).

5.5 The Cohomology of Compact,
Orientable Manifolds

Our objective here is to generalize a number of results proved in the last section
for spheres. Specifically, we will show that if X is any compact, connected,
orientable n-manifold, then H}, ,(X) = R. This result will be used in the
next section to define the degree of a map between two such manifolds. We
begin with a sequence of lemmas. The first deals with the following situation.
Any w € A™(R™) is exact. Suppose w also has compact support. When will
there exist an € A"~ 1(R"), also with compact support, such that w = dn?
The lemma asserts that the obvious necessary condition is also sufficient.

Lemma 5.5.1 Let w € A™(R"™) have compact support. Then there ezists a
compactly supported n € A"~H(R") with dn = w if and only if

/w:O.

Proof: Assume first that such an 7 exists. Then dn is also compactly sup-
ported and therefore integrable on R™ so Stokes” Theorem gives

/ w:/ dn = 0.

Conversely, suppose fRn w = 0. Let 95 : Us —> R™ be the stereographic
projection from the north pole N of S™. This is an orientation preserving
diffeomorphism from Ug = S™ — { N} onto R™ (Exercise 5.10.14, [N4]). More-
over, w’ = @5 w is an n-form on Ug whose compact support is contained in
the complement of the intersection U of S™ with some open ball about N in
R™*1, We may, via a bump function (Lemma 3.1.3) regard w’ as defined on
all of S™. Moreover,

/w’:/ w’:/ gogw:/ w=0.
n n (N} Sn{N} Rr

By Theorem 5.4.3, w' is exact, i.e., there exists a & € A"~1(S") such that
w’ = d&. Moreover, d £ vanishes on U and U is contractible so there exists an
(n — 2)-form v on U with & = dv on U. With a bump function that is 1 on
a smaller neighborhood V' C U of N in S™ we can regard v as defined on all
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of S with dv = € on V and dv = 0 outside U. Thus, & — dv € A"~1(S™)
vanishes on V' so supp (& — dv) C S™ — V. Moreover, d(€§ — dv) = d€ = '
on S™. Denoting the restriction of & — dv to S™ — {N} by &€ — dv also we let
n = (pg")*(€ — dv). The support of 1 is contained in ¢g(S™ — V) so it is
bounded and therefore compact.

Exercise 5.5.1 Complete the proof by showing that dn = w. |

Exercise 5.5.2 Use Lemma 5.5.1 to show that there exists a compactly sup-
ported n-form w’ on R™ with
/ w =1

Lemma 5.5.2 Let X be an orientable n-manifold and U an open subset of X
that is diffeomorphic to R™. Then there exists an n-form w on X with compact
support contained in U such that

/wzl.
X

Proof: Let ¢ be an orientation preserving diffeomorphism of U into R™ and
let w’ be the n-form on R™ described in Exercise 5.5.2. Then ¢*w’ is an n-form
on U with support supp (¢*w’) = ¢! (suppw’) and this is compact. With
a bump function that is 1 on supp (¢*w’) and 0 outside U we may regard
w = ¢*w’ as defined on all of X. Moreover,

/w:/w:/qﬁ*w’:/w’:l. [ ]
X U U R"

Lemma 5.5.3 Let X be an orientable n-manifold, U an open subset of
X diffeomorphic to R™ and w an n-form on X with compact support con-
tained in U and with fX w = 1. If € is any other n-form on X with compact
support contained in U, then there exists a ¢ € R such that & is cohomologous
tocw on X.

Proof: Since w and & have supports contained in U we will use the same
symbols for their restrictions to U. Let ¢ be an orientation preserving diffeo-
morphism of U onto R™ and set

e~ [e=[e=[ wre
/n(qé*l)*w:/Uw:/Xw =1

[ e ew)=c

Note that

SO
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Thus,
[ i-cw) =0

Since (¢~1)*(¢ — cw ) has compact support, Lemma 5.5.1 implies that there
exists a compactly supported n € A" ~}(R") such that

(@™ (€ —cw)=dn

on R™. Thus,
§—cw =¢"(dn) =d(¢"n)

on U. Now, ¢*n has compact support contained in U so, with a bump function
that is 1 on supp (¢*n) and 0 outside U, we may regard it as an (n — 1)-form
v on all of X. Then

E—cw =dv

on all of X (because everything is zero outside of U) so & and cw are coho-
mologous on X. |

Theorem 5.5.4 Let X be a compact. connected, orientable n-manifold. Then
H} (X)) 2R

Proof: Select an open set U in X diffeomorphic to R™ and an
w € A"(X) with compact support contained in U and such that [ yw=1
(Lemma 5.5.2). We will show for any other n-form & on X (which neces-
sarily has compact support since X is compact) there exists a ¢ € R such
that &€ is cohomologous to cw. This will give dim H}, ,(X) < 1 and the
reverse inequality is Lemma 5.1.2. If £ happens to have its support also con-
tained in U, then our result follows from Lemma 5.5.3. In general, this need
not be the case, of course. However, we claim that we may assume, without
loss of generality, that supp £ is contained in some open set V C X that
is diffeomorphic to R™. To see this, cover X with finitely many coordinate
neighborhoods Uy, . .., U, each diffeomorphic to R™, and choose a family of
functions ¢1, ..., ¢ for this cover of the type guaranteed by Corollary 3.1.5.
Then & = ¢1 £+ -+ + ¢, € and each ¢; € has support contained in U;. It will
suffice to find ¢; € R and ; € A"~ 1(X) such that ¢; € = ¢; w + dn;, since then
E=(ci 4+ +er)w+dmy + - +my).

Thus, we assume supp& C V, where V is an open set in X that is diffeo-
morphic to R™.

Exercise 5.5.3 Show that we may select a sequence of open sets
U=V, Vo,..., Vi1, Vip =V

in X, each diffeomorphic to R", with V;NV; 41 # @ fori =1,2,..., k—1. Hint:
X is connected and therefore pathwise connected (Corollary 1.5.6, [N4]).



5.5. The Cohomology of Compact, Orientable Manifolds 293

Inside V;NV; 11 select an open set U; diffeomorphic to R™ and, by Lemma 5.5.2,
an n-form w; on X with compact support contained in U; and such that
fX w; = 1. Since supp wy CU; C V3 N Vo C U, Lemma 5.5.3 gives a real
number ¢; such that w; is cohomologous to ¢; w (we will write wy ~ ¢; w).
But supp w; C V5 and supp ws C V5 so the same lemma provides a co € R
for which ws ~ cow; and therefore wa ~ (¢1co)w. Continuing inductively we
obtain
wp—1 ~ (c1ea - Cp—1)w.

But then supp& C V = V; and suppwy C Vi implies that there exists a
cr. € R such that £ ~ cpwy_1 and therefore

€~ (crca - cpo1cp)w
as required. |

Corollary 5.5.5 Let X be a compact, orrientable n-manifold. Then an n-
form w on X is exact if and only if fX w=0.

Exercise 5.5.4 Prove Corollary 5.5.5. Hint: See the proof of
Theorem 5.4.3. u

Corollary 5.5.6 Let X be a compact, orientable n-manifold. Then

[0 — =

s an isomorphism.
Exercise 5.5.5 Prove Corollary 5.5.6.

Exercise 5.5.6 Suppose X is a compact, connected orientable n-manifold,
where n = 2k for some k > 1. Define Qx : H, o(X) x HX »(X) — R by

Qx (€], ) =/Xsm.

Show that Qx is well-defined, bilinear and satisfies Qx([n],[¢]) = (=1)¥
Qx ([€], [n])- In particular, when n = 0 mod 4, Q x is symmetric. @ x is called
the intersection form of X. Another definition of the intersection form for
4-manifolds was introduced in Appendix B of [N4].

We conclude this section with a few remarks on matters of consider-
able importance, but which we do not intend to pursue in detail. We have
shown that the 0" and n'" deRham cohomology groups of a compact, con-
nected, orientable n-manifold X are always isomorphic to R. In particular,
HY p(X) = H? o(X). This is a special case of a more general result known
as Poincaré Duality which asserts that, for any £k =0,1,...,n,

ngilg(X) = Hcllfe R(X)
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Remark: The Poincaré Duality Theorem is actually much more general
than we have indicated here. Those interested in pursuing this should consult
either Chapter 13 of [MT], or Chapter 11, Volume I, of [Sp2].

Any n-manifold X of finite type has finite dimensional cohomology (Theo-
rem 5.4.1) so we can define, for each k =0,1,...,n,

V¥ = dim HS, p(X)

and form their alternating sum to obtain

n

bo — b1 +by — -+ (=1)"b, = Z(*l)k dim H, p(X).
k=0

Although it is not obvious, this alternating sum coincides with the Euler
characteristic of X, defined in Chapter 3 of [N4] as the alternating sum of
the ranks of the singular homology groups of X. We will have a bit more to
say about the Euler characteristic in the Appendix.

5.6 The Brouwer Degree

Suppose X and Y are two compact, connected, orientable, n-dimensional man-
ifolds and f : X — Y is a smooth map. By Lemma 5.5.2 we may select a (nec-
essarily closed) n-form wy on Y with [, wo = 1. Corollary 5.5.5 implies that
wy is not exact and determines a nontrivial cohomology class [wo] € HY, (Y).
But Theorem 5.5.4 then implies that [wo] generates H}, (). We call wg a
normalized generator for H}, (V). Pull wy back to X by f and integrate
over X to obtain a real number that we will call the (Brouwer) degree of
f and denote

deg(f):/Xf*wo. (5.6.1)

We must show that this definition does not depend on the choice of the nor-
malized generator wq for HY. 5(Y). Thus, suppose w( is another n-form on
Y with [, wf = 1. Since [wq] generates HY, (Y) there exists an o € R such
that

w( = awq + dn
for some n € A"71(Y).
Exercise 5.6.1 Show that a = 1.
Thus, w), = wg + dn so f*w) = f*wo + d(f*wp) and, by Stokes’ Theorem,

/X fra = /X frwo
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as required. Now consider any other (necessarily closed) n-form w on Y. Again,
because [wo] generates HJ}, ,(Y"), there exists an a € R such that

w = awy+dn

for some n € A"71(Y).
Exercise 5.6.2 Show that o = [}, w.
Thus, f*w = af*wo + d(f*n,) so Stokes’ Theorem gives

/X fw =a /X f*wo = adeg(f)

/Xf*w:deg(f)/yw. (5.6.2)

Notice that (5.6.1) is the special case of (5.6.2) in which w is a normalized
generator for HJ, o(Y).

which we write as

Remark: Although it is by no means apparent from the definition we have
just given, we will prove shortly that deg(f) is actually an integer.

Exercise 5.6.3 Let X, Y and Z be compact, connected orientable
n-manifolds and f: X — Y and ¢ : Y — Z smooth maps. Show that

deg(g o f) = deg(g) deg(f).

Concrete calculations are greatly facilitated by the fact that deg is a homotopy
invariant.

Theorem 5.6.1 Let X and Y be compact, connected orientable n-manifolds
and suppose f,g: X — Y are two smooth maps that are smoothly homotopic.
Then

deg(f) = deg(g).

Proof: According to Corollary 5.2.3, f and g induce the same maps in
cohomology:
[ =g Hj (V) — Hj. g(X).

Thus, given any normalized generator wg for HJ, ,(Y) we have
F#([wo]) = g7 ([wo)) so [f*wo] = [¢*wo] and, consequently,

[fwo = g*wo +dn

for some n € A"7!(X). Stokes” Theorem then gives

/f*woz/g*wo,
X X
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i.e., deg(f) = deg(g). [ |

Since a constant map from X to Y obviously has degree 0 we obtain the
following consequence of Theorem 5.6.1.

Corollary 5.6.2 Let X and Y be compact, connected orientable n-manifolds.
Then any smoothly nullhomotopic map from X to Y has degree zero.

Corollary 5.6.3 Let X be a compact, connected orientable manifold. Then
idx : X — X 1is not smoothly nullhomotopic (so X is not smoothly con-
tractible).

Exercise 5.6.4 Prove Corollary 5.6.3. |

We now consider the special case in which the range of our map is a sphere.
Specifically, we let X be a compact, connected, orientable n-manifold and

f:X— 8"

a smooth map. We claim first that if f is not surjective, then it must be
smoothly nullhomotopic and therefore have degree zero. To see this we pro-
ceed as follows: Since f is not surjective we may assume, without loss of
generality, that f(X) does not contain the north pole N of S™ (just choose
the coordinate system in R"*! properly). Consequently, f maps into the
domain of the stereographic projection ¢g and we can define a smooth
map
pgof: X —R"

Exercise 5.6.5 Show that ¢go f is smoothly nullhomotopic. Hint: Consider
the map H(z,t) = (1 —t)(¢s(f(2))).

Exercise 5.6.6 Show that f is smoothly nullhomotopic. Hint: Consider
¢5' o H, where H is as in Exercise 5.6.5.

Theorem 5.6.4 Let X be a compact, connected orientable n-manifold and
f: X — S™ a nonsurjective smooth map. Then f is smoothly nullhomotopic
and so deg(f) = 0.

Exercise 5.6.7 Let X be a compact, connected orientable manifold and
f+ X — X a diffeomorphism of X onto itself. Show that deg(f) is 1 if f is
orientation preserving and —1 if f is orientation reversing.

Exercise 5.6.8 Any element A of O(n + 1) determines a linear map of
R"*! onto itself which, when restricted to the unit sphere, gives a diffeo-
morphism of S™ onto S™. Show that the degree of this map is det A. Conclude
that the degree of the antipodal map A : S — S™ given by A(p) = —p is
(_1)n+1.

Remark: In Section 3.4 of [N4] there is a definition of the Brouwer degree
of a continuous map from S™ to S™ based on the fact that the n'" singular
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homology of S™ is isomorphic to Z. In this case the degree is an integer by
definition. Our current definition in the smooth category does not obviously
result in an integer; it does result in an integer, but just not obviously so. We
will prove this now. What we will not prove (but is true nonetheless) is that,
for smooth maps from S™ to S™, the two definitions give the same integer.

We conclude our discussion of the degree of a map by describing another way
to calculate it and, in the process, showing that it is always an integer. Thus,
we consider two compact, connected, oriented n-manifolds X and Y and a
smooth map f : X — Y. Let ¢ € Y be a regular value of f.

Remark: According to Theorem 3 — 14 of [Sp1], the set of critical values
of a smooth map g : A — R", A open in R™, has measure zero in R".
In particular, regular values always exist. Applying this to any coordinate
expression for f we find that it too must have regular values.

Then f~!(q) is a compact submanifold of X of dimension n —n = 0, i.e.,

a finite set of points {p1,...,pr} (perhaps 0). If f~1(p) = {p1,...,pr} # 0,
define, for each i = 1,..., k, the sign of f at p; by

. 1 if f.p, 1is orientation preserving
sign(f, p;) =

-1 if f,,, is orientation reversing

(note that f.p,, : Tp,(X) — Tfp,)(Y) is an isomorphism). We claim that

k
> sign (f,p0), i f7He) ={p1-pe} £ 0
=1

deg(f) = (5.6.3)

0, if f=%q) =0

In particular, deg(f) is an integer (and is clearly zero whenever f is not
surjective since any g € Y — f(X) is a regular value). Observe also that,
although it is not obvious at the moment that the integer on the right-hand
side of (5.6.3) is independent of the choice of ¢, this will follow once (5.6.3) is
proved.

To prove (5.6.3) we first suppose f~!(¢) = 0. Since X is compact, f(X)
is closed in Y so Y — f(X) is an open set. ¥ — f(X) is nonempty (since it
contains ¢) and so it contains an open set U diffeomorphic to R™. Lemma 5.5.2
provides an n-form wg on Y with support contained in U such that fY wo = 1.

In particular, wy is zero on f(X) so f*wy is the zero n-form on X. Thus,
deg(f) = [ Fwa=0.
X

Now suppose f~1(q) = {pi1,...,pr}. Choose coordinate neighborhoods
Ui,...,U, in X such that p;, € U;, i = 1,...,k, UiﬂUj = 0 if s 7& J



298 5. de Rham Cohomology

and such that f is a diffeomorphism on each U; (since ¢ is a regular value
and dim X = dim Y, the Inverse Function Theorem applies at each p;).
We now wish to find a coordinate neighborhood V of ¢ in Y such that
f Y V) = Uy U--- UUy. First choose some compact neighborhood W of ¢
in Y and consider

W = f (W)= (UyU---UUy).

This is closed in X and therefore compact. Consequently, f(W’) is a closed
set in Y that does not contain ¢. Select a coordinate neighborhood V' of ¢ with
V CW — f(W). Then f~Y(V) C Uy U--- U Ug. Now, if necessary, replace
each U; by U; N f~1(V) (still a coordinate neighborhood) so that

ffV)y=U,U---UUy.

Since V' must contain an open set diffeomorphic to R™, Lemma 5.5.2 gives
an n-form wg on Y with support contained in V' and fy wqo = 1. Moreover,
supp (f*wp) C Uy U--- U Uy so, since this union is disjoint,

/Xf*wog/mf*w&

But f is a diffeomorphism on each U; so

f*(.do = :t/ wo
U; f(Ui)

::i:/wO::I:/wO::I:L
|4 Y

where the plus sign is chosen if f is orientation preserving on U; and the minus
sign is chosen if f is orientation reversing on U;. Thus,

/Uif*wo

so the result follows. |

The formula (5.6.3) for deg(f) provides some intuitive insight into the ge-
ometrical significance of the Brouwer degree that is not apparent from our
definition (5.6.1). For any regular value g of f, f~!(q) is a finite set of points,
but the number of elements in it (i.e., the number of times ¢ is “covered” by
f) generally depends on ¢. Thus, f generally does not cover all of its regular
values the same number of times. However, if we “count” the preimages of a
regular value properly (with multiplicity 1 when f is orientation preserving
there and with multiplicity —1 when f is orientation reversing there) the re-
sult is the same for every regular value. This counting with multiplicity simply

1 if f.p, 1is orientation preserving
-1 if f,,, is orientation reversing

= Sign(fa p’L)
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cancels two preimages if f maps them onto ¢ in “opposite directions” (picture
this for maps from S* to S'). Thus, one thinks of deg(f) as the “net” number
of times f covers each of its regular values.

Exercise 5.6.9 Identify S' with the set of complex numbers z of modulus 1
and let n be a positive integer. Define f : S' — S' and g : S' — S! by
f(z) = 2" and g(z) = z". Show that deg(f) = n and deg(g) = —n.

Remark: Identifying S® with the set of quaternions ¢ of modulus 1 one can
similarly define, for any positive integer n, f : 5% — S and g : 3 — 53
by f(q) = ¢" and g(q) = @™. In Section 6.4 we will compute the degrees of
these maps and find that deg(f) = n and deg(g) = —n.

The Brouwer degree is a homotopy invariant of maps between compact,
connected, orientable n-manifolds. We will conclude this chapter with a very
brief look at another homotopy invariant for maps from S?"~! to S™, n > 2,
which has played a significant role in the development of modern topology.

5.7 The Hopf Invariant

Consider a smooth map f : §?"~1 — S n > 2, and let wy be a nor-
malized generator for H7 (S™). Then f*wq is an n-form on S*"~'. But
H? o(S?"71) = 0 so there exists an (n — 1)-form w on S*"~! such that
dw = f*wy. We define the Hopf invariant of f by

H(f):/sznilw A dw.

To see that the definition does not depend on the choice of w, suppose w’ is
another (n — 1)-form on $?"~1 with dw’ = f*wy. Then d(w — w') = 0 so

/ w/\dwf/ W Ndw' = / (w—w')Adw
S27L71 SQTI,*I S27L71
= / d ((w—w)Aw)=0
S2n71

by Stokes’ Theorem.

Exercise 5.7.1 Show that if n is odd, then H(f) = 0 for any smooth map
f 8%t — S" Hint: Compute d(w Aw) for any even dimensional form w.

We show now that the Hopf invariant is a smooth homotopy invariant.

Theorem 5.7.1 Let fo, f1 : S?"~' — S™,n > 2, be smoothly homotopic
maps. Then H(fo) = H(f1).
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Proof: Let F : S 1 x (0 —¢ 1+¢€) — S be a smooth map with
F(x,0) = fo(z) and F(x,1) = fi(x) for all z € S?"~1. Also let

10:8) =81 x {0} = S 1 x (0—¢ 1+e¢)

and
11:81 =82 x {1} = S x (0—¢, 1+e¢)

be the inclusion maps. Identifying Sy and S; with S?"~! we may also identify
F oy with fy and F o1y with fi, respectively. Now let wy be a normalized
generator for HY, 5(S™). Then F*wy is an n-form on S?"~! x (0—¢,1+4¢€). By
Theorem 5.2.6, H7. p(S*" 1 x (0—¢€,14€)) = HY. o(S?" 1) and, since n > 2,
this is trivial. Consequently, there is an (n—1)-form n on S?"~1 x (0—¢,1+¢)
such that

F*wy = dn.

Let t§m = w and ¢in = w'. Notice that
fowo = (Fow) wo = 1(Fwo) = t5(dn) = d(gn) = dw
and, similarly,
fiwo = dw'.

Moreover,

wAdw = (,yn) Ad(,gn) = (o) A to(dn) = 5(n A dn)
and, similarly,
W Adw' = 15(n Adn).
We must show that
/ w Adw :/ W' Adw,
S, S

o

i.e., that

[ dtmndm = [ sinn i), (5.7.4)
So

S1

Now, S*»=1 x [0,1] is a domain with smooth boundary in
S$2=1 x (0 — ¢, 1+ €) and its boundary is 9(S**~1 x [0,1]) = Sp U S1. Note
also that

dnNdn)=dnAdn=F'wy AN F*wy=F*(wy Awy) =0

because wg A wq is a 2n-form on the n-dimensional manifold S™.

Exercise 5.7.2 Prove (5.7.1) by applying Stokes’ Theorem to the integral
over S?"~1 x [0, 1] of the restriction of d(n A dn). Hint: Sy and S; acquire
opposite orientations from S2"~1 x [0, 1]. [ |
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Exercise 5.7.3 Show that a nullhomotopic map f : S?"~1 — S" n > 2,
has Hopf invariant zero.

Remark: As was the case for the Brouwer degree there is another, more
geometrical way of calculating the Hopf invariant which shows that H(f) is
actually an integer. This involves the linking number of the preimages f~1(p)
and f~1(q) of any two distinct regular values of f (see Chapter III, Section 17,
of [BT]). Still other approaches to the Hopf invariant are described in [Huse].

We conclude with a few exercises that will lead the reader through the
calculation of the Hopf invariant for the projection map

P1:SS—>S2

of the complex Hopf bundle. The result will be H(P;) = 1 so that, in partic-
ular, Exercise 5.7.3 then implies that P; is not nullhomotopic. This was, in
fact, the first example of a homotopically nontrivial map of one sphere onto
another of smaller dimension and came as quite a shock in the 1930s when
Hopf constructed it. Recall that if S3 is identified with the subset of €? con-
sisting of those (21, 22) for which |21|? + |22]? = 1 and S? is identified with a
subset of R3, then

Pi(z1, 22) = (zl 22471 22 izt 2% ezt 22 2P - |z2\2>.

For the calculation of the Hopf invariant we will take the normalized gener-
ator wy of HY}, 5(5?%) to be the standard volume form for S? divided by the
“volume” 47 of S? (see Section 4.6). Recall that, if #!, 2% and 2® are standard
coordinates on R? and ¢ : S2 — R? is the inclusion, then

1 . .
wp = 4—L*(x1d$2 Ada?® — 2?det A da® + 23dat A dx?).
T

Exercise 5.7.4 Denote the standard coordinates on R* by 3', 32, 33, o*

and define p : R* — R? by
p (¥, v vyt = <2y1y3 + 207y, 207 — 29"y,

)+ ()= () - ()

Identify S® with a subset of R* via (21, 2%) = (y* + iy?, ¢° + iy?) —
(v, y2, 3, y*) and let / : S® < R* be the inclusion. Show that poi/ = toP;
and therefore

1

Piwo = 4—(/)* (p* (mldacQ Ada® — x?dat A da® + 23dat A dwg)).
7r
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Exercise 5.7.5 Show that
1
Piwy = —;(a’)*(dyl A dy® + dy® A dy?).

Exercise 5.7.6 Show that dy* A dy? + dy® A dy* = d(y*dy? + y>dy*). Then
define w by w = —L(/)*(y*dy* + y>dy*) and show that dw = Pjwy.

1

Exercise 5.7.7 Show that w A dw = —Q(L’)*(yldy2 A dy® A dyt + y3dyt A
T

dy? A dy).

Exercise 5.7.8 Compute

H(Pl):/ssw Ndw =1.
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Characteristic Classes

6.1 Motivation

We have had a number of previous, albeit informal encounters with the notion
of a characteristic class for a principal bundle (in Section 2.2, 2.4 and 2.5) and
are now in possession of sufficient machinery to take up the subject in earnest.
Before plunging into the thick of the battle, however, we would like to make
clear the strategy we propose to adopt. This is perhaps best achieved by
going through what might be regarded as the “trivial” case in detail and then
indicating the modifications required when matters are not so simple.

We begin then by considering a principal U(1)-bundle U(1) < P X
over a manifold X and let w denote a connection on the bundle. Thus,
one might have in mind an electromagnetic field on spacetime. Since U(1)
is Abelian, the curvature is given by 2 = dw. For any local cross-section
s V. — P HV) we write, as usual, A = s*w = —iA4 and F =
s*§2 = —iF for the local gauge potential and field strength. Again be-
cause U(1) is Abelian, the field strengths F for various cross-sections s
agree on the intersections of their domains and thereby determine a glob-
ally defined wu(l)-valued 2-form on X that we also denote by F.
This F is —¢F for a globally defined real-valued 2-form F on X. Since
dF = 0, F is closed and therefore %F determines an element of
H? o (X;R).

Now suppose w’ is another connection on the same bundle
U(l)— P P x determining global 2-forms F’ and F’ in the same way. It
follows that w — w’ = 7 is in Al ,(P,u(1)). Thus, dw — dw’ = dT so

-2 =dr.

Since 7 is tensorial of type ad and U(1) is Abelian, o;7 = g7 = g9~ ' =7

for every g € U(1). But then Lemma 4.5.1. implies that 7 projects to X, i.e.,
that there exists a unique u(1)-valued 1-form 7 on X such that 7 = P*T.
Since (in the Abelian case) curvatures also project to X, 2 = P*F and
' = P*F' and therefore P*F — P*F' = d(P*T) so

PY(F — F') = P*(d7).
But projections to X are unique when they exist so we must have

F—-F =dr.

G.L. Naber, Topology, Geometry and Gauge fields: Interactions, 303
Applied Mathematical Sciences 141, DOI 10.1007/978-1-4419-7895-0_6,
© Springer Science+Business Media, LLC 2011
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In particular, %F and %F' are cohomologous and therefore determine the
same element of ng r(X;R). The unique cohomology class determined in

this way from any connection on U(1) < P 2, X is called the 1%¢ Chern
class of the bundle and is denoted

ci(P) = BTF} € H3 z(X;R).

The 15% Chern class of our U(1)-bundle is determined entirely by the bundle
itself and not by the particular connection on that bundle from which it is
constructed. It is true, but by no means obvious, that ¢ (P) is actually “char-
acteristic” of the bundle in the sense that two principal U(1)-bundles over
the same manifold X are equivalent if and only if their 15* Chern classes are
the same. Since this is easy to prove when X is a sphere S™, we shall do so.
The only interesting case is n = 2. The reason is that, for n = 1,3,4,5,...,
every U(1)-bundle over S™ is trivial (for n = 1, see Exercise 4.4.11 of [N4];
for n = 3,4,5,..., use the Classification Theorem for bundles over spheres
and Corollary 2.5.11 of [N4] which asserts that m, (U(1)) is trivial for n > 2).
Since a trivial bundle admits a flat connection (Exercise 6.2.12, [N4]), its 15
Chern class must be zero so we have the (admittedly, rather silly) result that
two U(1)-bundles over S™, n =1,3,4,5,..., are equivalent if and only if their
15% Chern classes are the same. The n = 2 case takes just slightly more work.

We know all of the principal U(1)-bundles over S?. They are in one-
to-one correspondence with the elements of 71 (U(1)) = Z (Classification
Theorem). One can describe them explicitly in terms of transition functions
as follows: Trivialize the bundle over Uy and Ug and consider the map
gsn : Uy N Us — U(1) given by gsn(p,0) = e ™% where n € 7Z and
(¢, 0) are standard spherical coordinates on S2. This map determines a prin-
cipal U(1)-bundle over S? for each n and two such bundles are equivalent if
and only if they correspond to the same n. There are explicit descriptions of
all of these bundles in Section 2.2 where we have also written out a connec-
tion (Dirac Monopole) on each. These, in fact, exhaust all of the (equivalence
classes of) principal U(1)-bundles over S2. The reason is that any such bun-
dle is determined up to equivalence by the homotopy class of its characteristic
map gsn | S* (Theorem 4.4.2, [N4]) and every map from S* to S! is homo-
topic to e "% for some n (see the proof of Theorem 2.4.4, [N4]). To show
that these bundles are also determined up to equivalence by their 15¢ Chern
classes we will show that the integer n can be retrieved from c¢;(P) just by
integrating it over S2.

Any representative of the cohomology class ¢1(P) is a smooth 2-form
on the compact manifold S? and so is integrable. Furthermore, all such
representatives have the same integral over S? by Stokes’ Theorem. Since we
know a connection on the bundle with transition function ggn(y,0) = e~
we could simply compute the corresponding representative and integrate it.
It is much more instructive, however, to proceed indirectly. Thus, we assume
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only that we have some connection on the bundle with local gauge potentials
Ay and Ag on Uy and Ug, respectively. Then, on Uy N Usg,

An = ggn Asgsn + g5 dgsn

SO

AN ZAs—indH.

The corresponding field strengths are denoted Fx and Fg, respectively.
To integrate %F = ﬁ}' over S? we will write S% = Si U S2 as the union
of the upper (z > 0) and lower (2 < 0) hemispheres and denote by S! the
equatorial (z = 0) circle with ¢ : S* < S? the inclusion map. Provide S* with
the orientation it inherits from the standard orientation of S% (“counterclock-
wise”) and note that it receives the opposite orientation from S?. Applying
Stokes’” Theorem twice then gives

/ —F = 7/ Fn+— Fs
g2 2T 2 52 2 52

7 7

= vay-2 | A
2 S1L N 2w SlL s
U [ (As —indo) ’/ A
= — L —tn - — L
27 S1 S 2 St s
% n 7
A 7/ *dG——/ ‘A
2T SlL S+27T SlL 21 SlL s
n
= — d(o .
2 S1 ( OL)

The essential feature of the calculation to this point is that all references to
the connection itself have dropped out and we are left with an integral that in-
volves only the transition function (ggy dgsy = —ind#). This is as it should
be, of course, since the Chern class (and therefore its integral) depends only
on the bundle and not on the connection. Calculating the remaining integral
is easy and, in fact, was done explicitly in Section 4.6. The result was simply
the length (“volume”) of S*:

d(0 o) = 2.
S1

Thus

/ c1(P) = ~(21) = n
S2 2w
as promised.

This then concludes our discussion of the “trivial” case and the issue before
us now is whether or not it is possible to push through an analogous program
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for bundles with other structure groups. On the surface, the prospects do not
appear to be good since virtually every stage in our construction depended on
the commutativity of U(1). It is not even altogether clear how to get the ball
rolling since the very existence of the 2-form on X whose cohomology class
contained the topological information about the bundle required that local
field strengths agree on the intersections of their domains. Since, in general,
such local field strengths are related by F? = g~ 'Fg, this simply is not
true when the structure group is non-Abelian. The key idea here is to evade
this difficulty by considering, not the field strengths themselves, but various
functions of the field strength that cannot tell the difference between F and
g~ 'Fg. Identifying all of these objects with matrices there are a number of
obvious choices. For example, since the trace of a matrix is invariant under
conjugation, trace (¢g~1Fg) = trace F and the 2-forms defined locally on X
by taking the trace of the local field strengths will agree on the intersections
of their domains and therefore determine a globally defined 2-form trace F on
X. Perhaps trace F is closed and so determines a cohomology class. Perhaps
this cohomology class is independent of the connection from which trace F
was constructed. Perhaps the same is true for other ad-invariant functions of
F such as trace (F A F), or det F. Perhaps this is all a bit too much to ask.
We shall see.

6.2 Algebraic Preliminaries

We begin by considering a finite dimensional real vector space V (typically,
this will be a Lie algebra for some matrix Lie group). If ¥ > 1 is an integer,

then a map f VX Ko VY — C is k-multilinear if it is linear in each
variable separately and symmetric if f(vg(l), V() = f(vl, ..., vg) for
all v1,..., v, in V and all permutations o € Si. The real and imaginary parts
of such an f are therefore just symmetric k-tensors on V. The set S¥(V) of
all such maps has the obvious pointwise structure of a complex vector space
and, setting S°(V) = €, we define

SV = DS,
k=0

(see the Remark on page 302). If f € S¥(V) and § € S'(V) we define

f©gby

(f@g) (U1, vy Vky U1 -« 5 UL)
(6.2.1)

= " Jlr il Z f (Ur(1)7 e ,vr(k)) g (UT(k+1), e v,r(kH)) .

TESk+z
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Exercise 6.2.1 Show that f © § € S¥(V). Extend ® to S(V) and show
that, with this operation, S(V) has the structure of a commutative algebra
with identity.

If {e1,...,e,} is a basis for V and {e!,...,e"} is the dual basis for V*, then
for any f € S¥(V), there exist unique complex numbers a;, i, , i1, ..,k =
1,...,n, symmetric in 41, ..., 4k, such that

f=ai..i et @ - Qe (summation convention).

Writing vy = z7'€;,, ..., v = x}F€;, we therefore have

flor,o o op) = @iy -2l
Now define f: V — € by f(v) = f(v,...,v) so that, if v = z’e;,
f) =ag..q, - a'*,

Thus, f is a homogeneous polynomial of degree k in the components of v. For
convenience we write
_ i i
f=ai.qet ety

where the function on the right-hand side is defined by
(ail.i.ikeil . -ei’“> (V) = @iy € (V) - - €% (V) = agq 2 - -2t

More generally, let us say that a map f : V — C is a homogeneous
polynomial of degree k£ on V if it can be expressed as a homogeneous
polynomial of degree k in el,... e in the sense that there exist a;,...;, €

C, iy,...,% =1,...,n,symmetricin iy, ..., i, such that f = a;,...;, e ---e*.

Exercise 6.2.2 Show that this definition does not depend on the choice of
basis.

The collection of all such homogeneous polynomials of degree k on V, with its
obvious pointwise linear structure, is denoted P*(V). Setting P°(V) = C we
define

P(V) = é PF(V).
k=0

Exercise 6.2.3 Show that, if f € P¥(V) and g € P(V), then the product fg
defined by (fg)(v) = f(v)g(v) is in P*¥T{(V). Extend this product structure
to P(V) and show that P(V) thereby becomes a commutative algebra with
identity.

We show next that the two algebras S(V) and P(V) are, in fact, isomorphic.

Begin by fixing a & > 1. Then any f € S¥(V) givesrise to an f € P*(V) defined
by f(v) = f(v,...,v). If {e1,...,e,} is any basis for V and {e',...,e"} is the
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dual basis for V*, then this assignment is given by
@iyif €t Q- @ €T — g€ e

and is clearly linear and surjective. To prove that this is an isomorphism we
must show that f is uniquely determined by f and this involves the familiar
process of polarization. There are several useful ways to view this process and
we will begin by illustrating in the & = 2 case. Thus, suppose we are given an
f € P%(V). To show that the f € S?(V) for which f(v) = f(v,v) is unique we
will prove that, in fact,

Flow) = 5[0+ w) — £(0) ~ f(w)]

for all v, w € V. Indeed, one need only compute f (v4w, v+w) using bilinearity

fo+w,v+w) = fv,0) +2f(0,w) + flw,w)
to obtain
fo+w) = fv) +2f(v,0) + f(w).
There are analogous formulas for larger k, e.g., for f € P3(V),

flu,v,w)==|flu+v+w)— flu+v)— flu+w)

— S+ w) + fu) + F©)+ f(w)].

=

Another way of arriving at f when k = 2 is as follows: Write f = a;je'el and
expand f(sv + tw) as a polynomial in s and t.

f(sv+tw) = a;;(sv’ + tw')(sv? + tw’)

= (ai;v"v7)s® + (2av'w!)st + (ajjw'w? )t

= (f(0))s* + (2f (v, w))st + (f(w))?
Thus, f(v,w) is 1 times the coefficient of st in the expansion of f(sv + tw).

Exercise 6.2.4 Show that, in the general case, f(vl, co, V) 1S % times the
coefficient of t1t5 - - -t in the expansion of f(tjv1 + tove + -+ + tvk).

The linear isomorphisms f — f of S¥(V) onto P*(V), together with
the identity map of S°(V) onto P°(V), gives a linear isomorphism of S())
onto P(V). To show that this is, in fact, an algebra isomorphism it will suf-
fice to prove that, if f € S¥(V) with f — f € P*(V) and g € SY(V)
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with § — g € P'(V), then fog e S V) is sent to fg € PF(V).
But f ® § is sent to the element of P (V) whose value at v is, by (6.2.1),

(f@é) (Voo 0,0, ) = (k ! il (k+l)!f(v,...,v)g(v,...m)}

v)
v)

—~
\hti
@ <
— —
——~
—~

as required.

Now, suppose that G is a Lie group and p : G — GL(V) is a representation
of G on V. For each k > 1, let S%(V) and P¥(V) denote the subspaces of S*(V)
and P*(V), respectively, that are invariant under p, i.e., satisfy

Flp(9) (@), -, p(g)(vw)) = f(vr,-. o)

and

for all ¢ € G and all v,v1,...,v in V. The isomorphism f — f clearly
carries S%(V) onto P} (V). Furthermore, each of the products we have defined
preserves p-invariance so the subspaces S,(V) = @p—, Sk(V) and P,(V) =
@iz PE(V) of S(V) and P(V), respectively, are isomorphic subalgebras (as
usual, the k£ = 0 summand is just C).

The case of most immediate interest to us is that in which G is a ma-
trix Lie group, V is its Lie algebra G and p is the adjoint representation
ad : G — GL(G). Then S,4(G) and P,q(G) are, respectively, the algebras
of symmetric multilinear functions and polynomials that are invariant under
conjugation by elements of G. It is customary to write I*(G) for S*,(G) and

I(G) = @, I*(G) for Sou(G)

Remark: The switch from G to G in this notation is not accidental. Two
Lie groups with the same Lie algebra need not have the same ad-invariant
multilinear forms since a given form can be invariant under conjugation by
the elements of one of the groups, but not the other.

We will now construct a number of examples. In each case, G will denote an
arbitrary matrix Lie group and its Lie algebra G will also be identified with
a set of matrices. Let £k > 1 be an integer. The symmetrized trace is the
multilinear map

symtr : G ><k x Gg— C
defined by

1
symtr(A4y, ..., Ag) = l Z trace (Ao(l) . 'Aa(k)>. (6.2.2)
" oESy
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This is clearly symmetric and is also invariant under conjugation by elements
of GG since

trace((gflAa(l)g) i (gflAg(k-)g)> = trace (971 (Ao(l) T Ao(k))g)
= trace (A(,(l) . -Ag(k)).

Thus, symtr is in I*(G). The corresponding ad-invariant polynomial of degree
kon G is

symtr(A, ..., A) = trace(A"). (6.2.3)

In the case of the symmetrized trace we defined the invariant multilinear
form and, from it, an invariant polynomial. For the remaining examples we will
define the polynomials directly (and, when necessary, retrieve the multilinear
forms by polarization). Let A denote a parameter. For any fixed A € G we
consider the determinant

det ()\I + ’A)
27

(the reason for the ¢ will emerge shortly; the reason for the 2 7, a bit later).
When expanded this determinant is a polynomial in A of degree n if the
dimension of G is n. The coefficients of this polynomial depend on A and we
write them as follows:

det ()\I + ;WA) = fo(AN" + fLAN" £ 1 (AN + fu(A). (6.2.4)
The functions fi(A) are invariant under conjugation since

det ()\I + ;;T(glAg)> = det <gl()\I )g+9" (;;TA> g)

— det (9—1 </\I + ’A) g)
2
— det (AI + ’A) .
2

Notice that fo(A) = 1 for any A. To obtain convenient expressions for the
remaining fr(A) and show that they are, in fact, homogeneous polynomials
we recall a few basic facts concerning the elementary symmetric functions.

Let IF denote a field of characteristic zero (e.g., R or €) and denote by
Flzy,...,2,] the algebra of polynomials in the n variables x1,...,x, with
coefficients in . For any P € F[zy,...,z,] and o € S, define P by
P(x1,...,2,) = P(T5(1),...,%o(n)). Then P is symmetric if P = P for
every o € S,,. The elementary symmetric polynomials Sy, S1,...,.5, are
the elements of F[z1,...,z,] defined by
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So(z1,22,...,2,) =1
Sl(xl,IQ,...,$n):SC1 +IE2++£ZZ"
So(x1, T2, ..., &n) = T122 + 123 + - -+ + T12p+
Loy + -+ T2Xn+
: +$n,1$n
S3(21, 2, ..., Tp) = T1T2T3 + X1 T2T4 + -+ + T1T2Tp+

T1T3%4 + -+ T123Tp + -+ + Tp—2Tp—1Tn

Sk(T1,T2, -0, Tn) = T1T2 - T+ + Tk 1Tn—kt2 " Tn

Sp(x1, To,...,&y) = 122+ Tp.
Remark: One writes down Sg(z1,22,...,2,) as follows: From
{z1, 29, ..., x,} select any k distinct elements and form their product (one

can always write the product with the subscripts ascending). Form the sum
of all such products.

Another way of describing the same functions is as follows: Let
Flzy, ..., 2., z] denote the algebra of polynomials over IF in the n+1 variables
Z1y.eoyTpy 2. In Flag, ..., a2y, 2] form the product

H (z+z)=(z+z1)(z+a2) (2 4+ )

1<i<n

and write it as a polynomial in z with coefficients in F[zq,...,2,].
The result is

H (z+z;) = Z Sp(z1,... xn)2" "
1<i<n k=0
= So(1,. .., 20)2" + S (x1,...,2,)2" " (6.2.5)
++Sho1(@y, )2+ Sp(xr, . ).

The so-called Fundamental Theorem on Symmetric Polynomials con-
sists of two assertions:

I. The elementary symmetric polynomials Si,...,S, are algebraically in-
dependent in F[zq,...,x,], i.e., for every nonzero f € [F[xy,...,x,] the
polynomial f(Sy,...,S,) is nonzero (S, ...,S, do not satisfy any poly-
nomial equation with coefficients in ).
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II. Every symmetric polynomial P in [F[x1, ..., z,] can be written as a unique
polynomial in Si,...,S,, i.e., there exists a unique fp € Flzq,...,z,]
such that P(z1,...,2,) = fp(S1,...,S,). For example, when n = 3,
P(z1,22,73) = 23 + 23 + 23 is symmetric and one verifies that

o3 a4+ 2 = (21 + 20 + 23)°
—3(x1 + 22 + x3) (1202 + T123 + T2X3)
+ 3x12973
=S} — 3815, + 383

so that fp(z1,7e,73) = 23 — 3x129 + 33.

Essentially any book on Algebra should contain a proof, e.g., see
Section 5.2.2 of [Fang|. The bottom line here is that the subalgebra of
Flxy,...,2,] consisting of the symmetric polynomials is just IF[Sy,...,Sy]
and {S1,...,S,} is a minimal generating set for this subalgebra.

Now let us return to (6.2.4). We wish to find simple formulas for the
functions fi(A). Begin by fixing an A. We have shown that fj is invari-
ant under conjugation by any nonsingular matrix so its value at A is the
same as its value at g~ ' Ag for any nonsingular ¢g. Now, one can always find
a nonsingular matrix g for which g~ Ag is triangular (see, e.g., Corollary 2,
Chapter X, of [Lang]). Select such a g and let aq,...,a, be the diagonal
entries of g~tAg. Then

Z- n
I+—A) = I (g~ Ag) —
det()\ + o ) det</\ +2 g) H</\+ al>

i=1
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From (6.2.4) we therefore obtain

)

k
%> Sk(ar,...,an), k=0,1,....,n, (6.2.6)

At = (
where aq,...,a, are the diagonal entries in a triangular matrix similar to A.
We show now that one need not actually find a triangular matrix similar to
A because all of the Si(aq,...,a,) can be expressed directly in terms of A.
Of course, So(ay,...,a,) =1 so

fo(A) = 1. (6.2.7)

Next, observe that Si(ay,...,a,) = a; + -+ a, = trace(g~ 1 Ag) = trace A
SO

fi(A) = % trace A. (6.2.8)
For f5(A) we note that
So(ar,...,an) = a1az+ -+ aran + azaz + - + @20y, + - + ap_1a,
1
=gl e - @ a2,

Again, a; + - - - + a, = trace A. Furthermore,

a4+ +al = trace( (gflAg)2> = trace((g~ ' Ag) (g~ ' Ag))
= trace(g ! (A?)g) = trace (A4?)
so we have

Sa(at,...,an) = [(trace A)? — trace(AQ)}

DO =

and therefore

f2(A) = _# [(traceA)Q - trace(A2)] (6.2.9)

Exercise 6.2.5 Show that

Sz(at,...,an) = [(trace A)? — 3 trace(A%)trace A + 2 trace(A?)

| =

and conclude that

f3(A) = _48% {(trace A)?

—3 trace(A?) trace A + 2 trace(A%)].

(6.2.10)
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Exercise 6.2.6 Show that

. n
i
fn(A) = <271-) det A. (6.2.11)
There are similar formulas for all of the fix(A), but these will suffice for our
purposes.

At this point we are going to restrict our attention to the two specific Lie
groups that are of most interest to us, i.e., U(n) and SU(n). Observe that, for
either of these, an element A of the Lie algebra is a skew-Hermitian matrix
so 1A is Hermitian and therefore has n distinct real eigenvalues. Thus, A has
n distinct pure imaginary eigenvalues ay, ..., a,. Recalling that each term in
Sk(a1,...,a,) is a product of k distinct elements of {ay,...,a,} we have

. k _1\k
Fr(A) = (;ﬂ) Sk(ar,. .. an) = wSk(ial,...,ian).

Since taq,...,a, are real we conclude that fi is real-valued on either u(n)
or su(n). Furthermore, since the elements of su(n) are skew-Hermitian and
tracefree, (6.2.8) implies that f1(A) =0 for all A in su(2).

Our next objective is a complete description of the algebra I(U(n)) of sym-
metric, ad-invariant multilinear forms on u(n). More precisely, we will show
that if f1,..., fn are the clements of I(U(n)) corresponding (by polarization)
to the polynomials f1,..., f, on u(n) described above, then the subalgebra
of I(U(n)) generated by {f1,..., fu} is, in fact, all of I(U(n)). Since f — f
is an isomorphism of I(U(n)) onto the algebra of ad-invariant polynomials on
u(n) it will suffice to show that this latter algebra is generated by {f1,..., fn}.
Begin by letting G’ denote the subgroup of U(n) consisting of the diagonal
matrices in U(n). This is clearly also a submanifold and so a Lie group. The
Lie algebra G’ of G’ is the subalgebra of u(n) consisting of all

el 0 0
0 g 0
diag (it ..., i&") = .
0 0 ien
where &1, ..., ¢" are real. We claim first that
u(n) ={g~'A'g: A'e g, geU(n)}. (6.2.12)

Since G’ C w(n) it is clear that any g 'A’g with A’ € G and g €
U(n) is in u(n). For the reverse containment we let A € wu(n). Then 4 is
skew-Hermitain so —¢A is Hermitian. According to the Spectral Theorem



6.2. Algebraic Preliminaries 315

(Chapter XI, [Lang]), there exists a g € U(n) such that g(—iA)g~! is diago-
nal with real entries, say,

g(fiA)g*1 = diag(gl, €M),

Thus,
—iA =g '(diag(¢',....£"))g
SO
A =g 'diag(i¢', ..., i")g

as required.
Now consider the restriction map R : I(U(n)) — I(G’), defined as follows:
If f: u(n) x - x u(n) — € is in I(U(n)), then Rf : G’ x --- x G’ — C
is given by (Rf)(A},..., AL) = f(A,, ..., A,) for all A7, ... A} in G' C u(n).
Also let

N={gecU(n):gtAgeG forall A/ cG}DGC

and

IN(@) = {F e 1(@): flg™ Atg.....g7 Ajg) =

F(AL, ... AL forall A),... A} in G andallgEN}.

We claim that R carries I(U(n)) isomorphically into Ix(G’). Notice that R
certainly carries I(U(n)) into Iy(G’) and is an algebra homomorphism. To
show that R is injective we show that its kernel is trivial. Thus, suppose
f € I(U(n)) and Rf is the zero element of In(G'), i.e., (Rf)(A},..., A4) =0
for all A},..., A} in G'. In particular, (Rf)(A/,..., A’) = 0 for all A’ in G'.
By (6.2.12), every A € u(n) can be written as g~* A’g for some g € U(n) and
some A’ € G'. Thus, f(A,...,A) = f(g tAq,...,g7tA'g) = f(A',..., A") =
(Rf)(A’,...,A’) =0 for all A € u(n). Consequently, the polynomial on u(n)
corresponding to f is identically zero. Since this correspondence is an isomor-
phism, f is identically zero and the kernel of R is trivial.

To prove that R maps onto Iy(G’) we note first that every element of
In(G') gives rise to a polynomial on G’ that is invariant under conjuga-
tion by elements of N. Identifying G’ with the set of all diag (i, ..., 4£")
with €!,...,€" real, we claim that such a polynomial must be a symmet-
ric function of &%, ...,&™. To prove this it will suffice to show that, for ev-
ery pair (i,7) of indices with 1 < i < j < n, there exists a ¢ € N such
that

g Y(diag(i€t, ... i€t ... 180, .. iE™))g
= diag(i€t, ..., 460, . i€, ... i),
Exercise 6.2.7 Show that the n x n matrix g having 1 in the (7, j)-slot, the

(j,1)-slot and the (k, k)-slot for k # 4,7 and having 0 elsewhere is in N and
satisfies (6.2.13).

(6.2.13)
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Now consider the elements fi,..., fn in I(U(n)) corresponding to the
polynomials fi,..., f, on u(n) defined by (6.2.6). The polynomials on G’
corresponding to Rfi, ..., Rf, are simply the restrictions to G’ of fi,..., fn
and these are given by

. k
fr(diag(i€l,. .., ie")) = <’> Sk(i€l, ... i€™)

27
D% o
= ——=05 e, &N
@)t k(€ ")
for k = 1,...,n. Since every symmetric polynomial in &',... £ is a poly-
nomial in the elementary symmetric functions S;(&%,..., &%), ...,

Sn(€h,...,€%), we conclude that every element of I(U(n)) gives rise to
a polynomial on G’ that can be written as a polynomial in the restric-
tions of f1,...,fn to G'. Thus, every element of In(G') is a polynomial
in Rfl,...,an. Since R is an algebra homomorphism, a polynomial in
Rfl,...,an is the image under R of a polynomial in fl,...7fn SO
every element in Iy (G’) is the image under R of some element of I(U(n)).
Thus,

R:I(Un)) — In(G)

is an isomorphism of algebras.

Notice that we have actually proved more. Since the restrictions of fy, ..., f,
to G’ are (up to constants) the elementary symmetric polynomials in &%, ... &7,
they are algebraically independent and therefore the same is true of the ele-
ments Rfy,...,Rf, in I(G"). Thus, fi,..., fn are algebraically independent
in I(U(n)). Furthermore, Rfi,..., Rf, generate the algebra In(G’) and so
fi,..., fn generate I(U(n)) and we have established our major result.

Theorem 6.2.1 Let fi1,..., f, be the elements of I(U(n)) corresponding by
polarization to the ad-invariant polynomials on u(n) defined by (6.2.4) (or

(6.2.6)). Then fl, ceey fn are algebraically independent and generate the alge-
bra I(U(n)).

The result corresponding to Theorem 6.2.1 for SU(n) is almost the same
except that, since su(n) consists of tracefree matrices, f; is identically zero
and so does not appear in the generating set.

Theorem 6.2.2 Let fo,..., [, be the elements of I(SU(n)) corresponding
by polarization to the ad-invariant polynomials on su(n) defined by (6.2.4)

(or (6.2.6)). Then fa,..., fn are algebraically independent and generate the
algebra 1(SU(n)).

Exercise 6.2.8 Prove Theorem 6.2.2 by making whatever modifications are
required in the arguments that led to Theorem 6.2.1.
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Keep in mind that the generators of I(U(n)) and I(SU(n)) described in
Theorems 6.2.1 and 6.2.2 are actually real-valued on u(n) and su(n), respec-
tively. This will be of some interest when we use them to define the Chern
characteristic classes in the next section.

6.3 The Chern-Weil Homomorphism

With this algebra behind us we can at last begin building characteristic classes
on principal bundles. Start with a matrix Lie group G whose Lie algebra G is
also identified with a set of matrices and a principal G-bundle

G- Py x

over some manifold X. Choose some connection w on the bundle and
denote its curvature by §2 (one of the major tasks before us is to show that
the objects we are about to construct do not depend on this choice). For
every f € I*(G), k > 1, we define a complex-valued 2k-form f(.(l) on P
by

(7)) (w1, vm) = 2% S 077 (20 (voy v

oES2y

(6.3.1)

., 82, (Ua(%fl)’ ”a(2k)))

for all vi,...,v9; in T,(P). For k = 0, f is an element of € and we take
f(£2) to be the constant 0-form whose value is f. Notice that, if {e1,...,e,}
is a basis for G and £2 = 2%, where each £2¢ is a real-valued 2-form on P,
then

F(2) = f(eays---r€an )27 Ao A 2O (6.3.2)

for k > 1. To see this we observe that

(7)) (w1 o) = 2ik > (2 (0o o e

p ogESox

EEE) ngk (vn(Qk—1)7 /U(7(2k)>eak)

1 g (o3
=5t > (D72 (v50), Vo(2)

og€Say

P (%(%-1), vo(Qk))f(eala cey eak)~
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But

(297N A Qo‘k‘)p('vl,.. , Vog) = 2|2' 20 Z U.Qal (va(l),v(,@))

o€Say

20 (%(%—1), 'Ua(2k)>

2k > -y ("ou)v ”o<2>)

gESa
20 (%(%-1)7 Ua(zk)>

so the result follows.

Remark: Since any f € I(G) is uniquely determined (via polarization) by
the ad-invariant polynomial f on G corresponding to it, the form f(42) is also
uniquely determined by f (and £2, of course). Thus, for any f € P¥,(G), we
will often write f(§2) for the 2k-form f(£2).

Before proving the major results of this section we pause to write out a
number of concrete examples. Specifically, we will compute, for k = 1,2, the
2k-form determined by £2 and the symmetrized trace (6.2.2). Begin with k = 1
so that f(A) = symtr(A) = trace(A). Then

(F) @12 = 50 3 177(2 (000 v012)))

oESs

DO | N)\»—l N;\»—l N

7 (82,(01,02)) = F (2 (v2,01)) |
{trace(ﬂp(vl, v9)) — trace(§2,(v2, 'vl))}

trace(§2, (v, v2) — 2,(v2, v1))

|
o+
g
&
Q
o

(292, (v, v2))

= trace($2,(v1, v2))

= (trace o £2),(v1, v2)

so f(42) = trace o £2, which we write simply as

f(£2) = trace 2 (f(A) = symtr(A) = trace(A)) : (6.3.3)

When k& = 2 the symmetrized trace is given by f(Al, As) = symtr(4;, As) =
o Poves, trace(Ay1)Aq(2)) = 3 [trace(Ay Ay)+ trace(AyAy)] = trace(A; Ay).
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Thus,
(f(n))p(vla'027'037174 22 Z f( (’00(1)7’00(2)),

o€Sy
Qp (v0(3)7 v0(4)>)

= 2 3 (1)7trace( 2, (v00), Vo)

2, (va<3>7 vo<4>))

2, (vcr(s)» va<4>))
= trace((() A 82)p(v1, ve, Vs, U4))

= (trace o (2 A £2)),(v1,v2, V3, V4)

so f(£2) = trace o (2 A £2). Again, we will write this as

f(£2) = trace(2 A 2)

i (6.3.4)
(f(Al, As) = symtr(A;, Ag) = trace(AlAg)) .

Exercise 6.3.1 Show that the forms trace £2 and trace(§2 A §2) on P both
project to closed forms on X. Hint: Consider trace F and
trace(F A F), where F = s*§2 is any field strength corresponding to a local
cross-section s.

Our first major result is a generalization of Exercise 6.3.1.

Theorem 6.3.1 Let w be a connection with curvature §2 on the principal

G-bundle G — P 25 X and let fe I*(Q) for some k > 1. Then the 2k-form
f( ) defined by (6.5.1) projects to a unique closed 2k-form f(£2) on X (i.e.,

F(82) = P*(f(£2)) and d(f(£2)) = 0).

Proof: To show that f(£2) projects to a unique 2k-form on X we use
Lemma 4.5.1. Thus, we must show

f(£2) is zero whenever at least one of its arguments is vertical.

oi(f(£2)) = f(£2)) for each g € G.

The first of these is clear from (6.3.2) since 2 vanishes when either of its
arguments is vertical. To prove the second we recall that o7 (£2) = ad,-1 0 £2
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(Lemma 6.2.2, [N4]) and that f satisfies f(adg—l(Al),...,(ldg—l(Ak)) =

f(AL, ..., AL) so
(g; (f(Q)))p (v1,...,v2)

= (/) (@)up(1). - (0)p(v1))
e S U (g (1000 (0700 ()02

TESoK

2, ((Ug)*p<v'r(2kfl))7 (09)*P(v7(2k))))

=5 2 0 (0320, v

TES2k

(0492)p(vr(2k—1)s ”T(%)))

=5 D (*1)7(@%*1 (Qp(vf(l)avr@)))w-w

TES2k

ady- (Qp(vT(Zk—l)v ”r(2k))))

1 _
=3 > (—1)Tf(9p(vr(1),1’¢(2)),-.~,~Qp(vf(2k71), UT(Zk)))

I
~
g
—~
S
~

S
<
—
<
no
>

as required.

Thus, there exists a unique 2k-form f(£2) on X with P*(f(£2)) = f(£2). We
show that f(£2) is closed. Notice that d(f(£2)) = d(P*(f(£2))) = P*(d(f(£2)))
so d(f(£2)) projects to d(f(£2)). Since projections are unique when they ex-
ist, it will suffice to show that f(.Q) is closed. Now, because f((l) projects,
Lemma 4.5.5 implies that d(f(£2)) = d(f(£2)) so d(f(£2)) vanishes when any
one of its arguments is vertical. Thus, we need only show that d(f(2)) van-
ishes when all of its arguments are horizontal. For this we let {e,} be a basis

for G and write 2 = £2%¢,, where each £2% is a real-valued 2-form on P. Then

f(£2) :f(eal,...,eak).(lo‘l Ao A2V
SO

A(f(2)) = feay,- - ea, ) (AR N2 A A QO
+ 02U NdROT NN Q2 (6.3.5)
F F RUAR2NA - NA2Y).
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Now, the Bianchi Identity (Theorem 4.5.9) gives

d“2=0

d“(2%,) =0

(d* 2% e, =0
so d“ 2% =0 for a = 1,...,n. Consequently, each d£2* vanishes when all of
its arguments are horizontal and, by (6.3.5), so does d(f(2)). |

Exercise 6.3.2 Let f € I*(G) and § € I'(G). Show that
(Fog) (@) =P (F(2) A 5(52)).
Hint: Keep in mind that the wedge product is commutative on real-valued

2-forms so that 2% A -+ A 29+ is symmetric in aq, ..., Qg

Before moving on to the major result of this section we will pause to con-
struct a few of the projections f(§2). Recall (from the proof of Lemma 4.5.1)
that if ¢ is a k-form on P which vanishes when any of its arguments is vertical
and satisfies o ¢ = ¢ for every g € G, then its unique projection ¢ to X can
be described explicitly as follows: For each z € X and w, ..., wy in T, (X)

@m(wla BRRE) wk) = L)os(z)(s*fﬂ(wl)v BRI S*fﬂ(wk))a

where s is any local cross-section with x in its domain. Thus, ¢ = s"¢.

Now, suppose f(A) = symtr(A) = trace(A). Then, by (6.3.3), f(£2) =
trace £2. The projection f(§2) of f(£2) to X is obtained as follows: Choose a
local cross-section s : V — P~1(V). Then, for any z € V and any w;, ws €
T.(X),

(F(92))a (w1, wy) = (f(n))s(gc)(s*m(wl),s*m(wz>)
= (trace £2)(y) (510 (W1), S1x(w2))
= trace(2(s) (50 (1), Sea(w2)))
= trace((s*82), (w1, w3))
= trace(F, (w1, w2))
= (trace F), (w1, w2),

where F = s*§2 is the local field strength corresponding to §2 in gauge s.
Thus, )
f(A) = trace A = f(£2) = trace F. (6.3.6)
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Remark: Again we emphasize that different cross-sections give different
local field strengths, in general, but their traces agree on the intersections of
their domains so trace F only appears to be a locally defined object; it is, in
fact, a global 2-form on X.

Exercise 6.3.3 Show that
f(A) = trace(A?) = f(£2) = trace(F A F). (6.3.7)

Hint: See (6.3.4).

_ As a final example we consider fofe I%(G), where fe I'(G) is given by
f(A) = trace A. We compute

(fQ f) (A1, Ag) = ﬁ (T; .f(Ao(l))f<Aa(2))

= 2 [F(ADF(A2) + F(A2) F(AD)

[\

= f(41)f(A2)
= (trace A;)(trace As).

Note that the corresponding polynomial is (trace 4)2 Furthermore,
Exercise 6.3.2 implies that the projection of (f © f)(£2) onto X is
F(£2) A f(£2) which, by (6.3.6), is (trace F) A (trace F). Thus,

f(A) = (trace A)? = f(£2) = (trace F) A (trace F). (6.3.8)

Now, suppose G — P Py X is a fixed principal G-bundle and f is a
fixed element of I*(G), but that wy and w; are two connections on P with
curvatures £2o and 21, respectively. One computes f(42¢) and f(§21) as well
as their projections f(£2¢) and f(£2;) to X. There is, of course, no reason to
expect these projections to be the same and, indeed, they are generally not.
Our next result, however, asserts that, at least in the cohomological sense,
they differ only trivially, i.e., by an exact form.

Theorem 6.3.2 Let wy and wi be connections on the principal G-bundle

G — P 25 X with curvatures 20 and £21, respectively, and let f € I*(G)
for some k > 1. Then there exists a (2k — 1)-form ¢ on X such that f(§21) —

f($20) = dep.

Proof: Let @ = wy — wyp and for each ¢t € [0,1],w; = wp + ta. Then «
is tensorial of type ad. Thus, each t ¢ is tensorial of type ad so each w; is a
connection on P. Let

1
Qt = d“"wt = dwt + §[wt,wt]
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be the curvature of w; and notice that

[wtv wt] - [wo +ilo, wo + ta]

= [wo,wo] + tla,wo] + t{wo, a] + t3[a, a]

so that

g[wt,wt] [a, wp] + [wo, ] + 2t[a, &

([wo, a] + tla, a]) + ([a, wo] + t[ex, a])
= [wo + ta, a | + [, wo + ta]

[wi, & + [, wi]

2[at, wy].
Thus,

d d
i.Qt dt (dwt + = B [wt, wt])

dt
d 1
= dt(dwo +tdo + Q[wt,wt]>
d

Exercise 6.3.4 Let f be an element of I*(G) and let ¢,,...,¢, be
G-valued forms on P of degree g¢i,...,qx, respectively. Define a
(Q1 ++qk)—forrn f(‘iola"'v(iak) on Pby

(f(SOD ce Sok))p <U17 AR vq1+---+qk)
- Z (_1)Uf(4P1 ('”o(l)v s ”o(ql))’ (6.3.10)

I
1- K+
a a 0ESq - tay

< P ’Ua(q1+---+qk_1+1)a-~-a"’a(q1+»--+qk)))-

Show that, if {eq, ..., e,} is a basis for G and ¢, = @{" eq,,..., 0L = @r* €a,,
then

fl@r o) = f(ea17 e ,eak)go(f“ A= Nk, (6.3.11)
Now consider the (2k — 1)-form f(a,ﬂt,...,(lt) on P defined as in
Exercise 6.3.4. If {e1,...,e,} is a basis for G with a = a*0e,, and §2; =

27e,, (6.3.11) gives

fla, 2q,...,02,) = f(eao,eal,...,eaFl)aaO

ANQTEN NG

(6.3.12)
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Exercise 6.3.5 Show that f(oz7 2¢,...,42;) projects to a unique (2k — 1)-
form on X. Hint: The argument is the same as for f(42) in the proof of
Theorem 6.3.1.

Next define a (2k — 1)-form @ on P by
1 ~
0

Since f(a, £2;,...,92,) projects to X, so does @ (to the analogously defined
integral of the projection of f(oz, £2,...,92;)). We claim that

d® = f(£2,) — f(£2). (6.3.14)
First note that this will complete the proof of the Theorem since, if

D =P* p it gives

d(P* @) =P*(f(£21)) — P*(f(£20))
P*(dp) =P (f(£21) — F(£20))

and therefore, since projections are unique when they exist,

de = [(£21) — f(£20). (6.3.15)

Thus, we need only prove (6.3.14). First note that d(f(ex, £24,...,92;)) =

d“t(f(a, £2¢,...,92;)) by Lemma 4.5.5. But, from (6.3.12), the product rule
for d¥* and the Bianchi Identity,

4 (f(a,ﬂt,...,ﬂt)> = f(d“ra, 2,,...,02,)
f(da + [a,wt], Qt, ey .Qt)

Now we use (6.3.9) to compute

kd (f(mnt,...,nt)) = kf(da + [, wi, 20, ..., 2,)
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Thus,

as required. [

The situation is now as follows: We are given a principal bundle

G — P 25 X. Connections always exist on this bundle (Theorem 3.1.7)
so we select one. Let w denote this connection and {2 its curvature. Now, let
f € P¥,(G) be any symmetric homogeneous polynomial on the Lie algebra G
that is invariant under conjugation by elements of G. We have associated with
f aclosed 2k-form f(§2) on X. A different connection w’ will give rise to a dif-
ferent 2k-form f(£2'), but we now know that f(£2) and f(£2') are cohomologi-
cally the same, i.e., cohomologous. Thus, f(£2) and f(£2') determine the same
(complex) de Rham cohomology class, which we denote w(f) € H3*, (X; C).
We have then a mapping

w : I[(G) — Hi, g (X;C)

which assigns to each f € I(G) the cohomology class [f(£2)], where £2 is the
curvature of any connection on the bundle. This map is, in fact, an algebra
homomorphism since it is clearly linear and, by Exercise 6.3.2, it also satisfies

w(F©g) =w(f) Au(3).

The image of I(G) in H} (X;C) under this homomorphism is an algebra of
complex cohomology classes on X the elements of which are called (complex)

characteristic classes for the bundle G < P 25 X. The map w itself is
called the Chern-Weil homomorphism of the bundle.

If fel (G) happens to be real-valued, then any f(£2) is a real-valued
closed form on X and so we can identify w(f) = [f(£2)] with an element of
H} x(X;R). This is, in fact, the case for many of our most important exam-
ples. If fy, is one of the ad-invariant polynomials defined by (6.2.4) (or (6.2.6)),

then the corresponding characteristic class
cx(P) = w(fy) = [fu(£2)] (6.3.16)

is called the k*" Chern class of the bundle G — P -2+ X. For example,
using (6.2.8) and (6.3.6), the 15* Chern class is given by

a(P) = i'[‘cmce FI. (6.3.17)

™
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Similarly, from (6.2.9), (6.3.7) and (6.3.8), the 2"d Chern class is

! [(trace F) A (trace F) — trace(F A F)). (6.3.18)

82

CQ(P) =

There are similar formulas for the remaining c;(P). However, since fi(§2) is
a 2k-form on X these will reduce to zero when &k > %dim X. In particular, if
dim X = 2, then ¢;(P) is the only nonzero Chern class. If dim X = 4, then
c1(P) and c3(P) are the only nontrivial Chern classes.

Let us consider in somewhat more detail the cases G = U(n) and
G = SU(n) that most interest us. We have already seen that, for these groups,
the Chern classes are real cohomology classes.

Remark: Although we will not do so, one can prove that this is actually
true for any matrix Lie group G; Chern classes are real cohomology classes.
Indeed, they are (in a sense we will describe shortly) integral cohomology
classes.

Furthermore, Theorems 6.2.1 and 6.2.2 imply that the algebra of characteristic
classes for any U(n)- or SU(n)-bundle is generated by the Chern classes.

Remark: This is not true for arbitary Lie groups. However, it is known
that, for any compact, semi-simple Lie group G, the algebra I(G) is finitely
generated so that the Chern-Weil homomorphism for any G-bundle is deter-
mined by its values on finitely many elements of I(G). The images of these
then generate the algebra of characteristic classes. For many of the most im-
portant Lie groups it is possible to write out simple, finite generating sets (see
Chapter XII of [KNZ2]).

In the case of SU(n), trace F is zero so many of the formulas simplify consid-
erably, e.g.,

a(P)=0 (G=S8U(n)), (6.3.19)

ca(P) = #[trace(?/\ F) (G=SU(n)). (6.3.20)

We saw in Section 6.1 that U(1)-bundles over S? are classified up to equiv-
alence by their 15° Chern classes (note that, for U(1)-bundles, F is a 1 x 1
matrix so trace F is just its sole entry and the definition of ¢1(P) given in
Section 6.1 agrees with (6.3.17)). We would like to show that SU(2)-bundles
over S* are likewise characterized by their 2°¢ Chern classes. First we show
that equivalent bundles have, not only the same Chern classes, but the same
Chern-Weil homomorphisms.

Theorem 6.3.3 Let G P 5 X and G — P’ ﬂ> X be equivalent
principal  G-bundles over X. Then the Chern-Weil homomorphisms
I(G) — H*(X;C) they determine are equal.
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Proof: Let A : P — P’ be an equivalence (i.e., a diffcomorphism of P
onto P’ satisfying A(p - g) = A(p) - g and P'(X(p)) = P(p) for all p € P
and g € G). Fix f € I*(G),k > 1. Now, select a connection w’ on P’ with
curvature £2'. Then w = \*w’ is a connection on P with curvature £2 = \*£2’.
If {e1,...,e,} is a basis for G and we write 2" = ( £2')%,, then f(£2') =
feays-- s ea)(2)20 Ao A (£2')%. Since pullback is linear and commutes
with wedge products we find that f(£2) = \*(f(£2)).

To show that the Chern-Weil homomorphisms agree we need only prove
that f(£2) and f(£2’) determine the same cohomology class. We will, in fact,
show that they are equal. Moreover, since projections to X are unique, it will
suffice to prove that P*(f(£2')) = f(£2). But

as required. [

Exercise 6.3.6 Show that the algebra of characteristic classes for a trivial
bundle is the trivial subalgebra of Hj i (X;C). Hint: The product bundle
G = X x G - X admits a flat connection (page 353, [N4]).

6.4 Chern Numbers

Since characteristic classes are cohomology classes on the base manifold X of
the bundle, they can be integrated over submanifolds of X.

Exercise 6.4.1 Let G <5 P 2 X bea principal G-bundle, f € I* (@), where
1<k< % dim X, N a compact, oriented submanifold of X of dimension 2k
and ¢ : N — X the inclusion map. Show that

[, )

takes the same value for any connection on P. Show, moreover, that if Ny
and N, are two such submanifolds and N7 can be deformed into Ny in X
(Exercise 4.7.10), then

/. i) = /. 3 (7).

Remark: These integrals are, in general, complex numbers. The integral
of the corresponding cohomology class [f(#2)] is, of course, taken to be the
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integral of any of its representatives. If f is real-valued, we have identified
[f(£2)] with a real cohomology class and the integral is real. This is the case,
in particular, for the Chern classes (see the Remark on page 377). One can
show that, in fact, the integral of a Chern class over a submanifold is always
an integer and, in this sense, Chern classes are integral cohomology classes.
We will verify this for the 2°¢ Chern class of an SU(2)-bundle over S* shortly.
When this is done, the reason for the strange normalizing constants in (6.2.6)
will be clear: The ¢ makes the Chern classes real and the 27 makes them
integral.

A special case of the integrals discussed in Exercise 6.4.1 is of particular

interest. Suppose that G < P P Xisa principal G-bundle, where X is an
oriented compact manifold of dimension 2n. Then the n*® Chern class ¢, (P)
is an element of H3";(X;R) and so can be integrated over X. The value of

the integral
/ cn(P)
b'e

is called the Chern number of the bundle. Chern numbers for equivalent
bundles are, of course, the same. In Section 6.1 we computed the Chern
number for each equivalence class of U(1)-bundles over S? and found that
the result was precisely the integer n that appeared in the transition func-
tion gon(p,0) = e ™% characterizing the bundle. Such bundles are therefore
classified up to equivalence by their Chern numbers. We would now like to
carry out a similar program for SU(2)-bundles over S*. Specifically, we will
let
SU(2) — P -2 s

be some SU(2)-bundle over S* and will calculate the Chern number

1
/54 ca(P) = 2 /34 trace(F A F). (6.4.1)

The general plan is essentially the same as for U(1)-bundles over S? in
Section 6.1. We trivialize the bundle over Uy and Ug. Choose a connection
and pull it back to obtain local potentials Ay and Ag and local field strengths
Fn and Fg. Let Sf‘; and S* be the upper and lower hemispheres of S*,
respectively, and denote by S? the equatorial 3-sphere Si NS4 in §* (with
the orientation it inherits from S%). Then

1
W/SZL trace(}-/\}-)
(6.4.2)

_L/
_87T2 S

1
trace(Fy AN Fn) + 32 / trace(Fs A Fg)
S

4
+
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and we wish to apply Stokes” Theorem to each of the integrals on the right-
hand side. To do so, of course, we need to express both trace(Fy A F ) and
trace(F s A Fg) as exterior derivatives of 3-forms on Uy and Ug, respectively.
This is possible, of course, since they are closed forms on discs, but we will
require more explicit information.

Lemma 6.4.1 Let SU(2) — P 2 X bea principal SU (2)-bundle over X, w
a connection on it with curvature £2,s : V.— P~Y(V) a local cross-section
and A = s*w and F = s* 2 the local gauge potential and field strength. Then,
onV,

trace(FAF) =d (trace(A/\ dA+ ;A/\ AN .A)) . (6.4.3)

Proof: Throughout the proof we will work exclusively on the trivial bundle
SU(2) — P~1(V) — V, but, for convenience, we will denote any relevant
restrictions by the same symbol, e.g., P is the projection on P~1(V),w is
the connection on SU(2) — P~ (V) P, V, ete. We intend to apply (6.3.14),
where f is fo, £21 is £2 and 2 is the curvature of a connection whose existence
we now ask the reader to demonstrate.

Exercise 6.4.2 Let G < P 2+ X be any principal G-bundle,

s:V — P~YV) alocal cross-section and ¥ : P~1(V) — V x G the asso-
ciated trivialization (so s(z) = W1 (x,e) for every x € V). Show that there
exists a connection wg on G < P~1(V) — V for which the local gauge po-
tential Ay = s*wy is identically zero. Hint: If @ is the Cartan 1-form for G
and 7 : V x G — G is the projection, then 7*@ is a flat connection on V x G
(page 353, [N4]). Show that wg = (7 o ¥)*@ has the required properties.

Now, (6.3.14) asserts that

F2(92) = fo(£20) = d@, (6.4.4)

where

1
b= 2/ folar, £2,)dt
0

a=w—wy

w; = wq + ta
1
2, =d*w; = dwy +tdo + §[wt,wt]
=dwgy + tda + w; N\ wy.

Pulling (6.4.4) back by s gives

F2(02) = f2(£20) = d(s*®)
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from which we obtain, since Fy = 0,
trace(F A F) = d(s*P). (6.4.5)

Now, we compute s*® as follows:

Exercise 6.4.3 Show that

fo(au, £2;) = trace(a A £24).

But
a2, =al (dwy+tda + wi Awy)
=aANdwy+taNda+ a A (wy+ta) A (wo + ta)
= aANdwy+taNdoa+ a\wyN\wy+taAwy N\ a
+ta/\a/\wo+t2a/\a/\a
SO

1 1
D= 2/ falo, £24)dt = 2/ trace(a A $2;)dt
0 0

1
= trace <2/ a A $2; dt)
0

trace<2a/\dw0+a/\da+2a/\w0/\w0+a/\wo/\a

2
+a/\a/\w0+3a/\a/\a).

Noting that, by the way we have chosen wg, s*wy = Ay = 0 and
s*a = s*(w — wp) = A we obtain

s*d = trace(A/\ dA + %A/\ AN A)

and the Lemma follows from (6.4.5). [ |

Note that, since F = dA+ AN A, (6.4.3) can be written
1
trace(FAF) =d (trace(A/\T— g.A/\ AN A)) . (6.4.6)

We now return to the evaluation of the integrals in (6.4.2). Applying Stokes’
Theorem twice on the right-hand side and keeping in mind that the equatorial
3-sphere S3 is assumed to have the orientation it inherits from Si we obtain
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1
57 trace(F A F)

= 8%/ vt (trace(AN/\.’FN - ;AN/\AN/\AN>)
SS

— %/ L* (trace(.As ANFgqg— }As AN Ag /\As>)
87T S3 3

1 1
L (trace <AN NFN — §‘AN ANAnN AN An
g3

T8

—As/\fs—l—éAs/\As/\As)),

where ¢ : 5% < S* is the inclusion.

Exercise 6.4.4 Substitute Ay = gsjvl Asgsn + gsj\,l dgsny and
Fn= gsjvl Fsgsn into this last expression to show that

1
52 /54 trace(F A F)
1 * 1 —1 —1
~ 82 g5 t _gtrace(<95N dgsn) N (gsy dgsn)
A (g5 dgsn)) + d(trace(As dgsn ggn'))
and apply Stokes’ Theorem to obtain

1
—/ trace(F A F)
S4

872

1 * —1
=557 /s? L (trace((gSN dgsn) (6.4.7)
A g5k dosx) A (g5% dgsn)).

Notice that, as expected, the integral in (6.4.7), i.e., the Chern number,
does not depend on the connection or the curvature, but only on the transition
function ggy of the bundle. To obtain a computationally more efficient formula
we expand g;ﬁ,ngN = g4y © in terms of the basis

, 0 1 ,
- (® U= 0 K- 0
0 —i -1 0 i 0

for su(2) = ImMH. Thus, let

@1 . @2 @3'
gy dgsy = O'I + ©>J + O°K = < ’ TOn

—-0%+ 0% - O
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Exercise 6.4.5 Compute the matrix products and show that
trace((ggadgsn) A (ggndgsn) A (ggndgsn)) = —120' A O A @3,

Thus,

1
trace(F A F) = ﬁ/ NCANCINCRE (6.4.8)
S3

8 71'2 S4

Our objective now is to show that the Chern number captures the topolog-
ical type of an SU(2)-bundle over S*. For this we recall that the equivalence
class of such a bundle is uniquely determined by the homotopy type of gsn | S
(this is essentially the Classification Theorem for bundles over spheres, but
Lemma 4.4.1 and Theorem 4.4.2 of [N4] make the correspondence explicit).
Our procedure then will be to select one representative from each homotopy
class in 73(SU(2)) = 73(S?) and show that the bundles with these transition
functions have different Chern numbers.

The notation is less cumbersome if we identify both S* and SU(2) with the
unit quaternions. Fix a base point 1 € S® and identify m3(S®) with the set
[(S3,1),(S5%,1)] of homotopy classes of maps g : (S%,1) — (S3,1) (see page
154, [N4]). For each n =0,1,2,... we let

In (S3a 1) — (537 1)

be the restriction to S* of the map g, : H — H given by §,(¢) = ¢". Thus,
10gn = Gnot, where ¢ : S2 < H is the inclusion. We will show that the degree
of g, and the Chern number of the bundle whose gsn | S? is g, are both n.
This is, of course, clear for n = 0 since the constant map gy has degree 0,
while dgo = 0 and (6.4.7) shows that the Chern number of the corresponding
bundle is also 0. Next notice that g; is the identity map on S and so has
degree 1. Furthermore, g; 'dg, = ¢~ 'dq.|2pt]

Exercise 6.4.6 Show that, on H,
g dg = [(@")" + (@)* + (&%) + (&%)
- [(2%d2® 4 2tdat + 22da? + 23da®)

+ (2%t — 2tda® — 2%da® + 23da?)i
+ (2%d2® — 2%da® — 23dat + x'dxd)j
+ (2%d2® — 23da® — xtda? + 2?dxt k).

Show also that, on S% C H, the real part of ¢ 'dg is zero and the wedge
product of the 2, 7 and k components is
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20dz! A dx? A da® — xtda® A da? A dad+ (6.4.9)
22dz0 A dxt A dxd — 23dz® A dxt A da?.

Now, observe that the restriction of the 3-form in (6.4.9) to S? is the standard
volume form for S3 (Section 4.6) so its integral over S3 is 272, Thus, according
to (6.4.8), the Chern number of the bundle corresponding to gy is 54z (27%) = 1
which, in particular, coincides with deg(g;).

For the general case we proceed as follows: The degree of a map
g:S% — 53 can be computed as

deg(g) = / g w,
SS

where w is a 3-form on S whose integral over S is 1. Such a 3-form
on 5% is given by iz times the standard volume form on $*. Accord-
ing to Exercise 6.4.6, the volume form on S? is the restriction to S% of
O' A @* A @3, where O'T + ©?J + @K is the imaginary part of ¢~ 'dg.
By Exercise 6.4.5, this, in turn, is the restriction to S% of
— 15 trace((q~'dq) A (¢~ dq) A (¢~ 'dq)). Thus,

W= ot (trace((q_ldQ) A (g~ dg) A (q‘ldq)))
g*w = *ﬁ(L Og)*(trace((qfldq) A (qildq) A (qildq)))

_ ! trace((L 0g) td(tog) A(tog) td(rog)

2472
A (vog) ld(reg)).

Now, for the map g,, defined above we have ¢ o g, = g, 0 ¢ so

grw = — trace((gn 01) td(gn o)

1
2472
A (gn o L)_ld(gn 0t) A (Gno L)_ld@n o L))

1, o o o
ot (trace((gn Ydgn) A (Gn M dan) A (G, 1tign))>'

Integrating both sides over S? shows that the degree of g, is the same as the
Chern number of the corresponding bundle. To show that these are both equal
to n we need the following identity.

Exercise 6.4.7 Let g, h : S — 53 and define gh : S — S3 by (gh)(q) =
9(q)h(q), where the product on the right-hand side is the quaternion product.
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Show that

trace((gh) ~'d(gh) A (gh)~'d(gh) A (gh)~*d(gh))
= trace(g~tdg A g~ tdg A g~ tdg)

(6.4.10)
+ trace(h~tdh A h=tdh A h=dh)
+ d(3 trace(g~tdg A h=1dh)).
Since go = g191, 93 = G291, - .. and since the integral over S® of the last term

in (6.4.10) is zero by Stokes’ Theorem, we find from (6.4.7) and induction
that the Chern number of the bundle corresponding to g,, (and therefore the
degree of g,) is n. All that remains of our stated objective then is to extend
this to the negative integers as well. Thus, for n = —1,-2,... we let g, :
(83,1) — (S2,1) be the restriction to S3 of the map g, : H—{0} — H—{0}
given by gn(q) = q".

Exercise 6.4.8 Show that deg(g—1) and the Chern number of the bundle
corresponding to g_; are both —1. Hints: Show that ¢g_; is an orienta-
tion reversing diffeomorphism of S3 and so has degree —1. Next note that,
on S3, g:lldg,l = ¢qdq and perform calculations analogous to those outlined
in Exercise 6.4.6.

Exercise 6.4.9 Use (6.4.10) to show that, for each n = —1,-2,... deg(g,)
and the Chern number of the bundle corresponding to g,, are both n.

For the record, we combine what we have just proved with the results of
Section 6.1 to obtain the following theorem.

Theorem 6.4.2 The Chern number for a U(1)-bundle over S? or an SU(2)-
bundle over S* is an integer that uniquely determines the equivalence class of
the bundle.

Remark: In the physics literature a bundle with Chern number n is said to
have topological charge —n (think of the minus sign as simply an attempt
to keep life interesting). For U(1)-bundles the topological charge is also called
the magnetic charge, while for SU(2)-bundles it is known as the instanton
number of the bundle. The idea here is that such a bundle is characterized
topologically by the strength of the Dirac monopole or instanton that can live
on it (see Sections 2.2 and 2.5, respectively).

For U(n)- and SU(n)-bundles the algebra of characteristic classes is gener-
ated by the Chern classes so, in particular, any formal linear combination of
Chern classes is itself a characteristic class. For example, the sum

¢(P) =14 c1(P) 4 ca(P) + - --

of all the Chern classes (necessarily finite since ¢, (P) = 0 when 2k > dim X)
is called the total Chern class of the bundle. For bundles with other struc-
ture groups one can often isolate analogous finite generating sets and build
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from them interesting and useful characteristic classes. Those interested in
pursuing these matters should proceed to Chapter XII of [KN2]| and, for ap-
plications to physics, to [EGH]. We intend now to take up a rather different
means of associating with certain bundles various cohomology classes of the
base manifold, one of which will tell us whether or not a spacetime manifold
admits a spinor structure. The “cohomology” is not that of de Rham, however.

6.5 Z,-Cech Cohomology for Smooth Manifolds

The cohomology theory relevant to the question of whether or not a space-
time admits spinor fields is called Cech cohomology with coefficients in the
group Zs,. This can be viewed as a (very) special case of what is called “sheaf
cohomology,” but in this section we take a more pedestrian approach. We
construct the groups of interest explicitly from a simple cover of the manifold
X and discuss only briefly the sheaf-theoretic proof that the construction is
actually independent of the choice of the simple cover. We then show how the
orthonormal frame bundle of a semi-Riemannian manifold X gives rise to a
Cech cohomology class of X (the 1% Stiefel-Whitney class) which we show
represents the obstruction to orientability in the sense that X is orientable
if and only if this cohomology class is trivial. When X is an oriented and
time oriented spacetime, another such Cech cohomology class (the 2"? Stiefel-
Whitney class) is shown to represent the obstruction to the existence of a
spinor structure for X. Since diffeomorphic manifolds have isomorphic Cech
cohomology groups we arrive at the rather surprising conclusion that the
existence of spinor structures is a topological matter and does not depend
on the particular Lorentz metric defined on the manifold. Before immersing
ourselves in the intricacies of a new cohomology theory, however, we will try
to get some feel for what the topology of a spacetime X has to do with one’s
ability to define spinor fields on X (a quick review of Sections 2.4 and 3.5
might be in order here).

We consider then an oriented and time oriented spacetime X. Of course,
if the topology of X is trivial (X =2 IR*), then any principal bundle over X
is likewise trivial so, in particular, its oriented, time oriented, orthonormal
frame bundle can be identified with the product bundle

ﬁj_ — X X Ll — X.
In this case one can build a spinor structure for X from the product bundle
SL(2,@) = X x SL(2,C) — X
by simply defining A to be the spinor map Spin on each fiber {z} x SL(2, C).

Indeed, X need not be trivial for this to work. All that’s required is that
the frame bundle be trivial and this is the case whenever it has a global
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cross-section, i.e., whenever X has a global orthonormal frame field
s: X — L(X) (Pros =idx).

Suppose now that the frame bundle £(X) is not trivial. It will simplify
the discussion and not obscure any of the essential ideas if we assume that
X is simply connected. In this case it can occur that the frame bundle £(X)
is also simply connected (this cannot occur when the frame bundle is trivial
since 1 (X X EI) >2m((X)® Wl(ﬁl) > 711 (X) @ Zo which is just Zy when X

~

is simply connected). Now, fix an 29 € X and consider the fiber P, ' (zq) =
EI above xg. In Section 3.4 we constructed a curve Ry(t),0 < ¢t < 27, in
EI representing a continuous rotation of the spatial coordinate axes through
360°. We now regard R; as a curve in the fiber P, ' (20). Within P, (z¢), R
is not nullhomotopic. However, if £(X) is simply connected, the loop Ri(t),
0 <t < 2m, is nullhomotopic in £(X) (see the figure).

Prl(xp) = LI

LX)

to the trivial loop

3 \ Homotopy in £(X) from R,
Pe

But a Dirac spinor field (for example) must change sign under a 360°

rotation at xo (because R; lifts to a path in SL(2,C) from (é?) to

(10
01

the wavefunction cannot change continuously from % to — but would have to
do so over the homotopy in £(X) from R; to the trivial loop, it is not possible
to unambiguously define such spinor fields on X. With this as motivation we
now set about finding a characteristic class, the vanishing of which prohibits
this sort of topological obstruction.

Recall (Section 3.3) that an open cover {U,}aeca of a manifold X is said
to be simple if any finite intersection Uy, M-+ N U,, of its elements is ei-
ther empty or diffeomorphic to R™ (where n = dim X). Smooth manifolds

) and obviously does not change sign under “no rotation at all.” Since
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admit simple covers and, indeed, any open cover of a smooth manifold has
a countable, locally finite, simple open refinement in which each element has
compact closure. Our construction of the Cech cohomology groups begins with
the selection of a locally finite, simple open cover U = {Uy, }=1,2,... for X with
each Uy, compact. We first build the Cech cohomology groups HY (U; Zs) cor-
responding to this cover and then discuss how one goes about showing that
the construction is actually independent of this choice. We will identify Zo
with the multiplicative group {—1,1}.

For each integer j > 0, a j-simplex (for i) is an ordered (j + 1)-tuple
o = (ko,...,k;) of indices for which Uy, N --- N Uy; is nonempty (and
therefore diffeomorphic to R™). The support of ¢ is the nonempty open
set |o] = Up, N--- N Uy,. For i = 0,...,5, the i*™®_face of the j-simplex
o = (ko,...,k;) is the (j — 1)-simplex o = (ko,...,ki—1,ki+1,--.,k;). The
set of all j-simplexes for j > 0 is called the nerve of & and denoted N (Uf).
For each j > 0, a (Zz-Cech) j-cochain is a function f which assigns to each
j-simplex ¢ = (ko,...,k;) an element f(o) = f(ko,...,k;) of Zy and that is
totally symmetric, i.e.,

f(k;T(O),...,kT(j)> = fko,... k)

for all permutations 7 € S;y1. The set CI(U; Ty) of all j-cochains is an Abelian
group under pointwise multiplication, i.e.,

(fg)(k(), ey kj) = f(k(), ey kj) g(k(), ey kj)

for all j-simplexes (ko,...,k;). Notice that the identity element of this group
assigns the value 1 € Zs to each j-simplex and that every element of C7 (U; Zo)
is its own inverse.

Before proceeding with the construction we would like to persuade the
reader that Cech cochains actually arise in nature, as it were. Suppose
then that X is a semi-Riemannian manifold and consider the orthonor-
mal frame bundle O(m,n — m) — F(X) P2, X. Select a simple cover
U = {Uk}r=12,. for X of the sort described above. Since each Uy is dif-
feomorphic to R", the bundle is trivial over Uy and so we may select an
orthonormal frame field on Uy, i.e., a cross-section s : Uy — F(X).
Do this for each element of U. Now, if ky and k; are two indices for
which Uy, N Uy, # 0, then sg, and sg, are related on U, N Uy, by
Sky = Sko * Jkok:» Where gp.x, is the transition function. Since this tran-
sition function takes values in O(m,n — m), its determinant is either 1
or —1 at each point Uy, N Uy,. But U, N Uy, is diffeomorphic to R"
(and therefore connected) so det(gg,k,) is either 1 everywhere on Uy, N Uy,
or —1 everywhere on Uy, N Uy,. Thus, we may define f(ko,k1) € Zo
by

(ko k1) = det (gk0k1>.
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Since det(gklko) = det(gkoklil) = (det(gkokl))il = dEt(gkolﬂ)a
f(k1,ko) = f(ko, k1)

and we have defined a Cech 1-cochain f € CU; To).
It will be convenient to define C7(U; Z2) for j < 0 to be the trivial group
{1}. Now, for each j we define a coboundary operator

87 CIU; Ty) — CTTNU; o)
as follows: For j < 0,47 is the trivial homomorphism, while, for j > 0,

(67 f)(koy - kjp1) = fkr, ..o ki) (ko K2y k)
< fkoy ..o k)
j+1 X
_ Hf(ko,...,ki,...,kjﬂ).
i=0
Since f is totally symmetric, so is 67 f and therefore 67 f € CI+1(U; Zy).

Exercise 6.5.1 Show that, because Zs is Abelian, each §7 is a homo-
morphism.

Notice that, if f € CO(U; Zy), then

(8° f) (Ko, k1) = f (ko) f (k1)
and

(6" (8°f)) (Ko, k1, k2) = (8°F) (1, k2) (8° f) (ko k2) (8% f) (Ko, 1)
= [ (k1) f(k2) f (ko) f (k2) f (ko) f (k1)
= (f(ko))?(f (k1))* (f (k2))?
=1.

Thus, 6'06° is the trivial homomorphism. We claim that this is true in general.

Lemma 6.5.1 671067 : CI(U; Zy) — CIT2(U; o) is the trivial homomor-
phism.

Remark: As is customary one generally drops the indices on the cobound-
ary operators, writing them all as § and abbreviating Lemma 6.5.1 as 62 = 1.

Proof: For j < 0 the result is obvious so assume j > 0. Let
[ € CV(U;Zs) and let (ko,...,kj+2) be a (j + 2)-simplex. We must show
that ((§j+1 o 5])f)(ko, ey kj+2) = 1. But
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j+2
(6717 ) ko ky) = TTE) (Koo oy kyaa)

1=0
= (6]f)(k17 k2a BERE) kj+2)(6]f)(k07 k?? BREE) kj+2)
(67 f)(kos ks k)

= {f(k%k&~"7kj+2)f(k17k3a'"akj+2)"'f(klak%"'vkﬁrl)}
'|:f(k27k37'")kj+2)f(k05k37" '7kj+2) o 'f(k07k27"'7kj+1):|“"

-[f(kl,kz,...,kj+1)f(ko,k2,...,ij)---f(ko,kl,...,kj)]

Each of these factors has precisely two of the indices ko, ..., k;j4+2 missing.
Moreover, for any pair of indices, there are precisely two factors in which
these indices are missing. Thus, any factor that takes the value —1 occurs
precisely twice and the product must be 1. |

Lemma 6.5.1 asserts that the sequence of cochain groups and coboundary
operators forms a cochain complex (Section 5.3) and so we may build its
cohomology theory in the usual way. A Cech j-coboundary is an element
of CI(U; Zy) that is in the image of 67! and the set

BI(U; Zy) = Image 677!

of all such is a subgroup of CI(U; Ty). A Cech j-cocycle is an element of
C7(U; Zy) that is in the kernel of 6 and the set

Z3(U; Ty) = ker §7
of all such is a subgroup of €7 (U; Zo). Lemma 6.5.1 asserts that
B (U; ) € 77 (U; Tr)
so BY(U; ) is a (normal) subgroup of Z7(U; Zs). The quotient group
HI(U; o) = 77 (U; o) | B (U; Ty

is the jth Zs - Cech cohomology group of the cover Y. The elements of
H’(U; Zy) are equivalence classes [f] of j-cocycles (67 f = 1), where the equiv-
alence relation is f’ ~ f if and only if f'f~! is a coboundary, i.e.,

="

for some h € C7=Y(U; Zy).
Let us pause for a moment to compute a simple example. Thus, we consider
again a semi-Riemannian manifold X with simple cover U = {Uj}r=1,2, .

and orthonormal frame bundle O(m,n — m) — F(X) 2, X. Choose an
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orthonormal frame field s : Uy — F(X) on each Uy and consider the 1-
cochain f(ko, k1) = det(gx,k,) constructed on page 391. We claim that f is a
1-cocycle and therefore determines a cohomology class in H'(U; Zs). To see
this we let (ko, k1, k2) be a 2-simplex and compute

(81 F) (ko, k1, ko) = f (K1, k2) f (ko, k2) f (Ko, k1)

1
= det (gkle) det (gkgkz det (gkokl)
(

(
)

= det (gkokl) det (gk1k2> det
)

ko ko)

= det (gkolcl Gk1ks Gkako
=1

since, by the cocycle condition satisfied by transition functions (page 32),
Gkoky Gkiks Gkoke 15 the identity matrix. Thus, f determines

[f] S HI(U;ZQ).

One disturbing aspect of this last example is that the cohomology class [f]
is not obviously intrinsic to the topology of X as is the case, for example,
for de Rham cohomology classes. Indeed, it appears to depend not only on
the simple cover U/ from which it is constructed, but even on the particu-
lar orthonormal frame fields s, : Uy — F(X) selected on each of the el-
ements of U. Let us show that at least this last dependence on the cross-
sections sy is only apparent. Thus, we let s) : Uy — F(X) be another
orthonormal frame field on Uy, for each k = 1,2,... . Both s, and s} give
rise to trivializations of the bundle defined on P~ ( ) and these trivializa-
tions are related by a transition function gi defined on Uy (so s), = sk - gk
on Uk)

Exercise 6.5.2 Let (ko, k1) be a 1-simplex with g, = sk, - grok, and s;ﬁ =
sﬁm -gfmkl on Uy, NUy,. Show that g,’%,€1 = g,;)lgkoklgkl on Uy, NUg,.

Now, defining a 1-cocycle f’ just as we did for f, but using the cross-section
s’ rather than s gives

[ (ko k1) = det (gkok'l) = det (gk_olgkokl 9k1>
= (det(gko) det(gkl)) f(ko, kq).

Exercise 6.5.3 Show that h(k) = det(gy) defines an element h of C°(U; Z5)
and that

(6°h) (ko, k1) = det(gko> det(gkl).
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We conclude from Exercise 6.5.3 that
7' (ko kr) = ((0°R) (ko k1)) £ (o, k),

ie.,
fr=("n)f

so f and f’ differ by a 0-coboundary. Thus, [f'] = [f] and the cohomology class
we constructed above does not depend on the choice of the local orthonormal
frames.

Exercise 6.5.4 Show that, if U consists of the single open set Uy = X (so
that, in particular, X is diffeomorphic to R"), then HY(U;Zs) = Zs, but
H7(U; ) is trivial for every other j.

The issue of whether or not our construction is independent of the choice
of the simple cover U is not so easily resolved. Indeed, the standard ar-
gument by which this independence is established employs the methods of
axiomatic sheaf cohomology (for a clear and concise exposition that pro-
ceeds from the basics to the result in question see Chapter IV, Section A,
and Chapter VI, Sections A, B and D of [GR]). We will content ourselves
here with a few elementary observations. Notice first that since any two
simple covers of X of the type employed in our construction have a com-
mon refinement of the same type it would suffice to prove that H7 (U; ) =
HI(V; Zy) whenever U = {Uk}tr=1,2,.. and V = {V;};=1,2,... are two such cov-
ers and V is a refinement of . In this case one can select a refining map
p:{L,2,...} — {1,2,...} with the property that V; C U,y for each
l =1,2,... . Notice that p is generally not uniquely determined, nor is it
one-to-one in general. However, any such p must carry a j-simplex of V onto
a j-simplex of U since Vi, N---NV;; # 0 implies U,qyyN---NUyq,) # 0. Thus,
we can define, for 7 > 0, a homomorphism

P Cl(Us Ty) — CF(V; To)
by
(0 £)os- - 15) = £ (o), - p(0))

for each f € Ci(V; Zy) and every j-simplex (lo,...,l;) for V. For j < 0 we
take p? : CY(U; Ta) —> C7(V;Zs) to be the trivial homomorphism.

Lemma 6.5.2 For each integer j, p’+tl1 o8/ =67 o pl.
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.. 5 ..

C'U, Zy) YUy —
pj pj+1

Cl (v, Zy) CHl (v Zy)  ——

Proof: For j < 0 this is trivial so assume j > 0. Let f € C7(U; Zs). Then,
for any (j + 1)-simplex (lo,...,lj11) in V,

((53 ¢} pj)f)(lo, PN lj+1) = (5](P]f)(l0, ) lj+1)
Jj+1

S | (G IRy
1=0

Jj+1
= Ejf U BRI
:Wﬂ@wwumwﬂo
= (P ))o,- - lj41)
((P]Jrl o 5j)f)(lo7 v ljgn)-
Thus, (67 0 p?)f = (p’+ 0 67) f for any f € C7(U; L), as required. [ |

According to Lemma 6.5.2 the maps p’ : C7 (U; Zy) — C7(V; Zz) determine
a cochain map and so induce maps

(pj)# : I:Ij(l/{; ZLo) — I:Ij(V; Zs)

in cohomology. These homomorphisms are actually independent of the choice
of the refining map as the reader may wish to verify in the following exercise.

Exercise 6.5.5 Let 7 : {1,2,...} — {1,2,...} be another map with the
property that V; C U,y for each I = 1,2,... For each j, let
79+ CI(U; Ty) — C7(V;Zy) be the corresponding homomorphism. Define
K1 : CI(U; ) — CI=Y(V; Zy) for j > 0 by

(K7 f) o, Hf( P17, 7 () )

and let K7 be the trivial homomorphism for j < 0. Show that

() ()7 = (77 o K7) (K7 0 87)
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and conclude that the cochain maps {p’} and {77} are algebraically homotopic
and therefore induce the same maps in cohomology.

The next step (which we do not intend to take) would be to show that
the homomorphisms (p/)# are, in fact, isomorphisms (again, we refer to
[GRY). Granting this, we will henceforth call the groups we have constructed
the Zs - Cech cohomology groups of X and denote them H’ (X;Zs). Any
calculation of these groups for some specific manifold X would, of course,
begin with the selection of some convenient simple cover. For example,
Exercise 6.5.4 now implies that H°(R™;Zy) = %y and HI(R"™;Z;) is
trivial for every other j. Our particular concern will be with isolating cer-
tain specific cohomology classes which act as “obstructions” to the exis-
tence of various desirable structures on a manifold. For example, the coho-
mology class in H'(X;Zs) associated with the orthonormal frame bundle

O(m,n —m) — F(X) P, X of a semi-Riemannian manifold X in the man-
ner described above is called the 15* Stiefel-Whitney class of X and is
denoted w1 (X). The next order of business is to show that the 15¢ Stiefel-
Whitney class w;(X) € H'(X;Zy) is the obstruction to orientability for a
semi-Riemannian manifold X.

Theorem 6.5.3 Let X be a semi-Riemannian manifold and
wi(X) € HY(X;Zy) its 15¢ Stiefel-Whitney class. Then X is orientable if
and only if wy(X) is trivial.

Proof: We select an arbitrary locally finite, simple cover U = {Uj }x=1,2,...
for X and identify H7(X;Zy) with HJ(U;Zy) for each j. Suppose first
that X is orientable. Then we may select local orthonormal frame fields
s+ Uy — F(X) consistent with the orientation of X. In particular, the
transition functions g, that relate these local orthonormal frames are in
SO(m,n —m) and therefore satisfy det(gp,x,) = 1 for each 1-simplex (ko, k1).
But then the 1-cocycle f defined by f(ko, k1) = det(gk,k,), whose cohomology
class is wy(X), is identically equal to 1 so wy(X) is the identity element of
Hl (Z/{, Zg)

Now suppose, conversely, that w(X) is trivial. Select local orthonormal
frame fields si, : Uy, — F(X), k=1,2,... and let gx,x, be the corresponding
transition functions. Let f be the 1-cocycle defined by f(ko, k1) = det(grok, )-
Since wy (X) = [f], f is a coboundary, i.e., f = 6°fy for some fo € CO(U; Ly).
For each index k, fo(k) = £1 so we can select a g € O(m,n — m) with
det(gx) = fo(k). Now define new local orthonormal frames s}, : Uy — F(X)
by s, = s - gk for k = 1,2,... . According to Exercise 6.5.2, the tran-
sition functions g;COkl corresponding to the new trivializations are given
by

Ghooky = 91201 Ikok1 Jky
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SO

det (g;%kl) = det(gko) det (gk1> det (gk0k1>
= fo(ko) fo(k1) f(ko, k1)
= (60fo) (ko, k1) f(ko, k1)

= (f(ko, k1))?
=1

Since sj, = s} - g, for every l-simplex (ko, k1), the orthonormal frames
1 0 o1

sy, and s) therefore determine the same orientation at each p € Uy, N Uy,

Consequently, the collection of all s} : Uy, — F(X),k =1,2,..., determines

an orientation on X. [ ]

We now restrict our attention to an oriented, time oriented spacetime X
and seek a Cech cohomology class which represents the obstruction to the
existence of a spinor structure for X in the same sense that the 15! Stiefel-
Whitney class represents the obstruction to the existence of an orientation for
a semi-Riemannian manifold. We recall (Section 2.4) that a spinor structure
for X consists of a principal SL(2, C)-bundle

SL(2,@) = S(X) 25 X

and a map A : S(X) — L(X) to the oriented, time oriented, orthonormal
frame bundle such that

SL(2,€) < S(X) Ps
\

| x
1 _—
ch — L£(X) P,
ProA="Ps

and
Ap-g) = A(p) - Spin (g)
for all p € S(X) and all g € SL(2, C):

SX)xSL(2,0) : S(X) &
A x Spin l )\l X

cox)x £l L(X) {E'




6.5. Zo-Cech Cohomology for Smooth Manifolds 345

Let U = {Uk}r=12... be a locally finite, simple open cover of X with each
Ui compact and choose local orthonormal frame fields s; : U, — L(X),
k=1,2,.... The corresponding transition functions

Gkok :ng n Ukl —>£I

map into EI for every 1-simplex (ko, k1). Because each Uy, N Uy, is diffeomor-
phic to R* and Spin : SL(2,C) — El is a covering map, these transition
functions lift to SL(2,C):

SL(2,C)
gkokl Spin
"
Ukor\Uk1 Gt L,

We can clearly select these lifts in such a way that

~ - -1
Gkiko = Gkoky

for all ko, k1 = 1,2,... . Furthermore, since Spin is a homomorphism,

Spin(gkokl Gk ks f]lczko) = Gkoks Gkiks Gkako = id.
But the kernel of Spin is { £id } so

Gkoks Tkiks Gkoky = Eid

at each point in Uy, N Uy, N Uy,. But this intersection is connected (diffeo-
morphic to IR*) and so this map is either id everywhere or —id everywhere.
Thus, we can define a map Z from 2-simplexes to Zs by

Tloks Jkiks Thako = Z(ko, k1, k2)(id).

Exercise 6.5.6 Show that Z is a 2-cocycle and therefore determines a coho-
mology class [Z] € H?(X; Zs).

Once again it would appear that the cohomology class [Z] we have defined
depends on not only the initial choice of local orthonormal frames s, but also
on the lifts gy x, of the corresponding transition functions. We show now that
this is not, in fact, the case. Thus, we suppose s, : Uy, — L(X), k=1,2,...,
are also cross-sections. Then s}, = si - g, on Uy for some gj : Uy — LI. As
in Exercise 6.5.2 we let sp, = Sk, - Grok, and s;h = 520 Gk, O0 Uk, N Uy,
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and conclude that
~ —1
g;{:okl = 9y YGkoki1 9k -

Let gr,k, and g, be lifts and define the 2-cocycles Z and Z’ as above. To
show that these determine the same cohomology class we must prove that

7' = (6'h)Z

for some 1-cochain h. Lift the maps g to SL(2,C).

SL(2,C)
&, Spin
+
U, 2 L,

Now define, for each 1-simplex (ko, k1), a map
hklko Uy N Upy — SL(Q,(D)

by
N . 1
Proks = Gkoks Tk Thyko T -

Since Spin is a homomorphism, Spin o hg,,, takes the value id € EI for each
x in Uy, N Uy, . Thus, hy g, maps into {+id} C SL(2,C) and connectivity of
Uk, N Uk, implies that it must be constant. Thus, we may define a 1-cochain
h by

h(k07 k) = hkokl (x)

where z is any element of Uy, N Uy, .

Exercise 6.5.7 Show that Z' = (§'h)Z.

Thus, we have a well-defined cohomology class [Z] which we will call the 274

Stiefel-Whitney class of X and denote ws(X). To unearth its revelance to
the existence of spinor structures on X we begin with the simple observation
that wy(X) is trivial if and only if there exist lifts gy r, of the transition
functions which satisfy

Ghokr Tkiks Gkako = 1d (6.5.1)

at each point of Ug, N Uk, N Ug,. Of course, if such lifts exist,
Z(ko, k1, ko) = 1 so wa(X) = [Z] is trivial. Suppose, conversely, that ws(X) is
trivial. Select lifts gi,x, and define the 2-cochain Z(ko, k1, k2) as above. Since
wo(X) = [Z] is trivial there exists a 1-cochain f such that Z = §'f, i.e.,
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Z(ko, k1, ko) = f(k1, k2) f(ko,k2) f(ko, k1)
for every 2-simplex (kg, k1, k2). Define
g,;o,ﬁ : ng N Uk1 — SL(Q,(D)

by
g;fgkl = gk‘okl f(kOa kl)

Then

Troky Thrky Thako = Troks J(Koy k1) Griks f(R1sk2) Groke [ (K2, ko)
= (Z(ko, k1, k2))? (id)
=1id

so the primed lifts satisfy (6.5.1). Now we will prove our major result by show-
ing that the existence of lifts satisfying (6.5.1) is equivalent to the existence
of a spinor structure on X.

Theorem 6.5.4 Let X be an oriented, time oriented spacetime. Then X
admits a spinor structure if and only if the 2nd Stiefel- Whitney class wy(X) €
H?(X;Zs) of X is trivial.

Proof: For both parts of the proof we fix at the outset a locally finite, simple
open cover U = {Uy }=1,2,... for X.
Suppose first that a spinor structure

S (X)x SL(2,0) . S(X) &
A\ x Spin l 7»1 X

L(X)x L] L) —p

for X exists. The spinor bundle SL(2,C) — S(X) 5, X is trivial over each
U}, so we can choose a cross-section

Sp Uy — 'Pgl(Uk) =)\! ('Pgl(Uk))
for each kK =1,2,.... Define
Ssp U — Pgl(Uk)

by
Sk = /\O§k~
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Then each s is a cross-section of the frame bundle L’I — L(X) Pe x
because P o A = P,. These cross-sections give rise to trivializations and
therefore transition functions and we denote the transition functions by Gk,
and g, k, , respectively.

Exercise 6.5.8 Show that, on Uy, N Uk, , Spin o gr,k, = Gkoks -

Thus, the gr,x, are lifts of the gp,x,. Since they are transition functions of
a bundle, they satisfy the cocycle condition (6.5.1) and so we conclude that
wa(X) is trivial.

For the converse we begin with local orthonormal frame fields
s U — le(Uk), k=1,2,... and denote by gi,k,: Ug, N Ui, — LI_ the
corresponding transition function for each 1-simplex (kg, k1). Our assumption
now is that wy(X) is trivial and we have seen that it follows from this that
there exist lifts

SL(2,C)
§k0k1 Spin
t
Ukom Uk] Geor, L,

satisfying gr,x, = g,;olkl and (6.5.1). The Reconstruction Theorem therefore
guarantees the existence of a unique (up to equivalence) SL(2, C)-bundle

SL(2,C) — S(X) L% X
with the g,x, as transition functions. All that remains is to define a map
A:S(X) — L(X)

satisfying Pz o A = Pg and A(p - g) = A(p) - Spin (g). For this we will define
A above each Uy and then show that the definitions agree on any nonempty
intersections.

The trivialization ¥y, : ’le(Uk) — U % ,CI determined by si is given by

Ui(sk(z) - 9) = (z,9)

for all 2 € Uy and g € L]. Let Uy : Pgt(Uy) — U x SL(2,C),
k = 1,2,..., be trivializations of S(X) related by the transition functions
Gkok, and let s;, : Uy — 7>§1(U;€)7 k=1,2,..., be the corresponding canon-
ical cross-sections. Define

Mt Pgt(Ux) — P (UR)
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by

A = W' o (idy, x Spin) o ¥y,
foreach Kk =1,2,....

Exercise 6.5.9 Show that A(5,(x) - g) = si(x) - Spin(g) for all x € U, and
all g € SL(2,C) and conclude that, on Pg ' (Uy),

Pr oA, = Ps

and
Me(p-g) = Ar(p) - Spin (g).

To show that the maps A; determine a map A : S(X) — L(X) satisfying
ProX=Pgs and A(p-g) = A(p) - Spin(g) it will be enough to show that they
agree on any nonempty intersection

Pgl(Uko) NPl (Uk) = p3l (Uko N Ukl).
But, for z € Uy, N Uy, , we have
N (31,(2) - 9) = 51, (@) - Spin(g)

Sky (J)) = Sk (l‘) * Gkoks (l‘)

and
Sk, (LC) = Sko (1’) " Jkoky (x)

ko (5;.;1 () -g) = Ako (§k0 (z) (gkokl (37)9))
= Sk, (2) - Spin (gkokl (1‘)9)
= (Sko () - Spin(gkokl(x))) - Spin(g)

= (Sk-o () - Groks (3?)) - Spin(g)

as required. [
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Theorem 6.5.4 has some rather obvious consequences that are of sufficient
importance to be recorded officially. If X happens to be diffeomorphic to R?,
then H?(X;Z2) is trivial so wo(X) is trivial and X admits a spinor structure.

Corollary 6.5.5 A time oriented spacetime diffeomorphic to R* admits a
spinor structure.

This applies, in particular, to Minkowski spacetime and the Einstein-deSitter
spacetime. The deSitter spacetime and the Einstein cylinder are diffeomorphic,
not to R*, but to S3 x IR. That they nevertheless do admit spinor structures
will follow from our next result.

Corollary 6.5.6 Let X be an oriented, time oriented spacetime and suppose
that  the  oriented, time  oriented  orthonormal  frame  bundle

EI — L(X) P2 X is trivial. Then X admits a spinor structure.

Proof: By assumption, there exists a global cross-section s : X — L(X).
Letting U = {Uy}x=1,2,... be a locally finite simple open cover we define sy, :
U, — ’Pgl(Uk) by s = $|Ug. Since Sg, = Sk; * Groky, o0 Ug, N U, , all of
the corresponding transition functions gy, are identically equal to id € EJ_.
These surely lift to maps ik, : Uk, N Up, — SL(2, C) that take the value
id € SL(2,C) everywhere and these satisfy (6.5.1) so wo(X) is trivial and X
admits a spinor structure. |

Remark: Geroch [G1] has shown that the triviality of EI — L(X) Pe x
actually characterizes the existence of spinor structures for oriented, time
oriented (noncompact) spacetimes.

Since we have shown in Chapter 3 that both deSitter spacetime and the Ein-
stein cylinder satisfy the hypotheses of Corollary 6.5.6., they too admit spinor
structures.
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Seiberg-Witten Gauge Theory

Spin %—electrodynamics is a gauge theory of a U(1)-gauge field coupled to a
spinor field and, although the connection is defined on a different U(1)-bundle
and the spinor field is of a different type, so is Seiberg-Witten theory. The
significance of the latter, however, resides in an entirely different arena and
one cannot truly appreciate this significance without placing the theory in its
historical context. This we will attempt to do in Section A.l. The (rather sub-
stantial) algebraic preliminaries required just to describe the basic elements
of the theory are introduced in Section A.2 and then we move on to the field
equations and their moduli space of solutions. Much of what we have to say
lies in considerably deeper waters than the main body of the text and so we
must content ourselves with something akin to an initial geographical survey
of the terrain with signposts to the literature for those who wish to dive in.
What we offer is really a continuation of the story begun in Appendix B of
[N4]| and we will need to assume that our reader is aquainted with this.

A.1 Donaldson Invariants and TQFT

The first incursion of gauge theory into topology was Donaldson’s theorem
on compact, simply connected, smooth 4-manifolds M with b3 (M) = 0 and
definite intersection form. The proof is based on an analysis of the moduli

space of anti-self-dual connections on the SU(2)-bundle SU(2) — P, Py M
over M with Chern number 1. The structure of this moduli space and Don-
aldson’s proof of his theorem are sketched (ever so briefly) in Appendix B of
[N4]. Much of the analysis described there can be carried out for the bundles

SU(2) — Py Pk M with positive Chern number k > 0 and without the
assumption that bj (M) = 0, although the results are rather different. We
will not repeat this analysis here, but will simply ask that our reader become
aquainted with Appendix B of [N4| and state the end result.

Throughout this discussion M will denote a compact, simply connected,
oriented, smooth 4-manifold with b3 (M) > 0 (soon we will impose additional

conditions on b3 (M) and explain why). For each k > 0 we let SU(2) < P Pr,
M be the principal SU(2)-bundle over M with Chern number k, A(P;) the
(affine) space of all connection 1-forms on Py and G(P) the gauge group of
automorphisms of Py. As usual, G(Py) acts on A(Py) by pullback and two
connections w,w’ € A(Py) are gauge equivalent if there is an f € G(P)
such that w’ = f*w. The moduli space of all gauge equivalence classes [w] is

G.L. Naber, Topology, Geometry and Gauge fields: Interactions, 351
Applied Mathematical Sciences 141, DOI 10.1007/978-1-4419-7895-0,
© Springer Science+Business Media, LLC 2011
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denoted B(Py) = A(Py)/G(Pr). The stabilizer of w is the subgroup of G(Py)
consisting of those f that leave w fixed and always contains a copy of Zs. If
the stabilizer is precisely Zs, then w is said to be irreducible (otherwise, it is
reducible). The (open) subset of A(Py) consisting of irreducible connections
is denoted A(P;) and its moduli space is B(Py) = A(Py)/G(Py).

Now we let g be a Riemannian metric on M and consider the set Asd(Py, g)
of all w € A(Py) that are g-anti-self-dual, i.e., satisfy *F,, = —F,,, where x is
the corresponding Hodge star operator and F', is the curvature of w thought
of as an ad Py-valued 2-form on M. This might well be empty (when k = 1
and b3 (M) = 0 a theorem of Taubes prohibits this, but we are assuming
by (M) > 0). The moduli space

M(Py, g) = Asd(Pr, 9)/G(Pr)

of g-anti-self-dual connections on Py could therefore also be empty. The as-
sumption that by (M) is positive has beneficial consequences as well, however.
Under this assumption Donaldson proved a generic metrics theorem to the
effect that there is a dense subset of the space R of Riemannian metrics on M
with the property that for any g in this set every g-anti-self-dual connection
w on Py is irreducible and the moduli space M(Py, g) is either empty or a
smooth orientable manifold of dimension

8k — 3 (14 b3 (M))

(moreover, an orientation for M(Py, g) is canonically determined by choosing
an orientation for the vector space H3 (M;R )).

Remark: The restriction on b3 (M) arises because the subset of R consist-
ing of those g for which reducible g-ASD connections exist is a countable
union of smooth submanifolds of codimension b3 (M). If b3 (M) = 0, then re-
ducibles are generically unavoidable (and we saw in Appendix B of [N4] that
this is a good, not a bad thing as it leads to the cone singularities required
for the cobordism proof of Donaldson’s Theorem).

With this information in hand Donaldson set about constructing a
sequence v4(M),d = 0,1,2,..., of differential topological invariants of M
(this means that the invariants agree for two smooth 4-manifolds that are
diffeomorphic, but need not agree if the manifolds are merely homeomorphic,
but not diffeomorphic). The first ~o(M) is simply an integer, but for d > 1,
Ya(M) : Hy(M) —» Z[1] is a function on the second homology of M with val-
ues that are integer multiples of % They are called the Donaldson invariants
of M. Their definition and, especially, their computation is enormously com-
plex, but these computations produced remarkable insights into the structure
of smooth 4-manifolds. Eventually they were superceded by invariants arising
from Seiberg-Witten gauge theory, but to understand how this came about
one must have at least some general, intuitive sense of how they are defined
(those in search of honest definitions should proceed first to [M2] and then
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move on to [DK]). In the brief description that follows we assume that we
have selected a generic Riemannian metric g and fixed some orientation of
H (M;R).

Notice that, by an appropriate arrangement of b3 (M) and the Chern num-
ber k, it is entirely possible for the dimension 8k—3(1+4-b3 (M)) of M(Py, g) to
come out zero. Then M(Py, g) is either empty or an oriented, 0-dimensional
manifold, i.e., it is a set of isolated points [w]| each equipped with a sign +1
which we will denote (—1)[“]. As it happens, in this case (and only in this
case) M(Py, g) is compact, i.e., finite, so we can define

0 , M(Py,g)=10

M) = .
o) ST (—D®, M(Prg) £ 0

[w]eM(Pr,g)

Regrettably, this integer need not be an invariant and may, in fact, depend
on the choice of generic metric g. To prevent this one must ensure that not
only is it possible to choose a metric for which there are no reducible ASD
connections, but also that a generic variation of that metric (generic path in
the space R of Riemannian metrics on M) does not introduce reducibles. For
this one needs the set of metrics in R for which there are reducibles to be
sufficiently “thin” and this, by the Remark above, means that b3 (M) must be
sufficiently large. One can show that

by (M) > 1

will do and so we henceforth make this assumption about M (one more
assumption on b (M) is forthcoming). With this we have the 0-dimensional
Donaldson invariant v (M) € Z of M.

The definition of v4(M) for d > 0 is a very great deal more complicated.
Even the briefest sketch would require substantial effort and is not really
necessary for what we have in mind here. For our purposes it will suffice to
have a naive, intuitive picture of the idea that lies behind the definition and
some appreciation of what makes it so naive. Very roughly, the idea is that the
values of v4(M) will be obtained by integrating over the (finite-dimensional)
moduli space certain carefully selected differential forms. To implement this
idea Donaldson defined a map

(think of this as assigning 2-forms on M(Py, g) to surfaces in M) and wedged
enough of the images together to get a form with rank dim M(Py, g) that can
then be integrated over M(Py, g). Of course, any wedge product of 2-forms
has even rank so this cannot succeed unless dim M(Py, g) = 8k—3(1+b5 (M))
is even, i.e., unless by (M) is odd. Thus, we arrive at our final restriction on
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by (M). Henceforth, we assume
by (M) =1 mod 2 and b3 (M) > 1.

Remark: The definition of Donaldson’s u-map is technical and involves
a number of ideas that we have not encountered (Pontryagin characteristic
classes and an operation from algebraic topology called the slant product).
The details can be found in [M2]| and [DK]. In the special case in which & is
odd a rough idea of what is behind the definition can be described as follows:
Donaldson constructs a certain auxiliary SU(2)-bundle SU(2) < P — M x
M(Py, g) over the product M x M(Py, g). Its second Chern class ¢z (P) is an
element of H*(M x M(Py, g)). There is a general result on the cohomology
of products (called the Kiinneth formula) that gives H*(M x M(Py, g)) =
Dy j_a H(M) @ H (M(Py, g)) so ca(P) has a (2, 2)-part (o, ) € H*(M) ®
H?(M(Py, g)) Then, if z is an element of Hy(M) and we identify = with a
smoothly embedded surface in M representing it, we can define

ua) = ([ a)s e H*0MPL ).

Now we are prepared to describe our “naive” definition of ~4(M) when
8k —3(1+b3 (M)) > 0. First we fix the Chern number k. Since b3 (M) is odd
we can write

8k — 3(1 + b;(M)) — 24,

for some positive integer dj. For any @ € Hao(M), u(z) is in H2(M(Py, g)) so
pla) A A () € H(M(Py, 9)) and we set

A p(x).

lydk(M)(m) :/ ,u(x) A e

M(Py,g)
Now for any positive integer d with

d= —;(1 +b2+(M)) mod 4

we can select a k for which 2d = 8k — 3(1 + b3 (M)) so that d = dj, and we
have “defined” ~4(M).

Remarks: There are probably no more than a thousand things wrong
with this “definition” and setting it all straight requires a huge amount
of technical labor. Nevertheless, morally at least it represents the correct
idea and is, in fact, the way these invariants are often viewed by physi-
cists (more on this shortly). We will offer just a brief tour of what is wrong
and what it takes to make it right. Most of the fuss can be traced to the
fact that, when its dimension is positive, M(P, g) is never compact and so
one can generally not integrate over it. Deep analytical results of Uhlenbeck



A.1. Donaldson Invariants and TQFT 355

and Taubes and much labor led Donaldson to a compactification M(Py, g),
called the Uhlenbeck compactification, of M(Py,g) and an extension
i Ho(M) — H2?(M(Py, g)) of the u-map to it. Unfortunately, although
it is compact, M(Py, g) is not a manifold and so integration no longer makes
sense. Algebraic topology presents the alternative of pairing the cohomology
class fi(x) A --- A i(z) with what is called the fundamental homology class
[M(Py, g)] of M(Py, g). Alas, M(Py, g) has a fundamental class only for suf-
ficiently large k (the so-called “stable range” k > 2(1+b3 (M)) or, equivalently,
dr > 2(14+b3 (M)). For d = —3(1+b3 (M)) mod 4 and d > 2(14b3 (M)) one
can define v4(M) in the manner just described. Removing the stable range
condition and the required mod 4 congruence requires another u-map

p: Ho(M) — H4(M(Pk, g))v
a detour around the fact that this one does not extend fully to M(Py, g) and
a blow-up formula relating v4(M) to va(M # (1371[’2)7 where M # TP is the
connected sum of M and TP~ (which is obtained by deleting an open 4-ball

from both M and TP~ and identifying the boundary spheres). Incidentally, it
is only in this last step that the values of v4(M) become multiples of % rather

than just integers. Those inclined to find out what all of this really means are
referred to [M2] and [DK].

It is certainly not our intention here to compute Donaldson invariants or use
them to obtain topological information about 4-manifolds. Rather we would
like to sketch how, by adopting a slightly different perspective, they lead, by
way of quantum field theory, to the Seiberg-Witten theory that is our real
concern here. To keep the discussion as uncluttered as possible we will focus
most of our attention on vy(M) and will economize on notation by writing P
for Py, G for G(Py), A for A(Py), etc.

The gauge group G does not act freely on the space A of irreducible con-
nections since even irreducibles have a Zs stabilizer. However, Q = G/Zs does
act freely on A so we have an infinite-dimensional principal bundle

G—A— B
We build a vector bundle associated to this principal bundle as follows: We
claim that there is a smooth left action of G on the (infinite-dimensional)
vector space A2 (M, ad P) of self-dual 2-forms on M with values in the adjoint
bundle ad P. To see this we think of G as the group of sections of the nonlinear
adjoint bundle Ad P under pointwise multiplication. Since the elements of
A% (M, ad P) take values in the su(2)-fibers of ad P, G acts on these fibers by
conjugation. Moreover, conjugation takes the same value at +f € G so this

G-action on Af_ (M, ad P) descends to a G/Zs = G-action. Thus, we have an
associated vector bundle

Axg A% (M,ad P),
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the elements of which are equivalence classes [w, o] = [w - f, f~' - a ] with
weA ac A (M,adP)and f €.

Now recall that sections of associated vector bundles can be identified with
equivariant maps from the principal bundle space to the vector space fiber.
In our case we have an obvious map from A to Ai (M, ad P), namely, the
self-dual curvature map

Ft:A— A% (M,ad P)

Since the G-action on A is by conjugation and curvature transforms by con-
jugation under a gauge transformation, F' is equivariant:

Frw-f)=FL , =f'"Fif=f"Fl=f" F(w).
F™T can therefore be identified with the section

si:B— Axg AL (M,adP)

s+(w]) = [w, FJ]

of our vector bundle. Now notice that the moduli space M of anti-self-dual
connections (F, = 0) is precisely the zero set of the section s, (for generic
g all such connections are irreducible). It is a general fact that the base of
any smooth vector bundle is diffeomorphic to the image of any cross-section
of the vector bundle (in particular, the one that picks out the zero element in
each fiber). Thus, we can identify B with the image of the zero section

so: B— A Xg A% (M,ad P)
so([w]) = [w, 0].

We conclude that
M = s+(l§’> 050(3)

In the case in which M is 0-dimensional each point in this intersection acquires
a sign +1 and the Donaldson invariant vo(M) is the sum of these signs.
This last interpretation of ~o(M) is reminiscent of a very famous result
in topology that we now digress momentarily to describe. We have seen
(Section 3.3) that a smooth vector field V' on a manifold X can be iden-
tified with a cross-section V : X — T'X of the tangent bundle of X. The
image V (X) of X is a submanifold of TX diffeomorphic to X and the same is
true of the zero cross-section (vector field) Vi : X — TX. We will identify
X with V(X). Then the zeros (singularities) of V are just the points of
V(X)N Vy(X). Now assume that X is compact and oriented. Then TX is
also oriented and we can give V(X)) the orientation that makes V orientation
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preserving. Now we proceed exactly as in the definition of the intersection
form (Appendix B of [N4]) to define the index Ind(V') of V : Perturb V
slightly so that V(X) and V(X) intersect transversally and therefore (since
dimTX = 2dim X) in a finite set of isolated points. Such a point p is as-
signed the value 1 if an oriented basis for T,,(V(TX)) followed by an ori-
ented basis for T,(V(T'X)) gives an oriented basis for T),(TX); otherwise,
it is assigned the value-1. Then Ind(V') is the sum of these values over all
points in V(X) N V(X). The Poincaré-Hopf Theorem then asserts that
Ind( V) is equal to the Euler characteristic x(X) of X (a proof of this can be
found in [MT]). The point is that we have a topological invariant of X that
is determined by cross-sections of a vector bundle over X and in much the
same way (sum of signed points in the zero set of the section) that vy (M) is
determined by the section s of A Xg A2+(M7 ad P). Notice also that one can
generalize the definition of Ind( V') to define the index of any section s of any
vector bundle F — X that shares a few properties of the tangent bundle (it
should be orientable in the sense that orientations can be smoothly supplied
to the fibers and the fiber dimension should be the same as dim X).

To understand how physics enters these considerations (and we must un-
derstand this because that’s where Seiberg-Witten came from) we will take
a moment to describe another very famous result of topology/geometry that
provides yet another way to calculate y(X), this time by integration of a cer-
tain characteristic class. Since it turns out that x(X) is always zero when
dim X is odd we will restrict ourselves to (compact, oriented) manifolds X
of dimension 2k for some k > 1. The result we need is the Gauss-Bonnet-
Chern Theorem which asserts that

() = [ e(x).

where e(X) is called the Euler class of X. This is a characteristic class that
can be defined by the Chern-Weil procedure described in Section 6.3. Briefly,
the construction goes like this: Choose a Riemannian metric on X and consider
the corresponding oriented, orthonormal frame bundle

SO(2k) — Fy(X) — X

(Exercise 3.3.17). Choose a connection w on this bundle with curvature €. To
apply the Chern-Weil procedure we now need a symmetric polynomial on the
Lie algebra so(2k) of SO(2k) that is invariant under the adjoint action. The
appropriate choice this time is called the Pfaffian

Pf: so(2k) — R.

Although there are much more elegant ways to define this (see [MS]) we will
opt for a simple-minded formula in terms of the matrix entries. Let A = (A4;;)
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be an element of so(2k) and define

1 [ea
PHA) = 50 > (1) Agyo() - Ar-1)o(2k);

g€ Sog

where Sy, is the group of permutations of {1,...2k} and (—1)7 denotes the
sign of the permutation o. One can check, for example, that if

0 A
0

-1 0

0 Ak

0

—Ak 0

then Pf(A) = Ay --- A (in fact, it is always the case that (Pf(A))? = det A).
One can show that Pf is invariant under the adjoint action of SO(2k) on
s0(2k) so Chern-Weil guarantees that if we write Q@ = (£2;;) as a matrix of
1-forms (and normalize by —5-), then

1 —1)k
Pf <_27rﬂ> = Q(Qkﬂzk! Z (=1)7Qs1)o2) N+ A Qo(2h—1)0(2k)
€Sy
descends to a closed 2k-form on X whose cohomology class e(X) does not
depend on the choice of the connection €2. This is the Euler class and its
integral over X is the Euler characteristic (this is proved in [MT]).

All of this can be generalized to an arbitrary oriented, real vector bundle
E — X of fiber dimension 2k over a compact, oriented manifold of dimension
2k. Here one chooses a fiber metric (smoothly varying positive definite inner
products on the fibers of F) to get an oriented, orthonormal frame bundle
SO(2k) — F(E) — X. The Euler class e(E) is then defined just as above
and one defines the Euler number x(F) of the bundle to be its integral over X
(this is no longer the Euler characteristic of X, of course). One can then prove
an analogue of the Poincaré-Hopf Theorem that gives x(E) as the intersection
number for a cross-section of E (see [MT]).

What we have seen is that the Donaldson invariant ~o(M) is analogous to
the Poincaré-Hopf version of an Euler number (although the vector bundle
is infinite-dimensional and the Poincaré-Hopf Theorem itself is valid only in
finite dimensions). If one were to take this analogy seriously it might suggest
the possibility of an integral representation of o (M) analogous to the Gauss-
Bonnet-Chern Theorem. Notice, however, that such an integral would be over
the base of the vector bundle which is the infinite-dimensional moduli space B.
Now, integrals over infinite-dimensional manifolds are notoriously difficult to
make rigorous mathematical sense of, but, fortunately, this does not bother the
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physicists at all. As Nigel Hitchin has said, “This is such stuff as quantum field
theory is made of.” Indeed, it was Edward Witten [W2] who first produced a
(formal) integral representation of ~o(M), not directly, but as what is called
the partition function of a certain variant of supersymmetric quantum Yang-
Mills theory. Indeed, this quantum field theory also yielded formal integral
representations for all of the Donaldson invariants and eventually led to the
Seiberg-Witten invariants. Athough we are not so presumptuous as to attempt
any sort of exegesis of Witten’s work a quick tour of a few of the ideas is the
only way to see the emergence of Seiberg-Witten.

There are various approaches to the construction of a quantum field theory,
but the only one that will concern us here is the so-called Feynmann path
integral approach. Here one begins with a classical field theory of just the
sort, we discussed in Chapter 2. Thus, one is given a collection £ of classical
fields (gauge fields, i.e., connections, and matter fields, i.e., sections of vector
bundles) and an action S(&). The action has various symmetries (e.g., gauge
invariance, relativistic invariance, etc.) so that the physically significant object
of study is the moduli space F/S of fields modulo symmetrics. Real-valued
functions

O:F/S—R
on the moduli space are called observables. In this context, “quantization” is
viewed as the process of assigning expectation values (O) to
observables O and, according to the rules of the game, this is accomplished
by a weighted integral over the moduli space which, when the underlying
manifold is Riemannian (as opposed to semi-Riemannian), is of the form

(0) = / ¢SO/ o([¢)) [De).
F/S

Here e is a “coupling constant” and [DE] represents a (generally nonexistent)
measure on the infinite-dimensional moduli space. Such integrals as a rule have
no precise mathematical definition, but physicists compute with them to great
effect nevertheless. The end result is a quantum field theory; it is called
a topological quantum field theory (TQFT) if for some distinguished
set of observables these expectation values are independent of the choice of
Riemannian metric on the underlying manifold. The integral

Z:/ e S@®/<[Dg]
F/S

is called the partition function of the quantum field theory.

Witten [W2] constructed the first example of such a TQFT with the specific
intention of exhibiting the Donaldson invariants as expectation values of cer-
tain observables. The classical gauge theory from which the quantum field
theory was built is rather more complicated than any we have encountered
and has more structure than our examples, but very briefly it looked some-
thing like this: M as usual is a compact, simply connected, oriented, smooth
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4-manifold with b5 (M) > 1 and odd and we choose some generic metric g
on M. The field content consists of one gauge field (connection) w and five
matter fields ¢, A, n, x and 1 all of which are forms (of various degrees) with
values in the adjoint bundle ad P. But this gauge theory of Witten’s is super-
symmetric which means that each matter field is classified as either “bosonic”
or “fermionic” and there is an additional (super) symmetry operator that in-
terchanges bosons and fermions. We will make no attempt to explain what
this means, but will simply refer the curious to [W1] and record the types of
the matter fields:

Bosonic Fermionic

¢ € A°(M,ad P) n € A°(M,ad P)

A€ A%(M,ad P) x € A'(M,ad P)
¥ € A2 (M,ad P)

A 6-tuple € = (w, ¢, A\, m, X, ) of such fields is called a field configura-
tion for the gauge theory. Now we need an action functional. This is called
the Donaldson-Witten Action. It is somewhat more intimidating than the
others we have seen and we will make no real use of it, but since everyone
should see Witten’s Lagrangian once in their lives, here it is,

Spw (€) = /

1 1 1
trace| — —~F,A*Fo, — —F,AF,+ =1, )¢
o 1 1 2

+adx A —2i[x, "X] A+ 7 (PAFA)

+x A *d“’n)

Remarks: A few of the terms in the action are familiar. The first is a Yang-
Mills term. The second Witten calls a topological term since it is essentially
the Chern class. The rest are to be regarded as interaction terms. The path
Witten followed to arrive at the field content, the symmetries and the terms in
the action is described in detail in [W2], but it is not a path easily traversed
by mathematicians. Remarkably, Atiyah and Jeffrey [AJ] have shown that the
fields and the action all arise naturally from purely geometrical considerations
by formally applying to the infinite-dimensional vector bundle A Xg Af_ (M,
ad P) a formula for the Euler class proved (for finite-dimensional vector bun-
dles) by Mathai and Quillen [MQ)].

Spw (&) is a perfectly well-defined mathematical object, but now we must
quantize and this means integrating over the entire moduli space of field con-
figurations. The partition function, for example, is formally written as the
path integral

Zow = / e Fow©/CDg],
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Now, a path integral is really not an integral at all, but just a suggestive
notation for a certain limit (a limit that generally does not exist). Physicists
have developed elaborate techniques for dealing with such “integrals”, but
we will say nothing about this. Rather we will simply sketch, in very broad
terms, how Witten was led to identify Zpw with 49(M) in the case in which
8k — 3(1 + b5 (M)) = 0. The crucial observation is that Zpy,, whatever it
means, is a function of the coupling constant e. At the classical level, e plays
no real role and can simply be regarded as a rescaling of the action, but in
the quantum theory its size will determine the computability (or not) of the
relevant physical quantities. This is because the usual procedure for dealing
with these quantities is to do perturbation calculations and this involves series
expansions in e. If e is “small” (i.e., in what is called the “weak coupling
limit”) such calculations are extraordinarily effective, but if e is “large” (“strong
coupling”) they fail completely.

Witten computed Zpyy is the weak coupling limit by performing what the
physicists call the “semi-classical approximation” which he concluded, based
on all of the symmetries built into the action, must, in fact, be exact.

Remark: This is an infinite-dimensional analogue of the famous
Duistermaat-Heckman Theorem on exact stationary phase approximations
(see [BV]).

From this he argued that the path integral defining Zpy “localizes” to an
integral over the moduli space M of anti-self-dual connections on P and,
when dim M = 0, this integral over the 0-dimensional moduli space is just a
sum that can be identified with the Donaldson invariant ~o(M).

Remark: Intuitively, this is not unlike the Residue Theorem which localizes
a contour integral around a closed path to a sum of contributions from the
singularities of the integrand inside (although there are no “symmetry” con-
siderations here). Much closer mathematical analogues are the Equivariant
Localization Theorems of Berline and Vergne (see [BV]) which extract and
generalize the essential content of the Duistermaat-Heckman Theorem.

Witten also isolated observables in his TQFT whose expectation values
formally coincide with the integrals we used in our “naive” definition of
~va(M) for d > 0. Very briefly, it goes like this: For any field configuration
€= (w,¢,A,n,x,v) define W = trace(1ep Ay + ¢F.,). This is an ordinary
2-form on M. For each homology class © € Ho(M), thought of as an embedded

surface, define
O(z) = / W,

Each O(z) maps a field configuration to a real number. Again due to all of the
built-in symmetries, O(x) is actually defined on the moduli space and so is
an observable. Witten associates with each O(z) a closed 2-form a(x) on the
moduli space M whose cohomology class can be identified with p(z)(u is the
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Donaldson g-map). Finally, if dim M = 2d, d > 1, he shows that 0%, defined
on Hy(M) by 04(z) = (O(x))?, is a real-valued function on the moduli space
(i.e., an observable) whose expectation value, localized to M, is

d

dSC: alx olx
(O4(=)) /M () A% A ala)

and so coincides with our integral description of v4(M).

All of this is quite formal, of course, and the end result is not really the
Donaldson invariants but only our naive description of some of them. Never-
theless, it is remarkable. Still more remarkable is the fact that this is just the
beginning of the story and that the best part is yet to come. To relate this part
of the story we must first say a few words about another feature of Witten’s
TQFT. This is a very subtle and deep type of “duality” that we cannot do
justice to here, but which has its origins in the fact that, unlike most quan-
tum fields theories, its partition function and expectation values are actually
independent of the coupling constant e. This is not a mathematical theorem,
of course, but a consequence of formal path integral manipulations based on
the myriad symmetries of the action. Ordinarily one would expect the weak
and strong coupling regimes to describe very different physical systems, but
in the case at hand they must be entirely equivalent, although their mathe-
matical descriptions would no doubt look quite different (since, for example,
perturbation calculations are possible in one, but not the other). This suggests
the possibility of an entirely different description of the Donaldson invariants
buried in the strong coupling regime. Witten was well aware of this in 1988
when [W2] appeared, but could do nothing about it because no one knew
how to compute anything in the strong coupling (nonperturbative) regime.
And so matters stood until 1994 when Seiberg and Witten developed entirely
new techniques for doing exact calculations in strong coupling for so-called
N = 2 supersymmetric Yang-Mills theories. This done, Witten dusted off his
old TQFT, applied the new techniques and uncovered the dual version of Don-
aldson theory. This is, of course, the Seiberg-Witten theory that we have been
leading up to all along. The details of the argument leading from Donaldson-
Witten to Seiberg-Witten are at the deepest levels of theoretical physics and,
alas, quite beyond the powers of your poor author whose only service can be
to refer the stout-hearted among his readers to [W3]. The end result, however,
was what Witten was convinced must be a “substitute” for Donaldson theory.
It contained new fields (not a single SU(2)-connection, but a U (1)-connection
and a spinor field), new equations (not the anti-self-dual equations, but the
Seiberg-Witten equations which are, from the point-of-view of partial differ-
ential equations, much simpler), a new moduli space and new invariants. But
the physical equivalence of the quantum field theories from which they arose
(“duality”) left no doubt in Witten’s mind that they must contain the same
topological information. The story of how this conjecture was sprung on the
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mathematical community and the pandemonium that ensued has been told
many times, but is best heard from someone who was there so for this as well
as a lovely introduction to what is to come here and a pleasant afternoon’s
entertainment we heartily recommend [Tau2]. We will now get on with the
business of describing the mathematical side of the new classical gauge theory.
When it is possible, with the background we have at our disposal, to provide
details we will do so; when it is not, we will try to provide a sense of what is
involved, what needs to be learned and where it can be learned.

A.2 Clifford Algebra and Spin©-Structures

Seiberg-Witten invariants are defined, just as the Donaldson invariants are,
from a moduli space of solutions to certain partial differential equations. They
are much simpler to deal with than those of Donaldson, but the price one
must pay is that just writing down the equations involves a rather substantial
investment of time in various algebraic preliminaries.

Much of the algebraic background we require is most conveniently phrased
in the language of Clifford algebras. We recall that any finite dimensional, real
vector space V' with an inner product ( , ) has a Clifford algebra CI(V') which
can be described abstractly as the quotient of the tensor algebra J (V') by the
2-sided ideal Z(V') generated by elements of the form v®@wv+(, )1 with v € V.
More concretely, if {e1,...,e,} is an orthonormal basis for V, then CI(V) is
the real associative algebra with unit 1 generated by {ey,...,e,} and subject
to the relations

eie; +eje; = —2(e;, €)1, ,j=1,...,n. (A.2.1)
We intend to be even more concrete and construct an explicit matrix model
for the Clifford algebra C1(4) = CI(R*) of R* with its usual positive definite
inner product. The procedure will be to identify R* with a real linear subspace
of a matrix algebra, find an orthonormal basis for this copy of R* satisfying
the defining conditions (A.2.1), where the product is matrix multiplication
and 1 is the identity matrix, and form the subalgebra it generates.

One can, of course, identify R* with the algebra IH of quaternions
g = ¢ + ¢* + ¢% + ¢*k, but we wish to embed this into the real,
associative algebra H?*2 of 2 x 2 quaternionic matrices:

]H2x2:{<Q11 q12 ):Qije]}L i,jzl,Q}
q21  g22

Specifically, we identify R* with the real linear subspace of H?*? consisting
of all elements of the form

x:( 0 g), gcH (A.2.2)
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(this is, of course, not a subalgebra of H?*?). Notice that detz = ||¢||* so,
defining a norm on the set of x given by (A.2.2) by

|2]|* = det = (A.2.3)

an inner product by polarization ((z,y) = 1(||z+y[|* — ||z — y[|*) we find that
the subspace of H?*? consisting of all z of the form (A.2.2) is isomorphic to
R* as an inner product space. One easily checks that {e1, e, e3,e4} given by

0 1 0 i 0 j 0 k
_ ey = e = L eq = A24
i (‘1 0) " (i 0) N (J 0) h (k 0> —

is an orthonormal basis and, moreover, satisfies
eiej +eje; = —2(e;, 6j>]l, 1,7 =1,2,3,4, (A.2.5)

where we use 1 generically for the identity matrix of any size (2 x2 in this
case). Note that it follows from (A.2.5) that

zy +yx = —2(z,y), z,y € R%. (A.2.6)

The real subalgebra of HZ?*? generated by {e;,es,e3,e4} is the real
Clifford algebra of R* and is denoted CI(4). Writing out products of basis
vectors and using (A.2.5) to eliminate linear dependencies gives the following

basis for Cl(4):
1 0 1
en = =
"o

-1 0
ejegezey =
1€2€3€4 01
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Thus, dim C1(4) = 16. Since H?*? itself has real dimension 16 we conclude
that, in fact,
Cl(4) = H**2. (A.2.8)

Notice that the basis (A.2.7) gives Cl(4) a natural Zy-grading
Cl(4) = Cly(4) ® Cl1(4), (A.2.9)
where Cly(4) is spanned by eg, eres, e1e3, e1eq, eaes, eseq, egeq and e1esesey
and Cly(4) is spanned by e1, es, €3, €4, ejeses, e1eaey, ereseys and egesey.
The elements of Cly(4) are said to be even, while those of Cly(4) are odd.
Regarding Zs as {0,1} with addition modulo 2,
(C(4)) (CL(4)) € Clig;(4) (A.2.10)

fori,j =0,1,s0 Cl(4) is a Zy-graded algebra, i.e., a superalgebra. From (A.2.7)
it is clear that the decomposition (A.2.9) corresponds simply to

qu q2) _ (qgu 0 n 0 g2
Q21 q22 0 g g1 0
Lemma A.2.1 The center Z(Cl(4)) of Cl(4) is Span{eo} = R.

Proof: Since ey = 1 it commutes with everything in Ci(4) so
Span{eg} C Z(Cl(4)) is clear. To complete the proof it will suffice to show
that every

er=e; e, 1<k<4, 1<ij<---<ip<A4

fails to commute with something in C1(4). For k = 1 this is clear since e;e; =

—eje; for i # j. For k =4, e; = erezezeq so ere; = (e1e1)ezezes = —esesey,
whereas ere; = (ejesezeq)e;r = (—1)3(ereq)esezes = eszezeq. Now suppose
1 <k < 4. Thenese;, = (—1)*"le; er and, if ¢; is not among e, , . . ., €ip, €16 =
(=1)*eser. Thus, ey cannot commute with both e;, and e;. [ |

Lemma A.2.2 Ifz € R* C Ci(4) and ||z| = 1, then x is a unit in Cl(4)
(i.e., is invertible) and x~! = —x.

Proof: (z,z) =1 and zz + zz = —2(x,2)1 imply zz = —1. [ |

We denote by C1*(4) the multiplicative group of units in CI(4) and by
Pin(4) the subgroup of C1*(4) generated by all of the z € R* with |z| =1
(see Lemma A.2.2). Now, an x of the form (A.2.2) has ||z|| = 1 if and only if
q € Sp(1) (the Lie group of unit quaternions) and the set of all such is closed
under inversion (z~' = —z). Thus, Pin(4) is just the set of all products of
such elements. The even elements of Pin(4) are just its diagonal elements and
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they form a subgroup denoted

Spin(4) = Pin(4) N Clo(4)

:{( gl 0 ) fup,ug € Sp(l)} (A.2.11)

= Sp(1) x Sp(1).

The topology and differentiable structure Spin(4) inherits from
H?*? 2 H* = R' are the product structures from Sp(1) (which is diffeo-
morphic to $?) so Spin(4) is a compact, simply connected Lie group. Since
the Lie algebra of Sp(1) can be identified with the pure imaginary quaternions
ImH, the Lie algebra of Spin(4) can be identified with

spin(4) = {( ?1 22 ) 1 Q1, Qo eIm]H}. (A.2.12)
2

The significance of Spin(4) lies in the following theorem.

Theorem A.2.3 Spin(4) is a simply connected double cover of SO(4).

Proof: Since Spin(4) is a simply connected Lie group we need only show
that it is a double cover of SO(4). For this we consider the adjoint action of
Cl*(4) on Cl(4), i.e., for each u € C1*(4) we define a map

ad, : Cl(4) — Cl(4)

by
ady, (p) = upu™* (A.2.13)

for each p € Cl(4). This is clearly an algebra isomorphism that preserves the
grading (A.2.9). Note that if # € R* C Cl(4) has ||z|| = 1, then, for every
veR C Cl(4),

1

ad, (v) = zvz™" = av(—2) = —zvx

so the identity vz + zv = —2(v, )1 implies

v + zzv = —2(v, x) T

v —v = —=2(v, x) T

VT =v—2(v, z)x

T =(v—{(v, z) z) — (v, x} x.

Now, v — (v, z)z is the projection of v into the hyperplane 2 orthogonal to
x so xvx is the reflection of v through 2, written Refl, 1 (v). Thus,

ad,. (v) = —Refl, 1 (v). (A.2.14)
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In particular,
ad, : R* — R* (z e R?, ||z =1).

But any element of Pin(4) is a product of elements x € R* with [|z|| = 1 so
ad, : R* — R* (u € Pin(4)). (A.2.15)

Since any product of reflections is an orthogonal transformation, ad, is an
orthogonal transformation for each u € Pin(4). Since an element of Spin(4) is
a product of an even number of z € R* with ||z|| = 1 and any product of an
even number of reflections is a rotation we have

ad, € SO(R*) (u € Spin(4)). (A.2.16)
Thus, we have a map, called the spinor map,
Spin : Spin(4) — SO(R*) = SO(4) (A.2.17)

Spin(u) = ad,.

Since any reflection can clearly be written as —ad, for some z € R*?
with ||z|]| =1 and since any rotation can be written as a product of an
even number of reflections, the spinor map is a surjective group homomor-
phism. Finally, to see that ker(Spin) = Zy = {£1}, so that it is precisely
two-to-one, note that ad,, is the identity in SO(4) if and only if uzu=! =z
for each z € R*. But then u must commute with everything in Cl(4), i.e.,
u € Z(Cl(4)). By Lemma A.2.1, u = aeg = al for some a € R. By (A.2.11),

a? =1and u=+1. [ |

Remark: Globalizing these constructions leads to the notion of a “spin
structure” on a manifold. In the context of spacetime (as opposed to
Riemannian) manifolds this is just the “spinor structure” we introduced and
studied in Sections 3.5 and 6.5 so we will just briefly describe the defini-
tion and then explain why we need the more general concept of a “spin®
structure”. We let B denote a compact, oriented, smooth 4-manifold with a
Riemannian metric g. Let SO(4) < Fso(B) ™% B denote the correspond-
ing oriented, orthonormal frame bundle. A spin structure S consists of a
principal Spin(4)-bundle

Spin(4) < S(B) =% B
over B and a smooth map
A S(B) — Fso(B)

satisfying
TSSO O)\=7T5 (A.2.18)

and
A(p-u) = A(p) - Spin(u) (A.2.19)
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for each p € S(B) and each u € Spin(4).

S(B) Fso(B)

B

The fibers of Fiso(B) are copies of SO(4) so (A.2.18) says that we have a copy
of Spin(4) “above” each of these and (A.2.19) says that the map \ of S(B)
onto Fso(B) is essentially the spinor map at each point of B. Now, unlike
the frame bundle Fiso(B), which exists for any manifold of the type we have
described, there is an obstruction to the existence to a spin structure. The
arguments of Section 6.5 carry over wverbatim to show that B admits a spin
structure if and only if the 2" Stiefel-Whitney class wy (B) € H?(B;Zy) is
trivial. Unfortunately, many interesting 4-manifolds (e.g., (DIPZ) do not satisfy
this condition and without a spin structure one cannot define “spinor fields”
in the usual sense. Since spinor fields are crucial to Seiberg-Witten theory and
since one would like this theory to apply to as many 4-manifolds as possible
we seek a generalized notion of both “spin structure” and “spinor field”. As it
happens, there is a very natural generalization obtained by complexifying our
previous algebraic considerations.

To define complex analogues of the algebraic objects we have introduced
we will embed C1(4) into a complex algebra of matrices and form the complex
subalgebra it generates. The basic tool we use is the usual matrix model of
the quaternions. Specifically, we consider the map v : H — €2*2 from the
quaternions to the 2 x 2 complex matrices given by

_ﬁ a

) a B
Y(q) =v(a+ Bj) = ( _ ) (A.2.20)
where we have written
a=q + i+ + 'k = (¢" + %) + (¢ + ¢")j = a + Bi.

One easily verifies that v is real linear, injective, preserves products, carries ¢

g
to y(q) and satisfies det(v(q)) = ||¢||* so that we can identify H with the set

of all 2 x 2 complex matrices of the form 7% g . More specifically, if we let

7(1)—<; f)—n wi)—(é 0)1

(A.2.21)
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then we can identify ¢ = ¢' + ¢%i + ¢%j + ¢*k with

q=q¢' 1+ 3T+ T+ ¢*K. (A.2.22)
Now we identify Cl(4) = MH?**? with a subset of C***. Define
[:H>*? — € by
r Qi qiz ) Y(qu1)  v(q2) , (A.2.23)
421 422 Y(g21)  7(g22)

where each v(g;;) is a 2 x 2 block in the matrix on the right-hand side. This
map I is also real linear, injective and preserves products so we can identify
the real algebra Ci(4) with its image.

Cl(4) = T(H2*?)

The restriction of I' to R* C Cl(4) is

O B T ) (A.2.24)
—-q 0 —(9) 0
Since detT'(z) = detz = ||z|* = ||¢/|*> we can define an inner product via

polarization on this copy of R* from ||I'(z)||> = detT'(z) and then T'|R*
becomes an isometry. We now fully identify R* with this copy and obtain the
basis

(A.2.25)
E3=’7(€3)=<8 g) E4=’Y(€4)=<[0( Ig)

satisfying

EE; + E;E; = —2<.E1Z‘,.Ej>]].7 1,7 =1,2,3,4. (A.2.26)

In this context, C1(4) is the real subalgebra of C*** generated by {E1, Ey, E3,
E,} and a basis is as in (A.2.7), but with everything capitalized (and 1 changed
to 1). Under v, Sp(1) is mapped to SU(2) so, in our new model of C1(4) we
have the identifications

Spin(4) = {( Uol 52 ) LUy, Us € SU(2)} ~ SU(2) x SU(2) (A.2.27)
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and

spin(4) = {( f(l)l /(1)2 ) 1A, As € 5u(2)} (A.2.28)

corresponding to (A.2.11) and (A.2.12).

Now we regard €*** as a complex algebra and define the complexified
Clifford algebra Cl(4) ® € to be the complex subalgebra generated by
{E\, E2, E3, E4}, ie., by Cl(4). A basis over C is given by (A.2.7), with all of
the e; capitalized. Since C*** also has dimension 16 over € we conclude that

Cl(4) ® €= C*. (A.2.29)

Now let
s =c*

be the complex vector space C* with its usual Hermitian inner product
((z,w) = zlw! + 22w? + 23w® + z2w?)) and identify Cl(4) ® C with the
vector space End (S ) of complex linear transformations of S to itself:

Cl(4) ® € =End (S ) (A.2.30)

Thus, the elements of Cl(4) ® € (and therefore also Cl(4), R* and Spin(4))
act as endomorphisms of S . This action is called Clifford multiplication
and will be written with a dot -. In particular, we have a representation of the
real Clifford algebra by endomorphisms of S :

Cl(4) — End (S )

(representations of algebras are by endomorphisms rather than isomorphisms
since not all elements of an algebra are units). This representation of C1(4)
is easily seen to be irreducible by writing out the real linear combinations of
the basis Ey, ..., E1EsEsEy for Cl(4) C Cl(4) ® C. Restricting the Clifford
action further to Spin(4) C Cl(4) ® C gives a group respresentation of Spin(4)
onsS :

A :Spin(4) — Aut (S )

(by automorphisms now since the elements of Spin(4) are all units). This is
called the complex spin representation and, as we shall now see, is not
irreducible. Indeed, if we write

S =2S8Tas
2! 2!
22 22 0
= + , A.2.31
23 0 23 ( )



A.2. Clifford Algebra and Spin®-Structures 371

then Clifford multiplication by elements of Cly(4), because they are block
diagonal, preserves ST and S~ , whereas Clifford multiplication by elements
of Cl;(4), because they are block anti-diagonal, interchanges St and S~. In
particular, A resolves into a direct sum

A =AToA™
where
A* : Spin(4) — SU(S™)

(see (A.2.27) for the “SU”). A" and A~ are inequivalent, irreducible repre-
sentations of Spin(4). Notice also that Clifford multiplication by the elements
of R*, which are odd, interchanges S* and S~ (this will be crucial when we
define the “Dirac operator” shortly).

Recall that Spin(4) is the set of all even elements in the subgroup of mul-
tiplicative units in the Clifford algebra C1(4) generated by the unit sphere
in R* C Cl(4). For the complex analogue we add to the generators the unit
circle in €. More precisely, we identify U(1) with the subset

Ul)={e’"1:0cR}

of Cl(4) ® € (often dropping the “1” and thinking of e’! as an element of
Cl(4) ® C). Then

Spin‘(4)
is defined to be the subgroup of the group of multiplicative units in Cl(4) ® C
generated by Spin(4) and U(1). Notice that the elements of Spin®(4) are nec-
essarily even, i.e., in Cly(4) ® C. Since U(1) is in the center of Cl(4) ® C we
have

Spin©(4) = {e” ' u: 0 € R, wu € Spin(4)} (A.2.32)

(U, 0
=ttt (0eR, U, UyeSU?2)y.
0 U

Note that Uy, Uy € SU(2) implies e/ Uy, e’ U, € U(2) and
det(e? 1 Uy) = det(e? Uy) = 21, (A.2.33)

Since every element of U(2) can be written as e’ U, U € SU(2) (uniquely up
to a simultaneous change of sign for both ¢! and U) we have

Uy 0
Spin® (4) = {( o+ . ) :Us €U (2), detUs, = det U_}. (A.2.34)

There is yet another useful way of looking at Spin®(4). The mapping

Spin(4) x U(1) — Spin®(4)

(u,e?11) — iy
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is a surjective homomorphism. Its kernel is the set of (a,a™!), where
a € Spin(4). But Spin(4) intersects the scalars only in +1 so this kernel
is Zy = £(1,1). Thus,

Spin©(4) = Spin(4) x U(1)/Zs. (A.2.35)

Finally, notice that, from Lemma A.2.1 and (A.2.32) it follows that the center
of Spin©(4) is
Z (Spin‘(4)) = U(1). (A.2.36)

Globalizing all of this to 4-manifolds will require a few mappings which we
now introduce. First define

0 : Spin“(4) — U(1)

as follows: For

U 0 U, 0
= = . S S inc 4 5
¢ (0 U_> ( 0 e91U2> pint4)

5(€) =det Uy = det U_ =1, (A.2.37)
Then § is a surjective homomorphism with kernel Spin(4). Next define
7 : Spin®(4) — SO(4)

as follows: The adjoint action of Spin(4) on IR* extends to an adjoint
action of Spin®(4) on R*. Indeed, if ¢ = e’'u € Spin®(4), then, for each
z € RY, ade(x) = €xé™! = uzu™! = ad, () so, on R?,

ad¢ = ad,, = Spin(u) € SO (R*) = SO(4)

and we may take
7(£) = ad¢ = ady, = Spin(u). (A.2.38)

Finally, define
Spin® : Spin©(4) — SO(4) x U(1)

by
Spin‘(¢§) = Spinc(eeiu) = (7 (£),6(€)) = (Spin(u), ewi) . (A.2.39)

Then Spin® is a surjective homomorphism whose kernel is easily seen to be
Zy = £1. It follows that Spin°(4) is a double cover of SO(4) x U(1). Thus,
the Lie algebra spin® (4) is so(4) x u(1) = spin(4) x u(1) and can be identified
with the subset

A 0 1 0
spin® (4) = { ( 01 1 ) +ti (0 1) teER, A1, Ay € su(Q)} (A.2.40)
2
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of Cl(4) ® C (in particular, spin©(4) also acts by Clifford multiplication on
S, preserving both §%).

Now, the identification C1(4) ® € = End (S ) and the fact that the ele-
ments of Spin®(4) are all units implies that the complex spin representation
A :Spin(4) — Aut (S ) extends to a representation

A :Spin“(4) — Aut (S ).
Since the elements of Spin©(4) are block diagonal, A also splits into
A =AT g A
where
A* : Spin‘(4) — U(S%) (A.2.41)
(see (A.2.34)).

One of the Seiberg-Witten equations relates the self-dual part of the curva-
ture of a U(1)-connection to a certain trace free endomorphism of a positive
spinor. The last of our algebraic preliminaries describes the relationship be-
tween 2-forms and endomorphisms. We note that there is a natural linear
isomorphism from the space A*(R?, C) of (complex-valued) 2-forms on R*

into CI(4) @ C. Indeed, if {e1,eq,e3,e4} is the standard basis for R* and
{e!,e?,e3, et} is its dual, then we define

pi N\ (RE€) — Clo(4) & C

by

p(n) =p | D _mije’ ne? | = ni;BiEj =

i<j i<j

(M2 +n3a)1
+ (13 — 124)J 0
+(na +m23) K

(A.2.42)

(—=m2+m3a)l
0 +(—=m3 — n24)J
+(—n14 + 123) K

Notice that, although p is clearly a linear isomorphism, it is not multiplicative,
e.g.,e' Ne! =0, but E; E; = —1. There is, of course, an analogous map in any
rank. Notice that if n € /\2 (R*, C ) is real-valued (respectively, ImC-valued),
then p(n) is skew-Hermitian (respectively, Hermitian). For example, if 7 is
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real-valued,
—T I —— S
p(n) = ijEiEj = Zn’L]E;TE’LT
i<j i<j
=Y () (=Ei) =Y ni; BB
i<j 1<j
= i (~EiE))
i<j
= —p(n).
Note also that, in (A.2.42), {e,} can be replaced by any oriented, orthonormal
basis provided {E,} is replaced by its image under T (see (A.2.25)).

Now, being even (i.e., block diagonal) any p(n) preserves the subspaces S*
of S and so we obtain endomorphisms of S* by setting

p(n) = p(n) | S (A.2.43)

For example, suppressing the two zero entries in ST (see (A.2.31)),

pt(n) = (m2 + n3a)] + (3 + ma2)J + (n1a + n23) K. (A.2.44)

Thus, we have two maps
2
p*: /\ R*, €©) — End (5%). (A.2.45)

Now let A*(R*, @) = /\i(IR4, C) @ \° (R* €) be the decomposition of
A’ (R*, ©) into self-dual and anti-self-dual 2-forms (relative to the Hodge star
* for the usual orientation and inner product on R*). We show that p* carries
/\i(]R‘l7 C) isomorphically onto the space Endy(S¥) of trace free (complex)
endomorphisms of ST.

Lemma A.2.4 pi|/\i(]R4,(D) is a complex linear isomorphism onto
Endg(S%).

Proof: We give the argument for p| /\3(11{4, ©). The p~| \” (R*, €) case
is analogous. A simple computation from (A.2.42) gives

0 0
J 0
plet Ne® +et Ne?) =2 ( 0 0 ) (A.2.46)
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Since {e! Ae2+e3net, el Ned+etAe?, el Aet+e? Ae?) spans the set of self-
dual 2-forms on R4, it is clear that p* | /\3_ (R*, € ) is a linear, injective map
to End(S™). Because I, J and K are trace free, so is everything in the image
of pt | /\3_ (R*, €). Furthermore, one can show that every 2 x 2 complex, trace

free matrix is a complex linear combination of I, J and K so p™ | /\i(]R‘l, C)
maps onto Endg(S™). [ |
It follows, in particular, from Lemma A.2.4 that the map
s /\3_ (R, C) : /\3_ (R*, €) — Endy(S™) has an inverse that we will simply

denote )
ot :Endy(ST) — /\+(]R4,(D)‘ (A.2.47)

One can compute this inverse explicitly, but we will content ourselves with
describing its action on the particular type of trace free endomorphism that
arises in the Seiberg-Witten equations. For this we consider an element

=)

of ST (temporarily suppress the two zero components in ST). Define an en-
domorphism of ST by the matrix

O N UL s )
® = = ’ . A.2.48
ey ( ><ww> (wlw? L (A.2.48)
The trace free part of this endomorphism is
(W) =¥ ®y* — (Y @ %71
- A.2.49
_ <%<|w1|2—w2|2> e ) (4.2.49)
Pty s([217 = W)
One can verify directly that the image of (v ® ¥*)y € Endg(ST) under
ot is
(6 @ %)) = — i (' — 2PN (e A e+ ¢ A e
—2Im(pt p?) (el Aed + et Ae?)
—2Re(yr ?)(e! Aet +e* A ed)]
- 7;1 [(W* T ¢)(e' ne* +e* net)
+ (W J) (el Aed + et Ae?)
+ (U K)(e! Aet + e Aed)]

(A.2.50)

(apply p* to the right-hand side to get (¢ ® ¥*)g).
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Finally, we have the algebraic spadework completed and we can proceed
to the problem of globalizing all of these notions to manifolds and bundles.
Henceforth, B will denote a compact, connected, simply connected, oriented
smooth 4-manifold (simple connectivity is not essential here, but will stream-
line some of what we have to say). For any choice of Riemannian metric
g on B,

SO(4) = Fso(B) ™% B

will denote the corresponding oriented, orthonormal frame bundle of B.
Should B happen to admit a spin structure (see the Remark following the
proof of Theorem A.2.3), then the representations A* : Spin(4) — SU(S*)
give associated spinor bundles S(B) x AX S* whose sections are spinor fields.
Because such a spin structure need not exist (and because spinor fields are
essential ingredients in Seiberg-Witten theory), we formulate a complex ana-
logue of a spin structure, which always exists.

A spin® structure £ on B consists of a principal Spin®(4)-bundle

Spin‘(4) < S¢(B) =5 B (A.2.51)

over B and a smooth map

A SC(B) — Fso(B) (A.2.52)
satisfying
7SO © A= TSe (A253)
and
Alp- &) = Alp) - 7 (£) (A.2.54)

for each p € S¢(B) and each £ € Spin®(4). Here 7 : Spin®(4) — SO(4) is
defined by (A.2.38).

S€(B) Fgo (B)

& /so
B

It is known that, for any B of the type we have described and any choice
of the Riemannian metric g, spin® structures exist (see [LM]). In terms of
transition functions this means that for any trivializing cover {U,} for the
frame bundle with transition functions gns : Uy N Us — SO(4), there exist
lifts gop : Uo N Ug — Spin‘(4)
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Spin¢(4)

f]aﬁ \n

Uy Ug SO (4)

Jop

satisfying the cocycle condition.

Given a spin® structure £ on B each of the representations A : Spin€(4)
— Aut (S ),A* : Spin®(4) — U(S*) and § : Spin©(4) —s U(1) give rise
to vector bundles associated to (A.2.51) which we will write as follows.

S(L) = S°(B) x3,S
S*(L) = S¢(B) xAgsi
L(L) = S¢(B) x;5C

S(L) is called the spinor bundle of £,S*(L) are the positive and
negative spinor bundles of £ and L(£) is the determinant line bundle
of L. The algebraic decomposition (A.2.31) persists in the bundle setting to
give a Whitney sum decomposition

S(L) =SH(L) e S (L).

Remark: The Whitney sum of two vector bundles 7; : E; — X,i = 1,2, is
just the natural vector bundle analogue of the direct sum of two vector spaces.
Its fibers are, indeed, the direct sums 7y *(z) © 75 *(2) of the fibers of E; and
Es and, if {U,}aea is a trivializing cover for both E; and E», its transition
functions are the direct sums of the transition functions for F; and Ej.

We will also need the principal U(1)-bundle

Tro

U(l) — L°%(L) -5 B

associated to L(L).

Remark: This bundle can be described as follows. Choose a Hermitian fiber
metric (smoothly varying Hermitian inner products on the fibers) on the com-
plex line bundle L(£). Then L°(L) is the unit circle bundle in L(£) i.e., it
is the corresponding oriented, orthonormal frame bundle. One can retrieve
L(L) from L°(L) as the vector bundle associated to L°(L£) by complex multi-
plication. One can show that wy(B) = ¢1(L°(£)) mod 2, where wa(B) is the
second Stiefel-Whitney class of B, and that, conversely, given a U(1)-bundle
LY over B with wy(B) = ¢1 (L") mod 2 there is a spin® structure £ on B with
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LO(L) = L°. More details on this and much of what follows are available in
[M1]

We will also require a bundle associated to the frame bundle that does not
require a spin or spin® structure. Notice that Spin(4), being contained in
C1*(4), acts on CI(4) by conjugation and, since (—u)p(—u)~! = upu=1,
this gives an action of SO(4) = Spin(4)/Z2 on Ci(4) which clearly preserves
products (u(pq)u=t = (upu=1)(uqu=1)). The Clifford bundle CI(B) is the
bundle with typical fiber Cl(4) over B associated to the frame bundle by this
action.

ClU(B) = Fso(B) x50(1)C1(4)
Similarly, one has a complexified Clifford bundle
Cl(B) ® € = Fso(B)xso(1)(Cl(4) ® C).

These decompose into even and odd summands, e.g., CI(B) = Cly(B) @
Cly(B). Moreover, pointwise multiplication provides the spaces of sections of
these bundles with algebra structures and such sections act on sections of the
spinor bundle by pointwise Clifford multiplication.

Now, Spin‘(4) double covers SO(4) x U(1) by the map Spin® so S¢(B)
double covers the fiber product Fso(B) x L°(L) (this is just that part of
the product bundle SO(4) x U(1) < Fso(B) x L°(L) < B x B above the
diagonal in B x B with this diagonal identified with B in the obvious way).
We will use the symbol Spin® also for this double cover.

Spin®(4) — S¢(B) — B
Spin® (A.2.55)
SO(4) xU(1) < Fso(B)xL%L) — B
Locally, this map is just

(b,€) — (b,Spin“(€)) = (b, (m(€),4(¢)))

_ (b, (Spin(u), &) (A.2.56)
where ¢ = e?'u € Spin®(4).

Next observe that the algebraic isomorphism o in (A.2.47) globalizes
as follows. The map p of (A.2.42) is independent of the choice of ori-
ented, orthonormal basis for R* so, using local oriented, orthonormal frame
fields on B (i.e., sections of Fso(B)) it gives a map from 2-forms on B
to sections of CI(B) ® €. These sections in turn act on the spinor bundle
S(L) =2 8T(L) ® S (L) of any spin® structure. Since the action is fiberwise,
the image of a self-dual 2-form preserves ST(£) and is, at each point, a trace
free endomorphism of S*. Thus, a self-dual 2-form on B gives rise to a sec-
tion of the trace free endomorphism bundle Endg(S*(£)) of ST(£) and we
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have an isomorphism (also denoted o) from the sections I'(Endg(S™(£))) of
Endy(81(L)) to the self-dual 2-forms on B:

ot T (Endo(ST(L))) — /\i(B,(D) (A.2.57)

In particular, if ¢ is a positive spinor field on B (i.e., a section of ST(L)),
then (Y ®@1¢*)y € T'(Endg(ST(L))) is given pointwise by (A.2.49) and o™ ((¢ @
Yx)g) € /\i (B, C) is given pointwise relative to a local oriented, orthonormal
frame field on B by (A.2.50).

A.3 Seiberg-Witten Equations

At this point we can begin to give some idea of where all of this is going. To
write the Seiberg-Witten equations for B one chooses a Riemannian metric g
and a spin® structure £. The field content of the theory consists of a U(1)-
connection A on L°(L) (the gauge field) and a positive spinor field 1. They
are related by two equations, one of which requires that the self-dual 2-form
o ((1p®1*)o) should coincide with the self-dual part of the curvature of A i.e.,
Fi = ot ((1) ® ¢*)g). The other equation still requires a bit of preparation,
however.

Recall (Section 3.3) that the frame bundle SO(4) < Fso(B) — B has a
distinguished (Levi-Civita) connection which we will denote wre. This can
be characterized locally as follows. If {e1,eq0,e3,e4} is a local oriented, or-
thonormal frame field on B (i.e., a section of Fso(B)) with dual 1-form field
{e',e?,e?, e}, then wro is represented by a skew-symmetric matrix (w})
of R-valued 1-forms satisfying de’ = —w} ANel, i =1, 2, 3, 4. Now no-
tice that if B had a spin structure Spin(4) — S(B) — B, then the map
A S(B) — Fso(B) is a double cover that respects the group actions so
that any connection on Fgo(B), e.g., wrc, automatically lifts to a connec-
tion on S(B) (think of the connection as a distribution of horizontal spaces).
However, if B has only a spin® structure Spin®(4) — S¢(B) — B, then the
map A of (A.2.52) is not a finite covering so wyc alone will not determine a
connection on S¢(B). However, Spin® : S¢(B) — Fso(B)xL"(L) is a dou-
ble cover (A.2.55) and if A is any connection on L°(L), then A and wyc
together determine a connection on Fso(B)xL°(L£) which will then lift to
a connection on S¢(B). Specifically, if prp and pryo denote the restrictions
to Fso(B) x LY(L) of the projections of Fso(B) x L°(L) onto Fso(B) and
L°(L), respectively, then

prp’wre @ pro’A

is a connection on the fiber product and, identifying spin©(4) with the subset
of Ci(4) ® C given in (A.2.40),

wa = (Spin®)* (prp"wrec @ pryo*A) (A.3.1)
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is a connection on S¢(B). Any such connection w,4 is called a spin®
connection for £ and with one of these we can introduce the basic differential
operator of Seiberg-Witten theory.

Remark: The Levi-Civita connection wyc on Fso(B) is to be regarded as
fixed. The U(1)-connection A on L°(L), on the other hand, is the gauge field
of Seiberg-Witten theory and will be constrained only by the field equations
we eventually write down. The task of A is to produce, with wrc, a spin®
connection w4 on S°(B).

Now any connection w on any principal bundle G — P — X determines a
differential operator V., (called a covariant derivative) on the space I'(P %,
V) of sections of any associated vector bundle. One simply recalls (Section 6.8
and Appendix B of [N4]) that such sections s correspond bijectively to V-
valued O-forms ¢ on P that are tensorial of type p, that the covariant exterior
derivative d“¢ is also tensorial of type p (Theorem 4.5.4) and so it, in turn,
corresponds to a l-form Vs on X with values in P x, V. Regarding the
1-form Vs as acting on vector fields we can think of the covariant derivative
Vs of the section s € T'(P x, V) as a 1-form with values in the sections
I'(P x,V) so

1
Vo :T(Px,V) — N\ (X)®@T(Px,V).

A spin® connection w, on Spin°(4) < S¢(B) =5 B induces covariant

derivatives on the associated spinor bundles S(£), ST(£) and S~ (L), all of

which will be denoted V 4 when thought of as operating on sections of vector

bundles and d 4 when operating on S -valued equivariant maps on S¢(B). We

will use

1
Va:T(S(L) — N\ (B)@T(S(L))

to define the Dirac operator
D :T(S(L)) — T(S(L))

as follows. Let {ej,es,e3,e4} be a local oriented, orthonormal frame field on
U C B (i.e., a local section of Fso(B)). Each e; can be regarded as a vector
field on U and also as a section of the Clifford bundle Cl(B) which therefore
acts by Clifford multiplication on sections of S(L) defined on U. Thus, for
each ¥ € T'(S(L)) we can define ) 4% on U by

@A‘I’ = Zez‘ -VaUl(e). (A.3.2)

i=1

One shows that this is independent of the choice of {ey,es,e3,e4} and so
defines ﬁ 4V globally. We will write out a concrete example shortly.

Since S(£) = ST(L) ® S™(L) we may restrict ), to sections of either
ST (L) or S~(L). Since Clifford multiplication by e; switches ST (L), so will
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these restrictions. We will write these as
Dy F(S+(£)) — I‘(S_(E)) (A.3.3)

and

D4 T(S(L)) — T(ST(L)) (A.3.4)

(these are, in fact, adjoints relative to the L? inner product on sections induced
by the pointwise Hermitian inner product on fibers). We will also follow the
custom in mathematics of referring to J) 4 also as a Dirac operator.

With this we can (at last) formulate the Seiberg-Witten equations. Thus,
we let B denote a compact, connected, simply connected, oriented, smooth
4-manifold. Select a Riemannian metric g for B and then a spin® structure £
for the corresponding oriented, orthonormal frame bundle Fso(B). A pair
(A, ) consisting of a U(1)-connection A on U(1) — L% B) — B and
a positive spinor field ¢ € T'(ST(L)) satisfies the Seiberg-Witten (SW)
equations if

D=0 (Dirac Equation) (A.3.5)
and
Fli=0"((®¢")o) (Curvature Equation), (A.3.6)
where Fjg is the g-self-dual part of the curvature of A.

Remark: The curvature of A is actually a u(1)-valued 2-form Q4 = dA
on L(L), but, since U(1) is Abelian, this projects to a u(1)-valued 2-form on
B and this is what we mean by F 4.

To gain some sense of what these equations actually look like we will write
them out explicitly on IR*. More precisely, we consider R* with its usual
Riemannian metric and orientation. Since IR? is contractible, all of the relevant
bundles over it are trivial and we will work with explicit trivializations. Thus,
the oriented, orthonormal frame bundle is

SO(4) = R* x SO(4) — R*

and there is an essentially unique spin® structure

R* x Spin‘(4) R* x SO(4)

AN

IR4
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where A(b,&) = (b,m(§)) with 7 given by (A.2.38). The spinor bundles are

therefore also trivial so their sections can be identified with globally defined
functions on R* which we will write

1/)2
v = R'— S ¢!

wQ
= R — St =@

o= | 4o R — ST = C2
,(/}4

For convenience we will often abuse the notation and write ¥ = (:ﬁ) by

suppressing the zero components. We use x', 22, 23, z* for the standard coor-

dinates on R* and write 0; for %,i =1,2,3,4 (these being applied compo-
nentwise to spinor fields).

The determinant line bundle is likewise trivial, as is the corresponding prin-
cipal U(1)-bundle

U(l) = R**xU(1) — R
A connection on this U(1)-bundle is then uniquely determined by a globally
defined u(1) = Im C-valued 1-form on R*:
4;:R* — ImC, i=1,2,3 4.

In orthonormal coordinates the covariant exterior derivative induced by the
Levi-Civita connection is just ordinary (componentwise) exterior differentia-

tion so the covariant derivative V 4 induced by it and the U(1)-connection A
takes the form V4 =d + A, i.e.,

Va= Vidxi = (82» + Ai)dxi,

so that Va¥l = (0;¥ + A;¥)da’

8ﬂ/12 + AZ'LZJQ)CLCLJ
@1/}3 =+ Alw3)d.’£1

(
(
(
(00" + Agpt)da’
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Thus, with {e;} = {0;} the standard oriented, orthonormal frame field on R,
we have VaU(e;) = 0; ¥ + A; ¥ and, for convenience, we will write this as

ot + At
Oi® + Ay
0 + Ap?
Opt + At

V¥ = (6¢ + AV =

The Dirac operator @ 4V = Z?Zl e; - V; VU requires that we Clifford multiply
by the basis elements e;, i.e., matrix multiply by E; = I'(e;) € Cl(4) ® C as

in (A.2.25). For this we write ¥ = (g) so that

4 4
DAV => e Vil => EVU
=1 i=1
[ Vie+1Vap+ JVsé+ KVid
—Vi + IV + JV3h + KVa) )

Note that, as expected, @ 4 sends positive spinor fields ¥ = (%’) to negative

spinor fields and vice versa. The restriction of @ 4 to positive spinor fields will
be written

Dat ==V + 1V + V3 + KV (A.3.7)

by suppressing the zero components (but now one must remember that [ 4v
is a negative spinor field). The first Seiberg-Witten equation (A.3.5) then
becomes

Viy = IVﬂZJ + JV3 + KV4¢ (A38)

or, in complete detail,

—(01+ A1) +i(02+ Az) (O3 +As) +i(0s+ As) \ (') (O (A3.9)
— (D34 A3) +1(0s + Ag) —(01 + A1) — (02 + Ax) J\w?)  \o)

This part is linear, of course.

For the second Seiberg-Witten equation (A.3.6) we use the (pointwise)
expressions (A.2.50) for o7 ((¢» ® ¥*)g) and the following local descrip-
tion of F;;. With A = A;dz’ we have F4 = dA = Zi<j Fydat A dad,
where Fj; = 0;A; — 0;jA;. A basis for the self-dual 2-forms is given by
{dzt A d2? + d2® A dat, dat A da® + dat A da?, dat A da? + da® A d2d) so
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1 1
FX = i(FA +*F4) :i(Flz + Fyy)(dzt A dz? + dad A dz?)
+ —(Fi3 + Fy)(dz! Ada® 4 dz* A da?)

+

N~ N~

(Fia + Fo3)(dzt A da* + da? A da®).

Thus, (A.3.6) becomes
Fig+ F3q = —%w*hﬂ
Fig+ Fip = —%Ww (A.3.10)
Fiq+ Fa3 = —%IZ’*KZ/J

or, in more detail,

(014> — 2A2) + (DA — Duks) = —i ([0 — [u?P)
(81A3 — 83A1) + ((94142 - (92144) —i Re (1/;1w2) (A311)
(81144 — 84141) + (32A3 — 63142) =—ilm (1/;11/)2) .

Note that these are only rather mildly nonlinear.

Remark: It is perhaps worth pointing out that these equations do have
nontrivial solutions. We will produce some solutions with ¢» = 0 (these will
turn out to be reducible solutions with respect to the gauge action to be
introduced shortly). When ¢ = 0 the Dirac equation is satisfied identically
and the curvature equation reduces to dFjg = 0 so what we need is an anti-
self-dual U(1)-connection, i.e., an A = A’dx’ for which dA is of the form

F = Fy (dz' A d2® — da® A da?)
+ Fy (da' ANda® — dat Ada?) + Fs (da' Adat — da® A da®) .
What we will do is seek functions Fy, Fs, F5 that are independent of z* and
for which this 2-form is closed. The Poincaré Lemma then implies that it is

exact so it must be dA for some A and this A (together with ¢ = 0) gives
our solution. Now,

d(Fy(dzt A dx® — da3 A dx?)) = dFy A (dzt A da® — da® A da?)
= (01 Fidzt + 09 Fyda® + 03 Fyda®) A (dat A daz? — da® A da?t)
= —(01Fy)dz A daP A dat — (0o Fy)dz? A dad A da* + (03 Fy)dxt A da® A da®.
Computing the remaining terms similarly one finds that the coefficient of dz* A

dz3 A dx? is — (01 Fy + 02 Fy + 03 F3) and this is just (minus) the divergence of
the map F' = (Fy, Fy, F3). The remaining coefficients are just the components
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of the curl of this same map F'. Consequently, F will be closed if we choose
F to be a map with div F' = 0 and curl F' = 0 and these are a dime-a-dozen
(think about the static, source-free Maxwell equations, or just make some up).

We return now to the general development so that B is a compact, con-
nected, simply connected, oriented, smooth 4-manifold. Choosing a
Riemannian metric g on B gives an oriented, orthonormal frame bundle and
one can then select a spin® structure £. The corresponding Seiberg-Witten
configuration space A(L) consists of all pairs (A4,1), where A is a connec-
tion on the principal U (1)-bundle L°(£) and ¢ € T'(ST (L)) is a positive spinor
field. An (A,v) € A(L) is a Seiberg-Witten monopole (SW monopole)
if it satisfies (A.3.5) and (A.3.6) (these two equations together will henceforth
be denoted simply (SW)).

A.4 The Moduli Space and Invariant

As in the case of Donaldson theory, our real interest is in a moduli space of SW
monopoles so we begin by isolating the appropriate gauge group. This will be a
subgroup of the group of automorphisms of the spin® bundle (diffeomorphisms
o of S¢(B) onto itself satisfying o(p- &) = o(p) - for each p € S¢(B) and each
¢ € Spin‘(4) and 7ge 0 0 = wge).

Recall that S¢(B) double covers the fiber product Fso(B)xL°(L) via the
map Spin®. Letting prp and pryo be the projections of Fso(B)xL°(L) onto
Fso(B) and L°(£) we obtain maps

Spin°(4) — S°¢(B) — B

[ prp o Spin® (A4.1)

and

Spin°(4) — S¢(B) — B
k pryo o Spin® (A.4.2)

Ull) < L°%L)— B

We will say that an automorphism o : S°(B) — S°(B) covers the
identity on Fso(B) if

prp o Spin€ o ¢ = prp o Spin®. (A.4.3)
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The collection of all such is a group G(£) under composition which we call
the (Seiberg-Witten) gauge group and which we will show acts naturally
on the solutions to (SW).

Lemma A.4.1 If v € C*°(B,U(1)) is any smooth map of B into
U(1) € Spin©(4), then the map

o, :8°B) — S°(B)
o (p) = p-y(7se(p))

is an automorphism of S¢(B) that covers the identity on Fso(B). Conversely,
every element of G(L) is o for some v € C(B,U(1)) and

G(L)=C>*(B,U(1))

where the group operation in C*°(B,U(1)) is pointwise multiplication in U(1).

Proof: First note that, because U(l) = Z(Spin“(4)),04(p - §) =
(P& y(mse(p-€) = (p-&) - v(7mse(p)) = (- Y(7se(p) - & = 04(p) - §
so o0, is a bundle map. Since p and p - y(wg-(p)) are in the same fiber
of mge,0, covers the identity on B so o, is an automorphism. It covers
the identity on Fso(B) as well because prp o Spin® is locally given by
(b,€) = (bye%u) — (b, Spin (u) so (b,€) and (b,€) - e = (b, @iy
have the same image, i.e., pry o Spin® o g, = pry o Spin®.

For the converse, it is easy to verify that pi,ps € S¢(B) have the same
image under pry o Spin® if and only if they differ by the action of some-
thing in U(1), i.e., po = p; - e®! for some ¢ € R. Thus, an automorphism
o S¢(B) — S8°B) that covers the identity on Fso(B) must satisfy
o(p) = p - (something in U(1)) for each p € S°(B). We claim that this
“something” must be the same for all points in the same fiber of wge.
Indeed, mge(p1) = mge(p2) implies po = p; - € for some & € Spin®(4) and if
o(p1) = p1-e?, then o(py) = o(p1-€) = o(p1)-€ = (pr-e?) £ = (p1-€)-e? =
pa - e also. Thus, o(p) = p-y(mse(p)) for some v € C(B,U(1)) as required
and the rest is clear. |

We will use whichever view of the gauge group G(£) is most convenient in any
particular situation.

Our goal now is to show that G(£) acts naturally on the Seiberg-Witten
configuration space A(L) and, indeed, preserves the set of
solutions to (SW). We begin by defining the action of G(L£) on positive
spinor fields ¢ € T'(ST(L)). For this we identify 1 with an equivariant S
-valued map on S°(B) and define the action of o, € G(L£) by pullback,
ie.,

Yooy =t y=0y"Y=1oo,. (Ad4)

Thus, at each p € S¢(B),
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(- 0y)(p) =¥ (04(p)) =¥ (p-v(mse(p)))

. (A.4.5)
= (v(ms<(p))) ¥ (D).
Thus, if we think instead of v as a section of ST(£) we have
-y = (fyoﬂsc)_lw. (A.4.6)

The same formulas define the action of G(£) on negative spinor fields.
Turning next to the connection A on U(1) < L°(£) — B we note that the
automorphism o, of S¢(B) induces an automorphism ¢, of L(L) as follows:

Oy
S¢(B) S¢(B)
pr;o o Spin© pr;o o Spin©
LoL) ; LoL)
Oy
o’ oprpo o Spin® = pryo o Spin® o o, (A.4.7)

(we will write out an explicit local expression for ¢’., shortly). Now we define
the action of o, € G(L£) on A by

Ao, =A-v=(c))"A. (A.4.8)

It will be convenient to have (A.4.8) expressed locally in terms of gauge
potentials. Thus, we let s be a local section of L°(£) and write A = s* A.
Also define

Ay =5 (A7) =5 ((0") 4) = (o' 0 5)" A, (A.4.9)
Now, since pryo o Spin® is locally given by
(0,€) = (b,e”u) — (b,6 (")) = (b,e*")
it satisfies
(prro 0 Spin®) (p - &) = ((pryo o Spin‘)(p)) - 8(&o) (A.4.10)

SO
c

(Uv(p))
= (prLO o Spin (p . ’Y(WSC (p)))
= ((prpo o Spin®)(p)) - 6 (v(ms<(p)))-

0’7((prLo o Spinc) (p)) = (prLo o Spin

)
‘)
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Thus, we may write

o' y(@) = 5(y(rpo(x)) = 2 (v(rpo(x)))” (A4.11)
for each z € L°(L). In particular,
(0’5 05)(b) =s(b) - (v(b)*. (A.4.12)

It then follows from (A.4.8) that
Ay = ()G + ()TN = A+ (v TH(2vd)
and therefore
A-y=A+2y dy. (A.4.13)
Applying 7,% to both sides of (A.4.13) gives
A-vy=A+752y dy) = A+2(yompe) td(yompo). (A.4.14)

We now have an action of the group G(£) on the Seiberg-Witten configu-
ration space A(L) given by

(A,9) -0, = (4.4) -7 = ((0')"A,0,"0)
= (A+2(yome) dlyomp), (yoms) v
or, locally on B,
(A, 0) v = (A+2y 1dy,v ') (A.4.15)

In order to show that this action preserves solutions to (SW) we first observe
that the spin® connection corresponding to A -+ is the pullback by o, of that
corresponding to A, i.e.,

WAy =0, w4. (A.4.16)
To see this we note, from (A.3.1), that
0,"wa = (Spin“ o o,)"(prrwre + pryoA)
and
wa.y = (Spin®)”* (er*wLC -+ pr;o ((U,Y')*A))

= (prp o Spin®)*wrc + (0, o pryo o Spin®)* A
= (pry o Spin“ o o,)*wrc + (pryo o Spin oo, )* A
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(by (A.4.3) and (A.4.7))
= (Spin‘ o o,)" (prywrc +pryoA)

=0, wa.
Another computation of w 4., using (A.4.14) gives
wa.y = (Spin®)* (er* wre + prio (A 7 (27—1(17)))
= w4 + (Spin®)* (prLZE (wLE (27*1dfy)>)
wa + (7TL0 oprpoo Spinc) ) (27_1d'y)

=wy + mgl (27*1(17)

WA :wA+2<fyo7rSc)_1d('yo7rSc> . (A.4.17)

Theorem A.4.2 The action of G(L) on the Seiberg-Witten configuration
space A(L) carries solutions to (SW) onto other solutions to (SW). More
precisely, if (A, ¥) € A(L) satisfies

{ Day =0
Fy =0t (Y ®@¢*)o)

then for any o, € G(L), (A, ) -~v=(A-~, ¥-7) satisfies

{ Dan(¥-7) =0

Fio =0t ((-7) @ @-7)")o)

Proof: For the curvature equation we observe that (A.4.16), the usual trans-
formation equation for the curvature and the fact that U(1) is Abelian imply

that
FAty =YF () ' =F .

Similarly, the commutativity of U(1) gives
W Ne@W-N =00 )
= () © (v¥*)

= (W ey
=9 Q ¢Y*.

Thus, F 7 = o7 ((¢y ®¢*)o) implies FA—; =t (((v-7)®(®-v)*)o). To verify
the analogous statement for the Dirac equation it will surely be enough to

show that
DarW-v)=Pav) 7. (A.4.18)
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For this it will be convenient to identify 1) with an equivariant S*-valued map
on S¢(B) and compare the covariant exterior derivatives d 49 and d 4. (¢ - 7).
There are standard formulas for such derivatives (see, for example, (6.8.4) of
[N4]) which, in our case, give

daty =i+ 3wy

and

Qanl ) = () + 5

where, e.g., w4 takes values in spin©(4), identified with a subset of Cl(4) ® C
as in (A.2.40), and w 4% is a matrix product.

wA-'y(w : 7) 9

Remark: The factor % arises from the actual identification of spin©(4)
with so(4) @ u(1l) via the derivative at the identity of the double cover map
Spin® : Spin®(4) — SO(4) x U(1).

Now we compute

da(¥-7) =day ((v omge) ! w)

= d((yoms) ™ 9) + g wans ((omse) ™ w)
= (yomse) tdy = (yomse) 2 d(yomse)

- %(UJA +2(yomse)Hd(vo ﬂ'SC)) ((7 omse)”! ¢>

1
= (yoms) " (a¥ + swaw) — (yoms) 2 d(yoms:) v
+ (yomge)"2d (yomge)
= (yomse) " (da¥)
and from this conclude that

Vay@-7)=(yomse) ' Vai. (A.4.19)

Finally,
pA’y 1/} 7 Zez VA’Y('(/J ’7)(el>

i=1

= Zei (WYomse) P Vat(e;)

¢O7T5° Zez VAw 61)

= (pomge) " EA (0]
= (Darh) v

which proves (A.4.18) and therefore Theorem 6. n
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Thus, the space of solutions to the Seiberg-Witten equations is invariant
under the action of the gauge group G(£) and we may, as for the anti-self-dual
equations, consider the moduli space M(L) of gauge equivalence classes of
Seiberg-Witten monopoles:

M(L) ={(A, ) € A(L) :Dath =0, F 5 =0 (9 @9")0)}/G(L). (A.4.20)

The ensuing analysis required to manufacture a differential topological
invariant of B from M(L) is in many ways analogous to that which we out-
lined for Donaldson theory. For this reason we will simply sketch with much
broader strokes those aspects of the construction that are much the same and
linger a bit longer over those that present something new. As for Donald-
son theory we will ignore the (important) issue of replacing spaces of smooth
objects with “appropriate Sobelev completions.”

Seiberg-Witten theory is in many ways technically much simpler than Don-
aldson theory and very often the simplifications can be attributed to the fact
that U(1), unlike SU(2), is Abelian. Our first manifestation of this is the ease
with which we identify the reducible elements of the configuration space.

Lemma A.4.3 An element (A, ) of A(L) is left fixed by some non-identity
element 0., of G(L) if and only if = 0 and, in this case, v : B — U(1)
must be a constant map.

Proof: It will suffice to argue locally so we let A be a gauge potential for
A. Then (A, ¥)-v= (A, ) if and only if

(A+2y7'dy, v '¢) = (A, ¥)

and this, in turn, is the case if and only if

vl =1 and 2y tdy=0.

Since v # 1, the first of these can be true if and only if ¢» = 0. The second
implies dy = 0 and, since B is connected, v must be constant. |

An (A, ) € A(L) is said to be reducible if vy = 0 and irreducible
otherwise.

As was the case in Donaldson theory, the configuration space A(L) is an
affine space and therefore an infinite-dimensional manifold. The tangent space
at any (A, ¢) € A(L) can be identified with

Tiaw(AL) = \ (B, Im©) & T(5*(L)) (A.4.21)

(no adjoint bundle required in the first summand because U(1) is Abelian).
The gauge group G(£) has the structure of a Hilbert Lie group whose Lie
algebra can be identified with A°(B, Im ©). Fixing (A, ¢) € A(L), the ac-
tion of G(L£) on (A, ©) gives a map G(L) — A(L) whose derivative at the
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identity is

A'(B, @) — A (B, Im @) & T(S*(£))
a— (2da, —a-9), (A.4.22)

where a - ¢ is the rotation of ¢ obtained by regarding each value of a as an
element of the complexified Clifford algebra and Clifford multiplying by a.

Remark: Here is a formal, i.e., C*°, local argument to persuade you of
(A.4.22). The map is v € G(£) — (A, ¥) v = (A+ 2y 1dy, v '¢). Let
a € \°(B, ImC) and write a(z) = i6(z), where 0 is a real-valued function
on B. Then a(t) = ') is a curve in G(£) = C>°(B, U(1)) with a(0) = 1
and o/ (0) = a. Thus, the derivative at t = 0 is

%«A’ ¥)-e te(m)) ‘t:O B i(A 21449, eiite(m)w) ‘t:O
= (2idf, —if(x)v)
= (2da, —av)
=(2da, —a-1).

Again as in Donaldson theory, the “large” moduli space

B(L) = A(L)/G(L)

of configurations is a smooth Banach manifold away from the reducible config-
urations (i.e., away from those [A, ] with ¢» = 0) and the monopole moduli
space M(L) is a subset of it. Define the Seiberg-Witten map

F:AL) — /\i(B, Im @) ® T(S~ (L))
by
F(A, )= (F — o™ (@9 )o), Pat). (A.4.23)
Then (A, 1) satisfies (SW) if and only if F(A, %) = (0,0). The derivative of

F at (A, ) € M(L), i.e., the linearization of the Seiberg-Witten equations
at (A, ), is

Fuaw: \ (B, m@)&T(s%(£) — A\ (B, In@®) & T(5(£))

dt -D
Fiay) =< 1 pj ) (A.4.24)
2

=

where

d+: /\1(3, ImC) — /\i(B, Im ©)
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is d followed by the projection onto the self-dual part,
1 1 -
Y /\ (B, InC) — T(S (L))

takes a l-form a to o - 3¢ (which is understood to mean Clifford
multiplication by the vector field dual to the 1-form a) and
2
Dy :T(SH(L)) — N\ (B, ImC©)
is given by N

1

Dy (n)=a+(¢®n*+n®w*—2(<¢, n>+<¢,n>)n)

(the object inside the parentheses being a section of Endo(S™(£)) which o
identifies with a self-dual 2-form on B).

Remark: (A.4.24) can be verified with a local argument analogous to that
for (A.4.22).

Associated to any solution (A, v) to (SW) is a fundamental elliptic
complex E(A, v):

0— A'(B, In€) — A\ (B, ImC) & T(SH(L))

— A\L(B, In€) & T(S™(£) — 0,

where the second and third maps are, respectively, the derivative (A.4.22) of
the action of G(£) on (A, 1), and the derivative (A.4.24) of the Seiberg-
Witten map at (A, ). This complex has finite-dimensional cohomology
groups H'(A, 1), i = 0,1,2, which admit interpretations analogous to those
in Donaldson theory:

H°(A, ) = tangent space to the stablizer of (A, 9) in G(L£) so
HY(A, ¥) =0 <= (A, 1) irreducible
— Y#£0
H(A, ) = formal tangent space to M(L) at [A, )]
H?(A, 1) = obstruction space, i.e.,
H?*(A, v) = 0 <= Implicit Function Theorem
gives a local manifold

structure for F71(0,0) near
(A, ) of dimensiondim H'(A, ).
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If H2(A, ¢) = 0 and H°(A, ) = 0, then the local manifold structure for
F~1(0,0) near (A, v) projects injectively into the moduli space M(L) and,
near [A, 9], M(L) is a smooth manifold of dimension

dim H*(A, ) = —dim H°(A, ) + dim H'(A, 1) — dim H?*(A, 1)
= —Index (£(A4, v))

= L) — 2(8) ~ 30(5),

where the last expression comes from the Atiyah-Singer Index Theorem and
c1(L°)? means [ c1(L%) A ey (LO).

As in Donaldson theory, H°(A, 1) = 0 and H%(A, 1) = 0 are the “generic”
situation when b3 (B) > 1, but this means something slightly different here.
First, the part that is the same.

Theorem A.4.4 (Generic Metrics Theorem) Let B denote a compact,
connected, simply connected, oriented, smooth j-manifold with b;r(B) > 0.
Then there is a dense subset Gen(R) of the space R(B) of Riemannian metrics
on B with the following property: For any g € Gen(R) and any corresponding
spin® structure L, any solution (A, 1) to the Seiberg- Witten equations is irre-
ducible, i. e., satisfies HY(A, 1) = 0. If b (B) > 1, then for any generic path
g(t), 0 <t <1, of Riemannian metrics in R(B) there are no reducible so-
lutions to the Seiberg- Witten equations for any spin structure corresponding
to any of the metrics g(t), 0 <t < 1.

For H?(A, 1) = 0 there is no known generic metrics theorem of this
sort. In this case one must perturb, not the metric, but the equations them-
selves. More precisely, we fix the metric g and the spin® structure £. For any
fixed n € /\3_(B, Im €) we introduce the (1) perturbed Seiberg-Witten
(PSW) equations

PDav=0 (A.4.25)

Fi=o0t((¢®@v")) +n. (A.4.26)

Remark: The motivation here is easy to understand. Solutions to (SW) are
solutions to the equation F(A, 1) = (0,0), where F is the Seiberg-Witten
map (A.4.23). For this to be a manifold, (0,0) must be a regular value of F.
If it is not, the infinite-dimensional version of Sard’s Theorem suggests that
a small perturbation of (0,0) in /\i(B7 Im C)®T'(S™ (L)) of the form (n, 0)
will be a regular value so that F(A, ¢) = (n, 0) will define a manifold of
(A, ). But F(A, ¢) = (n, 0) is just (PSW).

The linearized complex at any solution to (PSW) is given by the same maps
as for (SW) so the cohomology is the same. G(L£) acts on solutions to (PSW) in
the same way so there is a moduli space M (L, n) of solutions and everything
we have said above for (SW) is also true for (PSW).
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Theorem A.4.5 (Generic Perturbations Theorem) Let B denote a
compact, connected, simply connected, oriented, smooth 4-manifold. Fix a
Riemannian metric g and a spin® structure L for B. Then there is a dense sub-

set Gen(/\i) in the space /\i(B, Im@) of ImC-valued self-dual 2-forms on B

with  the  following  properties:  For m € Gen(/\i), every

solution (A, 1) to the perturbed Seiberg- Witten equations (A.4.25) and (A.4.26)
has H?(A, ) = 0. If b5 (B) > 0 and g € Gen(R), then, for any n €

Gen(/\i), the moduli space M(L, m) is a smooth submanifold of B(L) of

dimension 1(c1(L°)? — 2x(B) — 30(B)).

Remark: In particular, if ¢;(L%)? — 2x(B) — 30(B) < 0, then the moduli
space is generically empty.

Exactly as in the case of Donaldson theory one can show that, for a fixed
generic metric g and perturbation 1 and any associated spin® structure L,
a choice of orientation for the vector space H%(B;R ) canonically orients
all of the moduli spaces M(L, n). Likewise as in Donaldson theory, when
b;‘ (B) > 1 there is a cobordism result which roughly says that for a generic
l-parameter family g(¢), 0 < ¢ < 1, of metrics and a generic l-parameter
family n(t), 0 < ¢ < 1, of perturbations, the moduli spaces parametrized
by t fit together to form a smooth manifold with boundary containing no
points corresponding to reducible solutions. The boundary is the disjoint union
of moduli spaces for (g(0), n(0)) and (g(1), m(1)). Moreover, selecting an
orientation for H i (B;R) orients this parametrized moduli space and the two
boundary moduli spaces inherit opposite orientations.

Remark: There is a technical point which we glossed over here and should
mention because it has no analogue in Donaldson theory. Changing the metric
g changes the orthonormal frame bundle and so, one would think, the spin®
structure. It would appear that the discussion above is incomplete without a
specification of a spin® structure for each t. In fact, however, one can show
that frame bundles for different metrics are naturally isomorphic and so one
can pull back spin® structures by the isomorphisms, thus effectively “fixing”
L (up to equivalence) regardless of the choice of g.

Except for a few minor simplifications and adaptations the story of the
Seiberg-Witten moduli space thus far has been virtually indistinguishable
from what we had to say about the anti-self-dual moduli space. The one
aspect of Seiberg-Witten theory that differs significantly from Donaldson the-
ory (and that accounts for its relative simplicity) is that there is no need for
an “Uhlenbeck- style compactification”

For any metric g, and spin® structure L
and any perturbation 1, the moduli space
M(L, n) is always compact.
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The proof of this involves what is called an elliptic “bootstrapping” argument
(which we will not describe) based on the crucial fact that the spinor field
and curvature F 4 for any solution (A4, 1) to (PSW) satisfy uniform a pri-
ori bounds (this is categorically false for the anti-self-dual equations because
these are conformally invariant in dimension four). Because of its significance
we will sketch a proof of this but, since the perturbation adds only arithmetic
to the argument, we will do this for the unperturbed equations, written in the
form

Dap=0 (A.4.27)
pt(Fh) = (¥ @9*)o (A.4.28)

(recall that pT is the inverse of o). We will appeal to the famous Weitzenbick
formula from differential geometry which, in our present circumstances, reads

Py o Pyt = Vs o Vb £ 1+ pH(FL, (A.4.20)

where D% is the formal adjoint of P, : T(ST(L)) — T(S (L)),
V% is the formal adjoint of the covariant derivative V4 : T'(S*(L)) —
AY(B) ® T(ST(L£)) and & is the scalar curvature of B (for the metric g). Be-
cause (A, 1) is a solution to the Seiberg-Witten equations, (A.4.29) reduces to

aoVay+ im/) + (¥ @Y )y = 0. (A.4.30)

Take the pointwise inner product with v to obtain
. 1 9 1 4
(VioVaw,w)+ 3ol 9P+ 5wt =0 (A4.31)

(for the last term compute (¢ @ 1*)ptp from (A.2.49) and then take the inner
product with ).

Now, || #(x) || is a continuous function on the compact space B so there is
an rg € B at which it achieves an absolute maximum. We claim that, at this
point, the first term in (A.4.31) is non-negative, i.e.,

(Va0oVah(xo),1(zo)) >0 (A.4.32)

(note that (A.4.31) implies that (V 4 o V41,7 ) must be real). The proof
depends on the identity

Agllwl? = =2 Vav |? +2(V 1 0 Vap,v) (A.4.33)

where Ay = d* o d is the scalar Laplacian corresponding to g. This can be
verified by writing out Agl|¢ || in a local orthonormal frame field. Now, at
Zo, (A.4.33) gives

2(V 10 Vav(zo), (o)) = Agll ¢ [*(x0) + 2| Varr[*(z0).  (A4.34)
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Now, obviously 2|| Va1 [|?(zg) > 0. Moreover, since |1 ||* achieves a maxi-
mum at g, Ngl| ¢ ||*(z9) > 0 as well so (A.4.32) is proved. It then follows
from (A.4.31), evaluated at xg, that

1 1
20| 6(ao) |2 + 3 ¥@o) [ < 0

SO

90) I < —5wo) | 9(o) I

There are two possibilities. Either || ¢(z¢)|| = 0, in which case ¢ = 0 and
(A, ) is a reducible solution (and so || ¢ || is certainly uniformly bounded).
Otherwise we have

9(0) I? <~ 55 (20)

and therefore
1
1) I* < =5 A(wo) (A.4.35)

for every x in B. Now, despite appearences, the right-hand side of (A.4.35)
depends on 1 (through xg) so, to get a bound on the spinor field of every
solution (A, ) we define k(z¢) = max {—1x(z),0} for each =g € B and

k(B) = max{k(xo) : o € B}

and conclude that for any fixed metric and any spin® structure, any solution
(A, ) to the Seiberg-Witten equations has spinor field ¢ bounded by the
geometrical constant k(B):

() |? < k(B)  VzeB. (A.4.36)

The second Seiberg-Witten equation (A.3.6) then gives a uniform bound on
the self-dual part of the curvature for any solution. A bit more work then
gives a bound on the anti-self-dual part of the curvature. From these one can
deduce that, for a given g (and 7 in the perturbed case) there are at most
finitely many (equivalence classes of) spin® structures for which the moduli
space is nonempty (Theorem 5.2.4 of [M1]).

The bounds described thus far are not sufficient to prove the compactness of
the moduli space. For this one must bound the connection parts A of solutions
(A, 1)) “up to gauge”. This is generally accomplished by a gauge fixing argu-
ment and the bootstrapping referred to above (see Section 5.3 of [M1]). In any
case, it can be done and the end result is that Seiberg-Witten moduli spaces
are always compact (and, generically, are smooth manifolds). This compact-
ness simplifies enormously the task of defining and computing “Donaldson-
like” invariants in Seiberg-Witten theory (because there is no need, as there
is in the anti-self-dual case, to compactify the moduli space before integrating
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cohomology classes over it). Even so we intend to consider what appears to
be only a very special case. Thus, we fix a generic metric g and perturba-
tion 1 and suppose that there exists a spin® structure £ for which the formal
dimension of the moduli space is zero, i.e.,

c1(LY)? = 2x(B) + 30(B) (A.4.37)

(such an £ need not exist). Assuming that an orientation for the vector space
H?(B;R) has been fixed, the moduli space is a finite set of isolated points each
of which is equipped with a sign £1. The sum of these signs is an integer and,
as in Donaldson theory, when b5 (B) > 1 a cobordism argument shows that
the integer is independent of the choice of (generic) metric and perturbation.
We call this integer the 0-dimensional Seiberg-Witten invariant of B
associated with £ and denote it

SWo(B, L).

This is, indeed, an invariant in the sense that, if f : B — B is a
diffeomorphism for which the induced map f* : H(B;R) — H3(B’;R)
preserves orientation, then the induced spin® structure f*£ for B’ also satis-
fies (A.4.37) and SWy(B', f*L) = SWy(B, L).

Remark: When one goes to the trouble of defining the Seiberg-Witten in-
variant even when (A.4.37) is not satisfied (which we will not) one obtains
a map SW(B,-) on the set of (equivalence classes of) spin® structures on
B which assigns to each such an integer SW (B, L) € Z, taken to be zero
if the corresponding moduli space is empty. We have already noted that
there can be at most finitely many £ for which SW(B, L) # 0. The em-
pirical evidence suggests that, when b3 (B) > 1, SW(B, L) # 0 occurs only
for those £ satisfying (A.4.37). We will say that a B with b (B) > 1 is of
SW-simple type if SW(B,L) # 0 implies that £ must satisfy (A.4.37),
i.e., if nonzero Seiberg-Witten invariants occur only for 0-dimensional mod-
uli spaces. It has been conjectured that every B with bQL(B) > 1 is of
SW-simple type. Finally, we shall refer to the elements of H?(B) which arise
as c1(L?) for some spin® structure £ satisfying (A.4.37) as Seiberg-Witten
(SW-) basic classes. Thus, SW-basic classes are just the first Chern classes
of complex line bundles corresponding to spin® structures for which the SW
moduli space is O-dimensional.

A.5 The Witten Conjecture

As we saw in Section A.l, Witten was led to Seiberg-Witten gauge theory
through topological quantum field theory and saw it as a dual version of Don-
aldson theory. Indeed, Witten was led to much more. He formulated a very con-
crete conjecture on the relationship between Donaldson and Seiberg-Witten
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invariants. The conjecture was remarkable. It was a very deep and purely
mathematical statement, but one suggested entirely by physics. We will con-
clude with a very brief description of what Witten believed must be true (and
was eventually proved by Feehan and Leness [FeLe]).

The sequence v4(B),d = 0,1,2,..., of Donaldson invariants for B can be
assembled into a single formal power series

= 74(B)(x)
z)—dz:;) d ¥

on H?(B) called the Donaldson series of B. For example, all of the invariants
for K3 have been computed and one finds that

Drale) = 32 11 Qe 2)/2)" = exp(@ua(e 2)/2)

Kronheimer and Mrowka [KM] formulated a condition on B which we will
call KM-simple type that is sufficient to guarantee that if one is somehow
given the Donaldson series Dp(x) one can inductively extract from it all of
the individual Donaldson invariants y4(B).

Remark: In order to state this condition precisely one requires more de-
tailed information about how the v4(B) are “really” defined (see the Remark
following our “naive” definition in Section A.l). However, there is no known
counterexample to the conjecture that every manifold B of the type we are
considering is of KM-simple type.

They then proved a remarkable structure theorem for such manifolds the
essential content of which was that all of the information contained in the
(infinitely many) Donaldson invariants is also contained in a finite set of data
(certain cohomology classes K7, ..., K of B and corresponding rational num-
bers ay, ..., as). Specifically, they proved the following theorem.

Theorem A.5.1 If B is of KM-simple type, then there exist cohomology
classes K1, ..., K, € H?(B), called KM-basic classes, and rational numbers
ai, ..., as € Q, called KM-coefficients, such that

Dp(x) = exp(Qp(x, 2)/2) Y _ arexp(K,(z))
r=1
for every x € Hy(B). Moreover, each KM-basic class reduces mod 2 to the

second Stiefel-Whitney class wo(B) of B.

The appearance of Theorem A.5.1 in the spring of 1994 was an extraor-
dinary breakthrough in Donaldson theory. Enormously complicated calcula-
tions of an infinite set of invariants were suddenly replaced by the (certainly
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not easy, but at least finite) problem of determining the KM-basic classes
and coefficients. As fate would have it, however, the fall of 1994 witnessed
another event which rendered this triumph of Kronheimer and
Mrowka moot. Edward Witten, in his now famous lecture at M.LT.
(described in [Tau2]), made the conjecture which, within weeks, brought
about the demise of Donaldson theory and initiated an entirely new approach
to the study of smooth 4-manifolds.

Witten’s Conjecture Let B be a compact, connected, simply connected,
oriented, smooth 4-manifold with b3 (B) > 1 and odd. Then

1. B is of SW-simple type if and only if B is of KM-simple type and, in this
case,
2. SW-basic classes coincide with KM-basic classes and

Dp(x) = exp(Qp(x, x)/2) > 2" B SWy(B, L)exp(c1 (L°)(x)),

where m(B) = 2+ +(Tx(B) + 110(B)), x(B) is the Euler characteristic of
B,o(B) is the signature of B and the sum is over all (equivalence classes

of ) spin® structures L for which (A.4.37) is satisffied.

The content of the conjecture is that, for manifolds of simple type, the basic
classes are just those elements of Hs(B) corresponding to spin® structures with
0-dimensional SW moduli spaces and the coefficients are, up to the topological
factor 2B just the corresponding 0-dimensional SW invariants.

There are a number of attitudes one might adopt toward a conjecture of this
sort. One might, of course, try to prove it and, although this has not been the
principal focus of work in this area, much deep and interesting mathematics
has been directed toward this end. A strategy suggested by Pidstrigatch and
Tyurin [PT] for relating the two sets of invariants by viewing the Donaldson
and Seiberg-Witten moduli spaces as singular submanifolds of a larger moduli
space of “nonabelian monopoles” has been taken up in earnest by Feehan and
Leness in a long series of difficult and technical papers (see [FeLel). By far
the more prevalent attitude has been that, even if a proof is hard to come by,
the conjecture has been checked in every case in which all of the invariants
are known and has survived so that it would seem to make good practical
sense for the topologist to (at least provisionally) abandon the Donaldson
invariants for the much more tractable Seiberg-Witten invariants. Perhaps
the most enlightened attitude, however, and one which has been emphasized
by Atiyah, is that if physics is truly capable of casting such a penetrating light
upon mathematics at the very deepest levels, then mathematicians will want
to take heed and turn their attention once again to their historical roots in
physics.



References

|AB]
[AJ]

[BB]

[BGV]
(B]

[BPST]

[Brow]|
[BT]
[DT]

[EGH]

[Fang]

[FeLe]

[Fey]

[FG-M]

Aharonov, Y. and D. Bohm, “Significance of electromagnetic po-
tentials in the quantum theory”, Phys. Rev., 115(1959), 485-491.

Atiyah, M.F. and L. Jeffrey, “Topological Lagrangians and
Cohomology”, J. Geo. Phys., 7(1990), 119-136.

Booss, B. and D.D. Bleecker, Topology and Analysis: The Atiyah-
Singer Indexr Formula and Gauge-Theoretic Physics, Springer-
Verlag, New York, Berlin, 1985.

Berline, N., E. Getzler and M. Vergne, Heat Kernels and Dirac
Operators, Springer-Verlag, New York, Berlin, 1996.

Bleecker, D., Gauge Theory and Variational Principles, Addison-
Wesley, Reading, MA, 1981.

Belavin, A., A. Polyakov, A. Schwartz and Y. Tyupkin,
“Pseudoparticle solutions of the Yang-Mills equations”, Phys.
Lett., 59B(1975), 85-87.

Browder, A., Mathematical Analysis: An Introduction, Springer-
Verlag, New York, Berlin, 1996.

Bott, R. and L.W. Tu, Differential Forms in Algebraic Topology,
Springer-Verlag, New York, Berlin, 1982.

Dereli, T. and M. Tekmen, “Wu-Yang monopoles and non-Abelian
Seiberg-Witten equations”, hep-th/9806031.

Eguchi, T., P.B. Gilkey and A.J. Hanson, “Gravitation, Gauge
Theories and Differential Geometry”, Physics Reports, 66,
No. 6(1980), 213-393.

Fang, J., Abstract Algebra, Schaum Publishing Co., New York,
1963.

Feehan, P.M.N. and T.G. Leness, “Witten’s Conjecture
for Many Four-Manifolds of Simple Type”, arXiv:math/
0609530v2[math.DG].

Feynman, R.P.; R.B. Leighton and M. Sands, The Feynman Lec-
tures on Physics, Volumes I-III, Addison-Wesley, Reading, MA,
1964.

Feynman, R.P. and M. Gell-Mann, “Theory of Fermi interactions”,
Phys. Rev., 109, 193.

401



402 References

[FU]
[G1]
1G2]
[GHVT]
[Gre]
|GO]
|GP]
[Groil]

[Groi2]

|GR]
[Gui]

[HE]

[Helg]
[Hir]|
[Hol|
[Howe]

[Huse]

Freed, D.S., and K.K. Uhlenbeck, Instantons and Four-Manifolds,
MSRI Publications, Springer-Verlag, New York, Berlin, 1984.

Geroch, R.P., “Spinor structure of space-times in general relativity,
I”, J. Math. Phys., 9(1968), 1739-1744.

Geroch, R.P., “Spinor structure of space-times in general relativity,
117, J. Math. Phys., 11(1970), 343-348.

Greub, W.; S. Halperin and R. Vanstone, Connections, Curvature
and Cohomology, Vol. I, Academic Press, New York, 1972.

Greiner, W., Relativistic Quantum Mechanics, Springer-Verlag,
New York, Berlin, 1993.

Goddard, P. and D.I. Olive, “Magnetic monopoles in gauge field
theories”, Rep. Prog. Phys., Vol. 41(1978), 1357-1437.

Guillemin, V. and A. Pollack, Differential Topology, Prentice-Hall,
Englewood Cliffs, NJ, 1974.

Groisser, D., “SU(2) Yang-Mills-Higgs Theory on R3”, Harvard
Ph.D. thesis, 1983.

Groisser, D., “Integrality of the monopole number in SU(2) Yang-
Mills-Higgs theory on IR3”, Comm. Math. Phys., 93(1984), 367
378.

Gunning, R.C. and H. Rossi, Analytic Functions of Several Com-
plex Variables, Prentice-Hall, Englewood Cliffs, NJ, 1965.

Guidry, M., Gauge Field Theories, John Wiley & Sons, Inc., New
York, 1991.

Hawking, S.W. and G.F.R. Ellis, The Large Scale Structure of
Space-Time, Cambridge University Press, Cambridge, England,
1976.

Helgason, S., Differential Geometry and Symmetric Spaces, Aca-
demic Press, New York, 1962.

Hirsch, M.W., Differential Topology, Springer-Verlag, GTM #33,
New York, Berlin, 1976.

Holstein, B.R., Topics in Advanced Quantum Mechanics,
Addison-Wesley, Redwood City, CA, 1992.

Howe, R., “Very basic Lie theory”, Amer. Math. Monthly, Novem-
ber, 1983, 600-623.

Husemoller, D., Fibre Bundles, 3'Y Ed., Springer-Verlag, New
York, Berlin, 1994.



[Jost]
[JT]

[KM]

[KN1]|
[KN2]
[Lang]
[Lan]
[LM]

[M1]

[M2]

[Miln]

MQ]

[MS]

MT]

IN1]

[N2]

References 403

Jost, J., Riemannian Geometry and Geometric Analysis, Third
Edition, Springer-Verlag, New York, Berlin, 2002.

Jaffe, A. and C. Taubes, Vortices and Monopoles: Structure of
Static Gauge Theories, Birkhauser, Boston, 1980.

Kronheimer, P.B. and T.S. Mrowka, “Embedded Surfaces and the
Structure of Donaldson’s Polynomial Invariants”, J. Diff. Geo.,
3(1995), 573-734.

Kobayashi, S. and K. Nomizu, Foundations of Differential
Geometry, Vol. 1, Wiley-Interscience, New York, 1963.

Kobayashi, S. and K. Nomizu, Foundations of Differential
Geometry, Vol. 2, Wiley-Interscience, New York, 1969.

Lang, S., Linear Algebra, 2"! Edition, Addison-Wesley, Reading,
MA, 1971.

Landkof, N.S., Foundations of Modern Potential Theory,
Springer-Verlag, New York, Berlin, 1972.

Lawson, H.B. and M.L. Michelsohn, Spin Geometry, Princeton
University Press, Princeton, NJ, 1989.

Morgan, J.W., The Seiberg-Witten Equations and Applications
to the Topology of Smooth Four-Manifolds, Princeton University
Press, Princeton, NJ, 1996.

Morgan, J.W., “An Introduction to Gauge Theory”, in Gauge The-
ory and the Topology of Four-Manifolds, American Mathematical
Society, 1998.

Milnor, J., Topology from the Differentiable Viewpoint, University
of Virginia Press, Charlottesville, VA, 1966.

Mathai, V. and D. Quillen, “Superconnections, Thom Classes
and Equivariant Differential Forms”, Topology, 25(1986),
85-110.

Milnor, J.W. and J.D. Stasheff, Characteristic Classes, Princeton
University Press, Princeton, NJ, 1974.

Madsen, I. and J. Tornehave, From Calculus to Cohomology:
De Rham Cohomology and Characteristic Classes, Cambridge Uni-
versity Press, Cambridge, England, 1997.

Naber, G.L., Topological Methods in Fuclidean Spaces, Dover Pub-
lications, Mineola, NY, 2000.

Naber, G.L., Spacetime and Singularities, Cambridge University
Press, Cambridge, England, 1988.



404

N3]

[N4]

[O°N]
[Pen]
[PT]
[Ry]
[Saw]
[Sp1]
[Sp2]
[St]

[SWI

[Taul]
[Tau2]
[vdW]
(W1
(W2]

W3]

References

Naber, G.L., The Geometry of Minkowski Spacetime, Springer-
Verlag, Applied Mathematical Sciences Series #92, 24 Edition,
New York, Berlin (to appear 2011).

Naber, G.L., Topology, Geometry and Gauge Fields: Foundations,
Springer-Verlag, Texts in Applied Mathematics 25, 2! Edition,
New York, Berlin, 2010.

O’'Neill, B., Semi-Riemannian Geometry: with Applications to
Relativity, Academic Press, 1983.

Penrose, R., Techniques of Differential Topology in Relativity,
S.I.A.M., Philadelphia, PA, 1972.

Pidstrigach, V and A. Tyurin, “Localization of Donaldson’s Invari-
ants along Seiberg-Witten Classes”, arXiv: dg-ga,/9507004.

Ryder, L.H., Quantum Field Theory, Cambridge University Press,
Cambridge, England, 1996.

Sachs, R.H. and H. Wu, General Relativity for Mathematicians,
Springer-Verlag, New York, Berlin, 1977.

Spivak, M., Calculus on Manifolds, W. A. Benjamin, Inc., New
York, 1965.

Spivak, M., A Comprehensive Introduction to Differential
Geometry, Volumes I-V, Publish or Perish, Inc., Boston, 1979.

Steenrod, N., The Topology of Fibre Bundles, Princeton Univ.
Press, Princeton, N.J., 1951.

Seiberg, N. and E. Witten, “Monopoles, duality and chiral
symmetry breaking in N = 2 supersymmetric QCD”, Nucl. Phys.
B 431(1994), 581-640.

Taubes, C.H., “Self-Dual Connections on Non-Self-Dual
4-Manifolds”, J. Diff. Geo., 17(1982), 139-170.

Taubes, C.H., The Seiberg-Witten Invariants (Videotape),
American Mathematical Society, Providence, RI, 1995.

van der Waerden, B.L., Group Theory and Quantum Mechanics,
Springer-Verlag, New York, Berlin, 1974.

Witten, E., “Supersymmetry and Morse Theory”, J. Diff. Geo.,
17(1982), 661-692.

Witten, E., “Topological quantum field theory”, Comm. Math.
Phys. 117(1988), 353-386.

Witten, E., “Monopoles and 4-manifolds”, Math. Res. Letters
1(1994), 764-796.



[Warn]
[Wein]

[YM]

References 405

Warner, F.W., Foundations of Differentiable Manifolds and Lie
Groups, Springer-Verlag, GTM #94, New York, Berlin, 1983.

Weinberg, S., The Quantum Theory of Fields, Volumes I and II,
Cambridge University Press, Cambridge, England, 1995 and 1996.

Yang, C.N. and R.L. Mills, “Conservation of isotopic spin and
isotopic gauge invariance”, Phys. Rev., 96(1954), 191-195.



Symbols

What follows is a list of the those symbols that are used consistently through-
out the text, a brief discription of their meaning and/or a reference to the
page on which such a description can be found.

R, real numbers

C, complex numbers

H, quaternions

F=R,C,orH

(, ), inner product on F”

| |, absolute value in R, modulus in € or H
dim X, dimension of the manifold X
C(X), real-valued C*°-functions on X
id, identity map

T,(X), tangent space at p

D;, it partial derivative operator

L, inclusion map

o/ (tg), velocity vector to a at g
fup, derivative of f at p

V*, dual of vector space V

(Us,vs), (Un,on), stereographic projection charts
I ||, norm in Euclidean space
SU(2), 5

FP" 1, projective spaces

[£], equivalence class containing &
‘P, projection map

GL(n,F), 5

GL(n,TF), 5

U(n,TF), 5

O(n), 5

U(n), 5

Sp(n), 5

SO(n), 5

SU(n), 5

AT conjugate transpose of A

© XY, 5
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V)= V1
X (X), smooth vector fields on X

[V, W], Lie bracket of vector fields

le1, ..., ey], orientation class of {e1,...,e,}
T (X), cotangent space at p

df , exterior derivative of f

dfy = df (p)

X*(X), smooth 1-forms on X
evV)=6V,7

F*, pullback by F'

®, tensor product

A, wedge product

Ap, p-wedge product

SL(n,IF), 12

[, ], Lie bracket

trace (A), trace of the matrix A

Im C, pure imaginary complex numbers
Im H, pure imaginary quaternions

G, Lie algebra of the Lie group G

e, identity element in the group G
o(n), 14

so(n), 14

u(n), 14

su(n), 14

sp(n), 14

01,092,03, Pauli spin matrices, 15

exp (A) =e4, 18

o, right action

p - g, right action of g on p

04, right action by g

p, left action, 21

g - p, left action of g on p

pg, left action by g

G — P 25 X, principal G-bundle over X
Vert, (P), vertical vectors at p in P
A#_ fundamental vector field

op, left action on p

A, gauge potential



Symbols

Hor, (P), horizontal vectors at p in P
V' horizontal part of V', 30

V'V, vertical part of V, 30

W ,n, BPST connection, 34

A, ., BPST potential, 34

F, gauge field strength, 35

YM, Yang-Mills action, 38

P xq F, associated bundle

[p, ], element of P xg F

ad P, adjoint bundle

d®, covariant exterior derivative
A(w, ¢), action functional

*F, Hodge dual of F

R3, Minkowski spacetime

Nap, Minkowski metric components
1, Minkowski matrix, 49

€ijks Eaprys, Levi-Civita symbols

HE - (X), k" de Rham cohomology group of X
L, Lorentz group

L’l, proper, orthochronous Lorentz group
Spin, the spinor map

D, Dirac operator

~9, 41, 42,43, Dirac matrices

AF(X), real-valued k-forms on X
vol, metric volume form

(o, B), inner product on forms, 127
ol = (o, e)

SD, self-dual

ASD, anti-self-dual

N(A, ¢), monopole number

suppf, support of f
p, map corresponding to the frame p, 148

L(X), linear frames on X

GL(n,R) — L(X) Pr, X, linear frame bundle
T(X), tangent bundle of X

T*(X), cotangent bundle of X

RF™=F 155

{, )&, inner product on R¥:"—*
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O(k,n — k), 156
SO(k,n — k), 156
o(k,n — k), 157

so(k,n — k), 157
F(X), orthonormal frames on X

O(k,n — k) — F(X) Pr, X, orthonormal frame bundle of X

P
SO(k,n — k) — F (X) - X, oriented, orthonormal frame bundle of X
R, rotation subgroup of E:_

/31 — L(X) P x , oriented, time oriented, orthonormal frame bundle of X
&, Einstein-deSitter spacetime

D, deSitter spacetime

C, Einstein cylinder

T*(E), multilinear maps on E, 179

T*, pullback

A*(E), k-forms on E

Alt (A), 477

€jy--jn» Levi-Civita symbol

A*(E, V), k-forms with values in V

A ®, B, p-tensor product

a A, B, p-wedge product

[a, 5], 202

d*, exterior differentiation operator

d.,, exterior derivative of w

AF(X,V), V-valued differential k-forms on X
A’; (P,V), tensorial forms of type p on P
d® o, covariant exterior derivative of ¢
aAp, 227

vol(R), volume of the rectangle R

Xwu, characteristic function of M

dm, Lebesgue measure on IR"

a.e., almost everywhere, 238

supp w, support of w,240

R, 250

0D, boundary of D, 250

Int D, interior of D, 250

D", unit disc in R™, 250

f#, map induced in cohomology, 262
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C*, cochain complex
H*(C*), k™ cohomology group of C*
A*(X), cochain of forms on X
Q) x, intersection form on X
deg(f), degree of f
H(f), Hopf invariant of f
c1(P), 15¢ Chern class of P
Sk(V), complex-valued symmetric k-multilinear maps on V
S(V), direct sum of the S*(V)
P¥(V), homogeneous polynomials of degree k on V
P(V), direct sum of the P*(V)
SE(V), p-invariant subspace of S¥(V)
PE(V), p-invariant subspace of P*(V)
S,(V), direct sum of the S%(V)
P,(V), direct sum of the Pk(V)
I*(G) = S44(9), 309
I(G), direct sum of the I*(G)
symtr, symmetrized trace
P, 310
50,51, ...,5,, elementary symmetric polynomials
cx(P), k™" Chern class of P
| o |, support of the simplex o
N(U), nerve of U
C7(U; ), Cech j-cochain group
87, coboundary operator
BI(U; Zy), Cech j-coboundaries of U
Z7(U; ), Cech j-cocycles of U
HI(U; ), 7" Cech cohomology group of U
HI(X;Zy),j* Cech cohomology group of X
wi(X), 15 Stiefel-Whitney class of X
wa(X), 224 Stiefel-Whitney class of X
~va(M), Donaldson invariants of M
A Xg A% (M, ad P), vector bundle of Donaldson theory, 356
e(X), Euler class of the manifold X
Pf, Pfaffian, 357
e(E), Euler class of the vector bundle E
X(E), Euler number of the vector bundle E
TQFT, topological quantum field theory
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Spw, Donaldson-Witten action

Zpw, Donaldson-Witten partition function
Cl(4), real Clifford algebra of R*

C1*(4), multiplicative group of units in Cl(4)
Pin(4), 365

Spin(4), spin group of R*

Spin, spinor map

Cl(4) ® €, complexified Clifford algebra of R*
A | complex spin representation, 370s
Spin®(4), complex spin group of R*, 372
Spin®, 372, 378

A 372

S(L), spinor bundle

L(L), determinant line bundle

L°(L), U(1)-principal bundle of L(L)

CI(B), Clifford bundle

Cl(B) ® €, complexified Clifford bundle

V 4, covariant derivative associated with A
Da, D4, Dirac operators

G(L), Seiberg-Witten gauge group

M(L), Seiberg-Witten moduli space
SWo(B, L), 0-dimensional Seiberg-Witten invariant
Dp(z), Donaldson series



Index

A
action
effective, 22
free, 22
left, 21
right, 21
transitive, 22
action functional, 47
Donaldson-Witten, 360
gauge theory, 47
spin 0-electrodynamics, 60
SU(2) Yang-Mills-Higgs, 111
Yang-Mills, 38, 48, 116
ad(G)-invariant, 20, 21
adjoint bundle, 40
adjoint representation, 19
admissible basis, 164
algebraic homotopy, 219
almost everywhere, 238
antiparticle, 64
antipodal map, 296
anti-self-dual (ASD), 115
Atiyah-Singer Index Theorem, 394
atlas, 1
maximal, 1
oriented, 7
automorphism of bundles, 28

B

Betti numbers

Bianchi Identity, 231

Bogomolny monopole

equations, 114

boosts, 167

Borel sets, 235

BPST potential, 34, 115
center, 34, 115
instanton, 115
scale, 34, 115

bump function, 141

bundle map, 27

bundle splicing, 99

C
canonical isomorphism, 3
Cartan 1-form, 15
Cartan Structure Equation, 35
Cech cohomology group, 339, 343
Cech j-coboundary, 339
Cech j-cocycle, 339
characteristic class, 303, 325
chart, 1
admissible, 1
consistent with orientation, 7
chiral representation, 82
Chern-Weil homomorphism, 325
Chern number, 328
Chern class, 325
total, 334
C*°-manifold, 1
C*°-map, 2
C°-related, 1
classical groups, 5
Classification Theorem, 28
Clifford algebra of R*, 364
center of, 365
complexified, 370
even elements of, 365
odd elements of, 365
real, 364
Clifford bundle, 378
complexified, 378
Clifford multiplication, 370
closed form, 217
coboundary, 275
coboundary operator, 275
cochain complex, 275
cochain homotopy, 277
cochain map, 276
cocycle, 275
cocycle condition, 26
cohomologous, 276
cohomology class, 276
commutator, 13
complex line bundle, 39
complex scalar field, 42
conjugation representation, 88
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connection, 29
existence of, 144
Levi-Civita, 160
linear, 160
metric, 161
Riemannian, 160
coordinate expression, 1
coordinates on R, 173
null, 173
spherical, 172
cotangent bundle, 154
cotangent space, 7
Coulomb field, 55
coupling constant,47, 359
covariant derivative, 64
covariant exterior derivative, 225
covariant tensors, 180
rank, 180
rank one, 8
rank two, 8
covariant tensor field of rank
two, 9
components, 9
continuous, 9
smooth, 9
covector, 7
critical value, 2
cross-section, 26
global, 28
curvature, 34
curvature equation, 381

D

deformed, 255

degree, 294

de Rham, 258
coboundary, 258
cocycles, 258
cohomology group, 258
complex, 216

derivation, 6

derivative, 2

de Sitter spacetime, 175

determinant line bundle, 377

diffeomorphic, 1
diffeomorphism, 1
differentiable manifold, 1
differentiable structure, 1
differential form, 206
vector valued, 211
dimension
of a differentiable manifold, 1
of a submanifold, 2
of a of a topological manifold, 1
dimensional reduction, 104
Dirac electron, 102
coupled, 102
free, 99
Dirac equation, 83
Dirac magnetic monopole, 37, 104
Dirac matrices, 82
Dirac quantization condition, 57
Dirac spinor, 99
direct sum of cochains, 280
domain with smooth boundary, 250
boundary, 250
exterior, 250
interior, 250
Dominated Convergence
Theorem, 239
Donaldson invariants, 352
Donaldson p-map, 354 355
Donaldson series, 412
duality, 293, 362
Duistermaat-Heckman
theorem, 361

E
Einstein cylinder, 177
Einstein-de Sitter spacetime, 173
electric charge, 53, 55, 56
electric field, 51, 55
electromagnetic theory, 52
elementary symmetric
polynomials, 310
elevator experiment, 168
elliptic complex, 393
equation of structure, 35



equations of motion, 46, 47
equivalent bundles, 27
equivariant localization
theorems, 361
equivariant map, 41
Euler characteristic, 38, 170, 294
Euler class, 357, 358
Euler number, 358
Euler-Lagrange equations, 47, 63,
115
events, 49, 163, 168
exact form, 54
exterior derivative, 213
covariant, 225
of real-valued function, 7
of real-valued 1-form, 10
exterior differentiation, 213
exterior k-bundle

F
fiber bundle, 39
finite action, 47
finite type, 162
1%t Chern class, 304
15 Chern number
1%t Stiefel-Whitney class, 343
flat connection, 31, 35
forms, 205, 206
vector-valued
frame, 46, 148
linear, 149
moving, 153
oriented, time oriented,
orthonormal 171
orthonormal, 157, 171
frame bundle
linear, 149
oriented, orthonormal 159, 171
oriented, time oriented,
orthonormal
orthonormal, 157, 159, 171
frame field, 153
oriented, orthonormal, 157
fundamental vector field, 29

Index

future directed, 171

G

gauge equivalent, 30
gauge field, 29
gauge invariance, 67
gauge potential, 29
gauge principle, 66
gauge theories, 45

415

Gauss-Bonnet-Chern Theorem, 357

G-bundle, 23
trivial, 24

generic perturbations theorem, 395

Georgi-Glashow potential, 107
ground state, 113, 135

H
hedgehog solution, 123
Higgs field, 42, 106
homotopy classes of, 133
Hodge dual, 110, 191
Hodge star operator, 191
holonomy group, 31
homogeneous polynomial, 307
Hopf bundle, 25
complex, 25
quaternionic, 26
Hopf invariant, 299
horizontal form, 222
horizontal lift, 228
horizontal subspace, 30

I
imbedding, 2
immersion, 2
immersion at p, 2
index of a semi-Riemannian
metric, 156
inner product, 9
instanton, 34, 37
center, 115
number, 334
scale, 115
integral curve, 6
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internal space, 45
intersection form, 293, 351
isomorphic Lie algebras, 13
isomorphic Lie groups, 12
isotropy subgroup, 22

J

Jacobi identity, 12

j-cochain, 337

j-simplex, 337
face, 337
support, 337

K
k-dimensional submanifold, 2
k-tensor
skew-symmetric, 180
symmetric, 180
vector-valued,
Killing form, 20
Klein-Gordon equation, 63
KM-basic classes, 399
KM-coefficients, 399
KM-simple type, 399

L
Laplacian, 216
Lebesgue integrable, 238
form, 243
Lebesgue integral, 237
Leaning Tower of Pisa, 168
Leibnitz Product Rule, 2
lens space, 60
Lie algebra, 12
ideal in, 20
of a Lie group, 14
Lie bracket, 6
trivial, 13
Lie group, 11
matrix, 12
semisimple, 20
light cone, 164
lightlike, 164
local field strength, 35, 46

local gauge, 29
Local Triviality, 23
local trivialization, 24
locally finite, 139
Lorentz group, 70
general, 70, 155
proper, 155, 164
orthochronous, 164
Lorentz invariance, 68
of the Dirac equation, 85
Lorentz metric, 169
Lorentz transformation, 166

M
magnetic charge, 37, 334
magnetic field, 52
magnetic monopole, see 104

Dirac magnetic monopole
map induced in cohomology, 262
matrix Lie group, 12
matter field, 42
Maurer-Cartan equations, 16
Maxwell’s equations, 53
Mayer-Vietoris sequence, 281
measure zero, 235
measurable form, 243
measurable function, 237
measurable set, 236
metric, 20

bi-invariant, 20

left invariant, 20

Lorentz, 169

Riemannian, 9

right invariant, 20

semi-Riemannian, 9
metric volume form, 190, 209
Minkowski inner product, 164
Minkowski space, 155
Minkowski spacetime, 155
moduli space, 351

Donaldson theory, 352

Seiberg-Witten theory, 391
monopole number, 130
Monotone Convergence

Theorem, 239



moving frame, 153
multilinear map, 179
vector-valued, 199

N
natural connection, 31
complex Hopf bundle, 31
quaternionic Hopf bundle, 33
natural differentiable structures on
real vector spaces, 3
nerve, 337
nonstandard differentiable structure
on R, 3
normalized generator, 294
nucleon, 104
nucleon field, 104
neutron component, 104
proton component, 104
null, 49, 165
null cone, 164

(0)
observable, 359
expectation value of, 359
1-form, 7
left-invariant, 7
real-valued, 7
restriction, 8
orbit, 22
orientable manifold, 7
oriented atlas, 7
oriented manifold, 7
orientation, 6
chart consistent with, 7
opposite, 7
orientation form, 208
orientation preserving, 7
orientation reversing, 7
oriented orthonormal basis, 159
orthochronous, 164
orthogonal group, 5
outward pointing vector, 251
overlap functions, 1
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P
parallel translation, 31
parallelizable, 153
partition of unity, 140
partition function, 359
past directed, 171
Pauli spin matrices, 15, 81
Poincaré Duality, 293
Poincaré-Hopf Theorem, 357
Poincaré lemma, 219
polarization, 167, 308
principal bundle, 23
restriction of, 26
trivial, 28
product manifold, 5
projective spaces, 4
pseudoparticles, 34
pseudotensorial forms, 222
pullback, 8, 9, 10, 180, 199

Q
quantum field theory, 359

observables in, 359

partition function of, 359

topological, 359
quaternionic line bundle, 39

R

rank

Reconstruction Theorem, 28

refinement, 139

regular value, 2

Removable Singularities Theorem,
116, 118

representation, 19

p tensor product, 201

p-wedge product, 201

rotation subgroup of LI, 166

S

Schroedinger equation, 64, 65
27d Chern class, 326

27d Chern number, 117 328,
274 Stiefel-Whitney class, 346
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Seiberg-Witten spin®-structure, 376
apriori bounds on solutions, 396 spin 0, 60, 63
basic classes, 398 spinor bundle, 377
compactness of the moduli spinor field, 99

space 397, spinor map, 367

configuration space, 385 spinor representations, 87
elliptic complex, 393 spinor structure, 97, 171
equations, 394 spontaneous symmetry
gauge group, 386 breaking, 113
invariant, 397 Standard differentiable structure, 3
irreducible configurations, 391 on R", 3
map, 392 on S”, 4
moduli space, 391 star-shaped, 219
monopoles, 385 step function, 237
perturbed equations, 394 stereographic projection, 4
reducible configurations, 391 Stiefel-Whitney class, 343, 346
simple type, 398 Stokes’ Theorem, 257

self-dual (SD), 115 structure constants, 14

semi-orthogonal group, 155 structure group, 23

short exact sequence, 277 reduction of, 136

o-algebra, 235 submanifold, 2

sign of f, 297 open, 2

simple cover, 162 0-dimensional, 2

smooth curve, 2 submersion. 2

smooth deformation submersion7 at p, 2

retraction, 271 subordinate, 141
smooth homotopy, 147 support, 140

smooth homotopy type, 270 symmetric, 9, 180, 200, 293, 306, 310
smooth manifold, 1 symmetric polynomials, 310
smooth map, 2 Fundamental Theorem, 311

smooth retractionz 271 symmetrized trace, 309
smoothly contractible, 271 symplectic group, 5

smoothly homotopic, 263
smoothly nullhomotopic, 264

spacelike, 49, 169 T
spatial inversion, 93 tangent bundle, 153, 154
spacetime manifold, 169 tangent space, 2
special linear groups, 12 tangent vector, 2
special orthogonal group, 5 tensor bundle, 154
special semi-orthogonal tensor field, 154
group, 155 tensor product, 180, 200, 201
special unitary group, 5 tensorial forms, 222
spin-j representation, 75 t’Hooft-Polyakov-
Spin one-half, 71, 73 Prasad-Sommerfleld

spin structure, 367 monopole, 121



time orientable, 170

time oriented, 170

timelike, 49, 165

topological charge, 38, 47, 117

topological manifold, 1

topological quantum field
theory, 359

transition functions, 26

trivialization, 24

global, 28

trivializing cover, 24

two-component wavefunction, 73

2-valued representation, 74, 77

U
Uhlenbeck compactification, 355
unitary group, 5

A%
vacuum state, 113
vector analysis, 216
vector bundle, 39
vector field, 5
components of, 6
continuous, 6
horizontal lifts, 228
left-invariant, 13
smooth, 6
vector-valued forms, 10, 198
velocity vector, 2

Index

vertical subspace, 28
vertical vector, 28
volume, 209

volume form, 209
vortices, 112

%%
wedge product, 9, 10, 181, 201
Weitzenbock formula, 396
Weyl neutrino equation, 84
Weyl representation, 82
Weyl spinor, 99
Witten’s conjecture, 400
Witten’s TQFT, 361
worldline, 164
of a free material particle, 164
of a photon, 164

Y
Yang-Mills action, 38, 48, 115
Yang-Mills equations, 48, 115
Yang-Mills theory, 48, 49, 115
Yang-Mills-Higgs action, 111
gauge invariance, 112
Yang-Mills-Higgs equations, 114
Yang-Mills-Higgs monopoles, 112

Z
zero section, 272, 356
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